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Page 4, Prob. 1.15 (b): last expression should read y + 2z + 3x. 
Page 4, Prob. 1.16: at the beginning, insert the following figure 



Page 8, Prob. 1.26: last line should read 

From Prob. 1.18: V x v a = —6xz x + 2z y + 3 z 2 z => 

v • (V x v a ) = ^(-6 xz) + ^(2 z) + ^(3 z 2 ) = -6z + 6z = 0. / 

Page 8, Prob. 1.27, in the determinant for V x (V/), 3rd row, 2nd column: 
change y 3 to y 2 . 

Page 8, Prob. 1.29, line 2: the number in the box should be -12 (insert 
minus sign). 

Page 9, Prob. 1.31, line 2: change 2x 3 to 2 z 3 ; first line of part (c): insert 
comma between dx and dz. 

Page 12, Probl 1.39, line 5: remove comma after cos0. 

Page 13, Prob. 1.42(c), last line: insert z after ). 

Page 14, Prob. 1.46(b): change r' to a. 

Page 14, Prob. 1.48, second line of J: change the upper limit on the r 
integral from oo to R. Fix the last line to read: 

= 47r (—e -r ) + 47re~ R = 47t [—e~ R + e -0 ) + Aire~ R = 47t. / 

Page 15, Prob. 1.49(a), line 3: in the box, change x 2 to x 3 . 






• Page 15, Prob. 1.49(b), last integration “constant” should be l(x,z), not 
l{x,y). 

• Page 17, Prob. 1.53, first expression in (4): insert d, so da = r sin 0 dr d<p6. 

• Page 17, Prob. 1.55: Solution should read as follows: 

Problem 1.55 

(1) x = 2 = 0; dx = dz = 0; y : 0 —► 1. v • dl = ( yz 2 ) dy = 0; f v • d\ = 0. 

(2) x = 0; 2 = 2 — 2y; dz = —2 dy; y : 1 —► 0. 

V • dl = (yz 2 ) dy + (3y + z) dz = y(2 - 2y) 2 dy - (3y + 2 - 2y)2 dy; 


U 

J v • dl = 2 J (2y 3 - 4t/ 2 + y - 2) dy = 2 


r V ?/ 2 

y - -y + y - 2y 


14 

y* 


(3) x = ?/ = 0; dx = dy = 0; z : 2 ^ 0. v dl = (3y + 2 :) dz = 2 dz. 


0 


h-*-/ 


= I zdz = — 
2 


= - 2 . 


Total: v • dl = 0 + ^4 — 2 = |. 

Meanwhile, Stokes’ thereom says v • dl = /(V X v) • da. Here da = 
dy dz x, so all we need is 

(V Xv)* = ^(3y + z) - ^(yz 2 ) = 3 - 2yz. Therefore 
f(VXv) ■ da = //(3 - 2yz)dydz =/g 1 |/ 0 2_2y (3 - 2yz)dz| dy 

= Jo t 3 ( 2 “ 2 d) “ 2 d §( 2 “ 2 d) 2 ] d V = Jo ( _ 4 d 3 + 8 y 2 “ 10 d + 6 ) rf y 

= [-2/ 4 + |y 3 - 5y 2 + Gy] |J = -1 + § - 5 + 6 = §. / 


Page 18, Prob. 1.56: change (3) and (4) to read as follows: 

(3) </>=§; rsind = y = 1, so r = dr = iI ^ cos OdO, 6 : § 0 o = 

<2) 


tan ^l). 


dl = (r cos 2 9) (dr) — (r cos 9 sin 6){rd6) = (^ — dd — 


cos 0 sin 6 
sin 2 0 


dO 


cos 3 9 cos 9\ _. cos d /cos 2 d + sin 2 d 
dd = — 


sin 3 d sin d 


sind 


sin 2 d 


sin 3 9 


Therefore 


•dip — 


#0 

/ 

7t/2 


” s " <19 = 1 


i 3 0 


2 sin 2 6> 


0o 


r /2 2 • (VS) 2 • (1) 


= 5 - 1=2 

2 2 


2 




(4) 6 = 6>o, (j) = §; r : \/5 —» 0. v • dl = (rcos 2 #) (dr) = |rdr. 


I vd]= tl 


4 r 2 
52 


V5 


^5 


4 

5 


- 2 . 


Total: 


/ 


V • dl = 0 + 


37T 

- 1 - 2-2 = 

2 


3tt 

2 


• Page 21, Probl 1.61(e), line 2: change = 2 ;z to +£z. 

• Page 25, Prob. 2.12: last line should read 

Since Q tot = |7r R 3 p, E = (as in Prob. 2.8). 

• Page 26, Prob. 2.15: last expression in first line of (ii) should be d0, not 
d phi. 


• Page 28, Prob. 2.21, at the end, insert the following figure 


V(r) 



In the figure, r is in units of and V(r) is in units of 

• Page 30, Prob. 2.28: remove right angle sign in the figure. 

• Page 42, Prob. 3.5: subscript on V in last integral should be 3, not 2. 

• Page 45, Prob. 3.10: after the first box, add: 


F = 


x 


y + 


47re 0 l (2a) 2 (2b) 2 J (2Va 2 T5 2 ) 2 


[cos 6 x + sin 6 y] > , 


where cos 0 = a/\Ja 2 + b 2 , sin 6 = b/ \/a 2 + b 2 . 


F- ^ { 

a 1 

x + 

b 1' 

A 

167T60 \ 

(a 2 + 6 2 ) 3 / 2 a 2 

(a 2 + 6 2 ) 3 / 2 b 2 

y r 


3 



























• Page 45, Prob. 3.10: in the second box, change “and” to “an”. 

• Page 46, Probl 3.13, at the end, insert the following: “[Comment: Tech¬ 
nically, the series solution for a is defective, since term-by-term differen¬ 
tiation has produced a (naively) non-convergent sum. More sophisticated 
definitions of convergence permit one to work with series of this form, 
but it is better to sum the series first and then differentiate (the second 
method).]” 

• Page 51, Prob. 3.18, midpage: the reference to Eq. 3.71 should be 3.72. 

• Page 53, Prob. 3.21(b), line 5: A 2 should be 4 ^; next line, insert r 2 after 

1 

2 FT 

• Page 55, Prob. 3.23, third displayed equation: remove the first 4>. 

• Page 58, Prob. 3.28(a), second line, first integral: R 3 should read R 2 . 

• Page 59, Prob. 3.31(c): change first V to W. 

• Page 64, Prob. 3.41(a), lines 2 and 3: remove eo in the first factor in the 
expressions for E ave ; in the second expression change “p” to “g”. 

• Page 69, Prob. 3.47, at the end add the following: 

Alternatively, start with the separable solution 

V(x, y) = (C sin kx + D cos kx) (. Ae ky + Be ~ ky ) . 

Note that the configuration is symmetric in x, so C = 0 , and E(x, 0 ) = 
0 => B = —A, so (combining the constants) 

V (x, y) = A cos kx sinh ky. 

But V(b,y) = 0, so cos kb = 0, which means that kb = ±tt/ 2 , ± 37 t/ 2 , • • •, 
or k = (2 n — l) 7 r/ 2 b = a n , with n — 1, 2, 3,... (negative k does not yield 
a different solution—the sign can be absorbed into A). The general linear 
combination is 

00 

V(x, y) = y] A n cos a n x sinh a n y, 

n=1 

and it remains to fit the final boundary condition: 

00 

V(x, a) = V 0 = ^ A n cos a n x sinh a n a. 

n— 1 


4 




Use Fourier’s trick, multiplying by cosavx and integrating: 


/ b 00 nb 

cos a n rx dx = ^ A n sinh a n a / < 

-* n=i J ~ b 


COS t X COS OLn x dx 


Vo 2 sin a "' & = V' sinha n a (6<5 n ' n ) = 6A n / sinha n /a; 

a ”' n=l 

2Vo sin a n b . f 2n - 1 \ 

So 7L n = —---. But sma n b = sm - 7 r = —( —1) , so 

b a n smh a n a V 2 ) 


V(x,y) 


2Vo ■A, sinha n j/ 

7- 2^( _1 ) -- • , COSH,,./-. 


n=l 


a. n sinh a n a 


Page 74, Prob. 4.4: exponent on r in boxed equation should be 5, not 3. 


Page 75, Prob. 4.7: replace the (defective) solution with the following: 

If the potential is zero at infinity, the energy of a point charge Q is 
(Eq. 2.39) W = QV( r). For a physical dipole, with —q at r and +q 
at r+d, 


U = qV (r + d) - qV (r) = q [U(r + d) - U(r)] = q 



E • d\ 


For an ideal dipole the integral reduces to E • d, and 


U = —qE • d = — p • E, since p = gd. 


If you do not (or cannot) use infinity as the reference point, the result still 
holds, as long as you bring the two charges in from the same point , 1*0 (or 
two points at the same potential). In that case W = Q[V( r) — U(ro)], 
and 


U = q [V(r + d) - V(ro)] - q [V(r) - F(r 0 )] = q [V(r + d) - V(r)], 
as before. 

Page 75, Prob. 4.10(a): ^ should be 

Page 79, Prob. 4.19: in the upper right box of the Table (<jj for air) there 
is a missing factor of eo- 

Page 91, Problem 5.10(b): in the first line ii^I 2 /2 tt should read iiqI 2 a /27ts; 
in the final boxed equation the first “1” should be j. 

Page 92, Prob. 5.15: the signs are all wrong. The end of line 1 should 
read “right (z),” the middle of the next line should read “left (— z).” In 
the first box it should be “( 77-2 — Uu)”, and in the second box the minus 
sign does not belong. 




Page 114, Prob. 6.4: last term in second expression for F should be 
(plus, not minus). 

Page 119, Prob. 6.21(a): replace with the following: 

The magnetic force on the dipole is given by Eq. 6.3; to move the dipole 
in from infinity we must exert an opposite force, so the work done is 


U ■ 


[ F • dl = — f V(m • B) • dl = —m • B(r) + m • B(oc) 

J OO J oo 


(I used the gradient theorem, Eq. 1.55). As long as the magnetic field goes 
to zero at infinity, then, V = — m • B. If the magnetic field does not go 
to zero at infinity, one must stipulate that the dipole starts out oriented 
perpendicular to the field. 

Page 125, Prob. 7.2(b): in the box, c should be C. 

Page 129, Prob. 7.18: change first two lines to read: 


$ = / B • da; B = — <£; $ 
2ns 


Hold r +a ds' 

J s ~V 


Hold fs + d\ 


dQ 




£ = Ii 00 pR =^-Rm~ = ln(l + a/s)^-. 


dl 


dt 


dt 


2i r 


dt 


dQ = ln (! + a/s ) dl 

ZttK 


Q= ^i in<i +a/,) - 


Page 131, Prob. 7.27: in the second integral, r should be s. 

Page 132, Prob. 7.32(c), last line: in the final two equations, insert an I 
immediately after 

Page 140, Prob. 7.47: in the box, the top equation should have a minus 
sign in front, and in the bottom equation the plus sign should be minus. 

Page 141, Prob. 7.50, final answer: R 2 should read . 

Page 143, Prob. 7.55, penultimate displayed equation: tp should be •. 

Page 147, Prob. 8.2, top line, penultimate expression: change a 2 to a 4 ; in 
(c), in the first box, change 16 to 8. 

Page 149, Prob. 8.5(c): there should be a minus sign in front of a 2 in the 
box. 


Page 149, Prob. 8.7: almost all the r’s here should be s’s. In line 1 change 
u a < r < R ” to u s < i?”; in the same line change dr to ds ; in the next 
line change dr to ds (twice), and change ? to s; in the last line change r 
to 5, dr to ds, and r to s (but leave r as is). 




• Page 153, Prob. 8.11, last line of equations: in the numerator of the ex¬ 
pression for R change 2.01 to 2.10. 

• Page 175, Prob. 9.34, penultimate line: a = 77 , 3/722 (not 77 , 3 / 723 ). 

• Page 177, Prob. 9.38: half-way down, remove minus sign in k^ + ky + kl = 

• Page 181, Prob. 10.8: first line: remove 

• Page 184, Prob. 10.14: in the first line, change (9.98) to (10.42). 

• Page 203, Prob. 11.14: at beginning of second paragraph, remove l. 

• Page 222, Prob. 12.15, end of first sentence: change comma to period. 

• Page 225, Prob. 12.23. The figure contains two errors: the slopes are for 

vjc — 1/2 (not 3/2), and the intervals are incorrect. The correct solution 
is as follows: 



(b) § = slope = f§§ 


=> v = 



(c) v' — | C, SO V = 


(7/5)c 

- (37/25) - 



fc+fc 
l + i.a 

5 5 


• Page 227, Prob. 12.33: first expression in third line, change c 2 to c. 


7 
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1 1 Cl sin #a 


Problem 1.1 

(a) Prom the diagram, |B + Cj cos#3 — |B| cos0i + |C| cos 82 . Multiply by |Aj. 
!A||B + C|cos0 3 = |A||B|cos0! + [A||C|cos0 2 . 

So: A*(B + C) — A-B + A-C, (Dot product is distributive.) 

Similarly: |B + C| sin 03 = |B| sin0i + |C| sin02- Mulitply by |A| n. 

|A||B + C| sin03 n — |A||B| sin0i n + [A||C| sin 02 A. 

If A is the unit vector pointing out of the page, it follows that 
Ax(B + C) = (AxB) + (AxC). (Cross product is distributive.) 



|B| sin 0 1 


|B] COS 01 |G| COS 02 


c 


(b) For the general case, see G. E. Hay’s Vector and Tensor Analysis , Chapter 1, Section 7 (dot product) and 
Section 8 (cross product)._ 

Problem 1.2 

The triple cross-product is not in general associative. For example, 
suppose A = B and C is perpendicular to A, as in the diagram. 

Then (BxC) points out of-the-page, and Ax(BxC) points down , J - 1 -*■ A = B 

and has magnitude ABC. But (AxB) — 0, so (AxB)xC = 0 ^ 

Ax(BxC). 


BxC i Ax(BxC) 


Problem 1.3 

Z i 


A = +lx + ly-lz;A = </3; B = lx + ly + lz;i? = \/3. 

A-B = +1+1 — 1 = 1 = ABcosB — v / 3v / 3cos0 => cos0 = 


\ 


/v 

B 


0 = cos” 1 (|) * 70.5288° 




Problem 1.4 


The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example, 
we might pick the base (A) and the left side (B): 

A — ~lx + 2y + 0z; B — —lx + 0y + 3z. 


1 

























I -1 0 3 I 

This has the right direction , but the wrong magnitude. To make a unit vector out of it, simply divide by its 
length: 

|AxB| = i/36 + 9 + 4 = 7. n = = 

Problem 1.5 


x 


y 


z 


Ax(BxC) - 


A x 


A z 


(B y C z - B z Cy ) {B Z C X - B £ C Z ) ( B x Cy - ByCx) 

= x[A y {B x Cy - ByCx) - A Z {B Z C X - B X C Z )} + y() + z() 

(I’ll just check the x-component; the others go the same way.) 

— x(A y B x Cy — AyByCx — A Z B Z C X + A Z B X C Z ) + y() + z(). 

B(A-C) — C(A-B) — [B X (A X C X + A y C y + A Z C Z ) — C X (A X B X + AyBy + A z B z f\ x + () y + () z 
= x(A y B x C y + A Z B X C Z — A y ByC x - A z B z C x ) + y() + z(). They agree. 


Problem 1.6 


Ax(BxC) + Bx(CxA)+Cx(AxB) = B(A.C)-C(A-B) + C(A-B)-A(C.B)+A{B-C)-B(C-A) = 0. 
So: Ax(BxC) - (AxB)xC = -Bx(Cx A) - A(B-C) - C(A-B). 

If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or 
one is zero), or else B-C — B-A — 0, in which case B is perpendicular to A and C (including the case B = 0). 


Conclusion: 


Ax(BxC) = (AxB)xC -*=> either A is parallel to C, or B is perpendicular to A and C. 


Problem 1.7 


4 = (4x + 6y + 8z)-(2x + 8y + 7z) 
= \/4 + 4 -f 1 — 13 | 


2x — 2y + z 


a — •* — 

* ~ I “ 


“X — -v 4- “Z 

:i x 3 y ^ s 


Problem 1*8 


(a) AyBy + A Z B Z — (cos <f)A y + sin (f>A z )(co$<j>B y + sin 4>B Z ) + (- sin <f>A y + cos 4>A Z ){- sin <j>B y + cos <pB z ) 

— cos 2 <j>A y By + s\n<f)cos<f>(A y B z + A z B y ) + sin 2 <j>A z B z + sin 1 <j>A y B y — s\n4> cos 4>{A y B z + A z B y ) + 
cos 2 <pA z B z 

— (cos 2 <f) + sin 2 4>)A y B y + (sin 2 <f> + cos 2 4>)A Z B Z — A y B y + A Z B Z . / 

(b) (A,)* + (A„f + ( A = Ej.,3,2, = E? = x (ZU^iA,) PLi = Sj,* (Si ftjiii.) X, 

This equals A^. + A 2 + A 2 provided 


Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also 
necessary. For suppose A = (1,0,0). Then E^* (E* RijR ik ) AjA k — E i RnRn, and this must equal 1 (since we 

want A x +A y +A z = 1). Likewise, ^ =l R i2 Ri 2 = Ei =1 /?i 3^3 = 1- To check the case j ^ fc, choose A = (1,1,0). 
Then we want 2 — E j >k (Ej RijRik) AjA k — E, RuRn + E* R&Rm + E, Rn R& + E-i R^R-n - But we already 
know that the first two sums are both 1; the third and fourth are equal, so E* Rn R i2 - E* R^Ru = 0, and so 
on for other unequal combinations of j, k. / In matrix notation: RR = 1, where R is the transpose of R. 


r> n _ / 1 if J — /l 1 

^RijRik - j 0 if j 

























A 120° rotation carries the z axis into the y (= z) axis, y into x (= 3 /), and x into z (— x). So A x — A z . 
Ay — A x , A z = Ay. 


/ 0 

0 

1 \ 

R= 1 

0 

0 

\ 0 

1 

0 / 


Problem 1.10 


(a) No change. (A x = A x , Ay — A y , A z = A 2 ) 

(b) 


—A, in the sense ( A x = -A x , A y = —A v , A z — —A z ) 


(c) (AxB) —► (-A)x(-B) = (AxB). That is, if C - AxB, C —> C | . No minus sign, in contrast to 
behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (AxB) —>■ (A)x{B) — 
(AxB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector 
and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a vector. 
Angular momentum (L = rXp) and torque (N = rxF) are pseudovectors. 

(d) A-(BxC) —t (-AH(-B)x(-C)) = -A-(BxC). So, if a - A.(BxC), then | a — > -a; | a pseudoscalar 

changes sign under inver sion of coordinates. ___ 

Problem 1.11 


(a)Vf = 2xx + 3y 2 y + 4z 3 i 

{b)Vf — 2 xy 3 z A x + 3 x 2 y 2 z A y + 4 x 2 y 3 z 3 z 

(c)V/ = e x sin y In z x + e x cosylnzy + e* siny(l/z) z 


Problem 1*12 

(a) Vh - 10[(2y - 62 - 18) x + (2x - 8 y + 28) y]. Vh = 0 at summit, so 

tl%- + TA 0 ^ Bx -2 i y + S4 = 0 } 2 y- 1S - 2i » + * 4 = 0 - 

22y - 66 => y = 3 => 2x - 24 + 28 = 0 => x - -2. 


Top is 3 miles north, 2 miles west, of South Hadley. 


(b) Putting in x — —2, y = 3: 


h ~ 10(—12 - 12 - 36 + 36 + 84 + 12) = 720 ft 


(c) Putting in x — 1, y = 1: Vh = 10[(2 — 6 — 18)x 4 - (2 — 8 + 28)y] — 10 (—22x + 22 y) — 220( x + y) 


Vh| = 220 V2 ks 311 ft/mile ; direction: northwest 






































■*= (x -x')* + (y - y')y + (z - z')z; = y'fx - a;') 2 + {y -y') 2 + (2 - z') 2 - 

(a) V(^ 2 ) = ^[(x - x') 2 + (y - y') 2 + ( z ~ *') 2 ] X + ^ 0 y + fl0 2 = 2{x - s') x + 2 (y - y') y + 2(z - z') z = 2 *. 

(b) V(|) = ^((x-x') 2 + (y-y') 2 + {2-2') 2 ]~**+^() - ^y+^0 - ^ 

= —i()-§2(* - x') x - |()-i2(|/ - y') y - |0" f 2(* - 2') 2 

= -() _ £[{x - x')x + (y - 3/')y + (z - z') z] = — (1 A 3 )-* = -(l/* 2 )-*. 


(c) &(V) = n*"- l g =n^~ l (ii2^) =n*"- 1 i Tl so V(V) = no"" 1 4. 


Problem 1.14 


y — +y cos 0 + z sin < p\ multiply by sin 0: y sin 0 = +y sin 0 cos 0 + z sin 2 0. 
z = — y sin0 + z cos0; multiply by COS0: zcos0 — —y sin0cos0 + z cos 2 0. 

Add: jfsin 0 + zcos0 = z(sin 2 0 + cos 2 0) — z. Likewise, y cos0 — zsin0 = y. 
So || = cos 0; — sin 0; — sin 0; §f — cos 0. Therefore 


(V/) u = Is = §£§5 + - + COS0CV/), +sin0(V/), 

(V/), = M = Sf + if i = +co S *(V/) s 


} 


So V/ transforms as a vector, qcd 


Problem 1.15 

(а) V-v a - ^(x 2 ) + ^(3 xz 2 ) + J^(-2 xz) = 2x + 0 - 2x = 0. 

(б) V-v 6 = £(xy) + §^{ 2 yz) + ^{3 xz) = y + 2x + 3x. 

(c)V-v c = £(y 2 ) + ^(2xy + x 2 ) + ^(2yz) = 0 + (2x) + (2 y) = 2(x + y). 


Problem 1.16 


V-v = £(*)+£(*)+&(£) = A [*(*’ + ,» +*>)-§]+^ [»( 


(x 2 + y 2 + z 2 


) *]+£ [x(x 2 


= ()-| +x (_3/2)()“l2x + ()-Ui f (-3/2)0-i2y+Q-t+ 2 (-3/2)()-i2^ 
= 3r -3 - 3r~ 5 (x 2 + y 2 + z 2 ) ~ 3r -3 — 3r -3 = 0. 


+ y 2 + z 2 ) tj 


This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the 
origin. How, then, can V-v = 0? The answer is that V-v = 0 everywhere except at the origin, but at the 
origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V-v is infinite at 
that one point, and zero elsewhere, as we shall see in Sect. 1.5. 


Problem 1.17 


v y — cos0Vj, + sin0u*; v x = — sin0Vj, + cos0v z . 

"as" = C °S0 + s i n 4> — ( 1 ^ ff + ~b? if) cos 0 + (iF^ af + if? if) s * n 0- result in Prob. 1.14: 
= cos 0 4- ~fffi sin 0) cos0+ cos 0 + if? sin 0) sin 0. 


dz 


dv v 

dz 


$in0+ cos0 = - + sin 0+ {lf?% + ^|f) cos< t> 


&Vy . dv x 
&y dz 


= ~ (“ Ty sin 0 + if? cos 0) sin 4>+ {~^f? sin 0 + ^- cos 0) cos 0. So 

^ cos 2 0 + ^§? sin0cos 0 + ^ sin0cos0 + sin 2 0 + ^ sin 2 4 > - sin0cos0 













dv v 

3y 


— sin 0 cos0 + ^ cos 2 0 
(cos 2 0 + sin 2 0) + (sin 2 0 + cos 2 0) = ^ / 


Problem 1.18 

(a) Vxv a — 

(b) Vxvb = 

(c) Vxv c = 


x y 

e a 


z 

0 


dz 

x 2 3 xz 1 —2xz 


= x(0 - 6xz) + y(0 + 2z) + z(3z 2 - 0) = —6 xzx + 2zy + 3z 2 z 


x y z 

JL JL 
02 02 

2 i/£ 


= x{0 - 2y) + y(0 - 3 z) + z(0 - x) = -2yx - 3zy - iz. 


x 

JL 

0 X 


y 

a 

Qy 


A 

02 


y 2 (2xy + z 1 ') 2 yz 


= x(2s - 2z} + y{0 - 0) + z(2y - 2y) = foT) 


Problem 1.19 

v = y x 4- :cy; or v = yzx 4- xzy + xy z; or v = (3x 2 z - s 3 ) x + 3y + (x 3 - 3xz 2 ) z; 
or v — (sin x) (cosh y) x - (cosx)(sinh y) y; etc. 


Problem 1.20 


(0 v(jA = t + ¥ * - (/§* + »«) * + (fit + »«) » + (/if+»Jf) 

= /(If *+%* + §!*) +9(M*+f£y + iP)=/(V3) + 9(V/). qed 

(iv) V-(AxB) = £ - A*B„) + £ (A,#* - A*£ z ) + & (A x £ y - A y B*) 


- 


+A*^ + fl ^ 

3A t 
Sy 


ao v _ jq a* 4 _ 

^ dx dx + ^ dy 

_ _ 4 _ n 9j4 v 

v ez A v dz Dx dz 

a A* 9A^ +Bz f^A 

as , 

0 E 


^ + 5*^- - A T ^- - 5 


% 


% 


* 0 ^ 


-R (Mm. - 4 R rMi-MiWR (®4*. _ _ A (^-?§A 

~ ydy" dz ) + \ dz dx ) + Dz \ dx dy ) A * \ dy dz J 

-A, - A. = B- (VXA) - A- (VxB). qed 


= (/^ + A*§£ - - ~ A # §£) x + + Ax^h ~ ~ At !£) y 


(/^ + A ,§i - f 


dA» , A df edA*. _ d 


dx 

= f [(^ - %“) *+- *fc) *+- ^r) *] 

[(4e-^*0»+(^i£-^i0»+(^*J-^*0 # ] 

-A X (V/). qed 


dy 


»/■ 
/'dAj, 
9sc 


= /(VxA 


Problem 1.21 


(a) (A-'V) B = (a.^ + A, «g. + A,M.) x + (a. ^ + A, ^ + A. f 

+ (At S fc + A,!fr+A,e£)i. 

(bl f — - = - *±M±££ . Let’s just do the x component. 

T y/x^+V^+z 2 

t( f ' V ) f L - 7= { x £ + y^ + Z £) 






































= n*ls= + x ^T7T Zx \ + yx + ** [-$T71* 2z \ ) 

= Ht - ft (x 3 +xy 2 +xz 2 )} = i {? - $ {x 2 + y 2 + z 2 )} = ± (f " 7 
Same goes for the other components. Hence: 


)=o. 


(f-V)f = 0 


(c) (v a -V) Vf> = (x 2 £ + 3xz 2 ^- - 2xz§^j (xyx + 2yzy + 3xzz) 

— ™*2 * . n a ±\ . a , i n£\ 


( x 2 y + 3x 2 z 2 

) x + (6 xz % — 4xyz 

) y + (3a: 2 ^ 

x 2 | 

[y + 3z 2 } 

x + 2 xz {3 z 2 — 2y) 

y — 3x 2 zz 


Problem 1.22 


(2) [V(A-B)], - + A y By + A 2 B z ) - + A z Sfc + ^B p + A v 


_ Mi 


afl 4 




(Ax(VxB)], - A y (Vx B), - Aj,(VxB) v = A,( SB 


aa 


a# v 

dx 

dB x 


+ 8A± n 
r dx u * 


A 95*. 

A * 8x 


dx 


_\ _ A (Mjl _ 0B^\ 
Qy ) dz &x f 


Px(VxA)|, = B,(Zfc 

[(A-V)B], = (Ait/li + A.fc)B T = A,Sfc + A,Sfr + A.^ 


dB x 


t dy 

Mi 


p dA x 

Q Z 


[(B.V)A], =B x ^ t + B y '- w 
So [Ax(VxB) + Bx(VxA) + (A-V)B + (B-V)A] X 


_ A Mjl A Mi - A Mi _1_ A Mi -1- R Mx. R M*. R Mi j_ R M. 

— a™ — a.. ” a- "r ^12 I ” Jjy T 


^ as 

+A 9& 

9A 


y dv 

X ~§T + + A *SI 


Z dz 1 *** dx 
dB x q dA 


V dx * cfy 

i p dA x i p dA x 
x dx + Qy + 


'* 0 s 


5 9x 


OB * 


-— R _L_ 4 _ 

— &X Q x * g x 


+BA‘-£- e fc + ik L )+M ! &- s fc+°-fc) 

+s,(-^ +Sfc + y/t )+A,(-Sj/f- ) 

— [VfA-B)]^ (same for y and z) 

(vi) [Vx(AxB)] x = £(AXB),-£(AXB ) v = ^A'By - A v B x ) --§- £ {A z B x ~ A x B z ) 

— Mjg R 4_ 4 ft _ 4 _ fl4j p __ J I ai4 a p I 4 &Bz 

— Oy n y ^ ^2 dy dy x ^3/ dy dz 


la: dz 


[(B-V)A - (A-V)B + A(V-B) - B(V-A)]* 

— n i id &a x , p Mr 4 ^Bp a dB t 4 3B ^ < a / aa a , j_ 


aa, 




a4. 


= B. 


Mj. 


— [VxfAxBJjj {same for y and z) 


dA y 

Oy 


) + -gf + &z 


dA , 


Problem 1.23 


V(//tf) = ^(//s)x + ^(//tf)y + ^(//fl)® 

_ ^ + _|_ 9Vj-i If j 

= ft fg (M^ + Ify + If £ ) ~ / (S* + %y + i^ g )] = gV/ fl i /Vfl ■ qed 


n$ r ^ ^ 


_ 1 f„/ , dAy 3 a Og \ a Og , a Og M _ yV*A-A*Vff _i 

- F [3(,"a^ + "9^ + -df) ~ { a ^ + a p^ + a ^)\ ~ —?- ■ q ed 


V-(A/ S ) 



















% ~~arj - 

?(? x A ^ x g t (same for y and 2 ). qed 


Problem 1.24 


(a) AxB = 


x y z 
x 2 y 3 2 
3y —2a: 0 


= x(6xz) + y(9zy) 4- z(-2x 2 - 6y 2 ) 


V-(AxB) = £(Qxz) + £(9zy) + ^(- 2 x 2 - 6 y 2 ) = 6 z + 9z + 0 = 15* 

VxA = x (^{3z) - J^(2y)) + y {£(x) - £(3z)) + z (^(2y) - ^(x)) = 0; B-(VxA) = 0 

VXB - x (£(0) - &(-fcf)) + y (£(3y) - £(0)) +z (&(-2x) - £(3y)) = -5 8; A-(VxB) = -15* 

V-(AxB) l B.(VxA) - A-(VxB) =0-(-15z) = 15*. / 

(b) A-B = 3xy - 4 xy = -xy ; V(A-B) = V(-xy) = x£{-xy) + y£(-xy) = -yx- x y 


Ax(VxB) = 


x y z 
x 2 y 3 z 


= x(-10y) + y(5x); Bx(VxA)=0 


0 0-5 

(A-V)B = ( x£ 4- 2 y£ + 3z^) (3yx - 2xy) = x( 6 y) + y(-2x) 

(B-V)A - (3 y£ - 2x^) (xx + 2y y + 3*z) = x(3y) + y(-4x) 

Ax(VxB) + Bx(VxA) + (A-V)B + (B-V)A 

— -lOyx 4 - 5xy + 6 yx - 2xy + 3yx - 4xy = -yx - xy = V-(A-B). / 

(c) Vx(AxB) - x (^(~2x 2 - 6 y 3 ) - J-(9zy)) +y {^( 6 x 2 ) - ^(-2x 2 - 6 y 2 )) +z (^(9zy) - ^;{ 6 xz)) 

— x( — I 2 y — 9y) + y( 6 x 4- 4x) 4- z( 0 ) = — 21 yx 4- lOxy 

V-A = £(*) + £(2y) 4- &(3z) = 1 + 2 4- 3 = 6 ; VB = £(3y) + £(-2x) - 0 

(B-V)A — (A-V)B + A(V-B) — B(V*A) - 3yx - 4xy — 6 yx 4- 2xy — 18yx + 12xy = —21yx + lOxy 
= Vx(AxB). / _ 

Problem 1.25 

M - 2 - - §-& - 0 

W HZ? - *■' Hy? - - u 


&=2; 9* = &=0 => | V 2 T q = 2. 

~ ~ HZ^ ~ ~ Tb ^ = -37 » ~ -3 sin x sin y sin z. 


(c) 0 = 25T,;0 = -16T c ;^ 

(d) 


; & = -9 T c =► 


V 2 T C = 0. 


& = 2i|ff = ^=0 =» V J v, = 2 1 

= 0;^ = te => v\„ = fa • 

fr = ^ = &= o=>W = o J 


V 2 v = 2 x + 6x y. 
















_ ( fl 2 ^ d Q v ± \ 

\dx dy dy dx J 


( _ d 2 v* \ i 

^ 8z dz dy } 


{^Wz~dx — Ox gz ) = by equality of cross-derivatives. 


FVom Prob. 1.18: V Xv^ = — 2yH — 32 y — xz 


^(Vxn) = &(- 2y) + £(-3 z) + f z {~x) = 0. / 


Problem 1.27 


Vx(Vt) - 


x y z 

a a a_ 

fix dy dz 

&t dt dt 

dx dy dz 

— 0, by equality of cross-derivatives. 


__ 4}{ d 2 t _ a a i \ d*t _ d 2 t \ , af & m *t _ d*t \ 

~ *\dydz fiT&y J “ r J \fiTfix dx dzJ^~^\fiFfiy dydx) 


In Prob. 1.11(b), V f = 2 xy 3 z 4 x + 3x 2 y 2 z 4 y + 4x 2 y 3 z 3 z, so 

vx{v/) = 


x y z 

a_ a_ a_ 

dx dy dz 

2 xy 3 z 4 3x 2 y 3 z 4 4 x 2 y 3 z 3 

— x(3 • 4x 2 y 2 z 3 — 4 ■ 3 x 2 y 2 z 3 ) + y(4 ■ 2 xy 3 z 3 — 2 ■ 4xy s z 3 ) + z(2 • 3xy 2 z 4 — 3 • 2 xy 2 z 4 ) — 0. -/ 

Problem 1.28 

(a) (0,0,0) —-+ (1,0,0). x . 0 -* l,y = z - 0;dl = dsxjv • dl — x 2 dx; fv dl = / 0 * x 2 dx = (z 3 /3)|J - 1/3. 
(1,0,0) —► (1,1,0). a: = l,y : 0 -+ 1,2 — 0; dl = dy y; v * dl — 2 yzdy = 0;/ v • dl = 0. 

(1,1,0) —y (1,1,1). x — y = 1,2 : 0 -* 1; dl = dzi; v ■ dl = y 2 dz — dz; f v • dl = /J dz = z|q = 1. 


Total: / v • dl = (1/3) + 0 + 1 = |4/3. 

(b) (0,0,0) —> (0,0,1). x = y — 0, z : 0 -> 1; dl = dz z; v ■ dl = y 2 dz = 0; / v ■ dl = 0. 

(0,0,1) —y (0,1,1). x = 0,y : 0 -> 1,2 = l;<fl = dy y; v dl = 2yzdy = 2ydy, J v -dl = /J 2ydy = y 2 |£ = 1. 
(0,1,1) —y (1,1,1). a;: 0 —y l,y = z = 1; tfl = dxx; v ■ dl = x 2 dx;J v • dl = x 2 dx = (i 3 /3)|J = 1/3. 


Total: J v - dl = 0 + 1 + (1/3) = 4/3 


(c) x = y — z : 0 —> 1; dx = dy = dz; v * dl = x 2 dx + 2 yz dy + y 2 dz — x 2 dx + 2x 2 dx + x 2 dx — 4x 2 dx; 


/ v ■ dl = fg 4x 2 dx = (4x 3 /3)|o = I 4/3 


(d)/v-dl = (4/3)-(4/3) = [0. 


Problem 1.29 

x,y ; 0 —> 1,2 = 0;da — dzrdyzjv-da — y{z 2 — 3)dxdy — — 3ydx dy; f v • da — — 3 Jg dx y dy — 

-3(*|§)(£|g) = —3(2)(2) = Q2] In Ex. 1.7 we got 20, for the same boundary tine (the square in the xy~ 
plane), so the answer is | no;) the surface integral does not depend only on the boundary line. The total flux 
for the cube is 20 + 12 = 132 | 

Problem 1-30 


J T dr = f z 2 dxdydz. You can do the integrals in any order—here it is simplest to save z for last: 

1 Z '\I if dx ) dy } iz - 

The sloping surface is x + y + z — 1, so the x integral is /J 1 v * 1 dx — 1 ~ y — z. For a given 2 , y ranges from 0 to 
1 - 2 , so the y integral is / 0 (1 " z) (1 - y- 2 ) dy = [(1 - z)y - (jf 2 /2)]|^ > 1 = (1 - 2 ) 2 - [(1 - z) 2 / 2] = (1 - z) 2 j 2 = 
























[L/t) - z -t \z~jz). rinauy, tne z integral is j 0 z - ^ ~ 2 ^ 2 } az = Jo ^ 2 — z + v) az ~ \ e 

1 


10 


;to = 


I -u 

6 4 T 10 


1 ... 


1/60. 


Problem 1.31 


T(b) = 1 + 4 + 2 = 7; T( a) = 0. 


T(b.) - T{ a) = 7. 


VT — (2x + 4y)x + (4x + 2z 3 )y + (6yz 2 )z; VT-dl = (2x + 4y)dx + (4a: + 2 x 3 )dy + (6yz 2 )dz 

(a) Segment 1: x : 0 —> 1, y — z — dy = dz — 0. /VT-dl = f^{ 2 x) dx — x 2 ^ = 1. 

Segment 2: y : 0 —> 1, x — 1, z = 0, dx = dz — 0- /VT-</l = / Q l (4) dy — 4y |q — 4. > VT-dl = 7. / 
Segment 3: z : 0 -4 1, x — y “ 1, dx = dy = 0, /VT-dl = /J (6z 2 ) dz = 2z 3 j^ = 2. J 

(b) Segment 1: z : 0 —> 1, x = y = dx = dy = 0. /VT-dl — J^ 1 (0) dz = 0. 

Segment 2: y : 0 1, x - 0, 2 = 1, dx = dz - 0. /VT-dl - Jjj {2} dy = 2y\\ -2. I ,b — T> » _ - , 

Segment 3: x : 0 —» 1, y — z = 1, dy = dz = 0. /VT-dl — /J (2a: + 4) dx | ' 

= (x 2 + 4x) |* = 1 + 4 = 5. J 

(c) x : 0 —► 1, y = x, z = x 2 , dy = dxdz = 2xdx. 

VT-dl — (2x + 4 x)dx + (4x + 2x 6 )dx + (6xx 4 )2xdx = (lOx + 14x e )dx. 

/ a b VT-dl = /q (lOx + 14x s )dx = (5x 2 + 2x 7 )|J = 5 + 2 = 7./ 

Problem 1.32 


V-v = y + 2s + 3x 

/(V-v)dr -■ J(y 4- 2z + 3 x)dxdy dz = //|/ 0 2 (y + 2 z + 3x) dx j dy dz 

c )■ [(y + 2 z)x + §x 2 ] 2 = 2 (y + 2 z) + 6 

= / {/ 0 2 (2 y + 4z + 6 )dy } dz 

c —^ [y 2 + (4z + 6 )y ] 2 = 4 + 2(4z + 6 ) = 82 + 16 

= / Q 2 (82 + 16) dz (4z 2 + I 62 ) 1 1 = 16 + 32 = 

Numbering the surfaces as in Fig. 1.29: 

i2 

(i) da — dydzx,x = 2 . v-da = 2 ydydz.fv-d& = fj 2 ydydz = 2 y 2 | 0 = 8 . 

(ii) da = —dy dz x, x = 0. v-da — 0./v-da — 0. 

(iii) da = dxdz y,y — 2, v-da = 42dxdz. /v-da = Jf4zdxdz = 16. 

(iv) da = —dxdzy,y — 0. v-da = 0. /v*da = 0. 

(v) da = dx dy z, z — 2 . v-da = 6 xdxdy. J v-da = 24. 

(vi) da = -dxdyx.z — 0. v-da = 0. /v-da = 0. 

=> /v-da = 8 + 16 + 24 = 48 / 

Problem 1.33 


48. 


V Xv = x(0 - 2y) + y(0 - 3z) + z(Q — x) = -2y x - 3z y — x z. 

da = dydzx, if we agree that the path integral shall run counterclockwise. So 

(V xv)-da = -2 ydydz. 












(1) x = z — 0; dx = dz — 0. y : 0 —> 2. f v-dl = 0, 

(2) x = 0; 2 = 2 — y; dx — 0, dz = —dy, y : 2 —► 0. v-dl = 2yzdy, 

/v-dl = jJ 2y(2 - y)dy = - / Q 2 (4y - 2y 2 )dy = - (2y 2 - |y 3 ) | 2 = - (8 - | ■ 8) = -|. 

(3) x — y = 0; dx = dy = 0; 2 : 2 -* 0. v-dl = 0. /v*dl = 0. So / v-dl = — |. / 

Problem 1.34 

By Corollary 1, /(V Xv)-da should equal Vxv = (4z 2 — 2x)x + 222 . 

(i) da = dydzx, x = 1; y,z:0-»l. (Vxv)-da = (4z 2 - 2)dy dz; J(V X v)-da = j* (4z 2 - 2)dz 

= (i*»-2«)i; = t-2=-i- 

(ii) da = — dxdy z, 2 = 0; x,y : 0 —► 1. (V Xv)*da = 0; f(V Xv)-da = 0. 

(iii) da = dxdzy, y = 1; x,z : 0 -> 1. (V Xv)-da = 0; /(V Xv)-da = 0. 

(iv) da — —dxdzy, y = 0; x,z : 0 —» 1. (VXv)-da = 0; f(V Xv)-da = 0. 

(v) da. — dxdy z, 2 = 1; x,y : 0 —>■ 1. (Vxv)-da = 2dxdy; /(Vxv)-da = 2. 

=» J(VXv)-da=-| + 2 = i. / __ 

Problem 1.35 

(a) Use the product rule V x (/A) = /(V x A) — A x (V/) : 

f /(Vx A) ■ da = f V X (/A) • da + f [A x (V/)] ■ da = / /A • dl + f [A X (V/)] • da. qed. 
Js Js Js Jv Js 

(I used Stokes’ theorem in the last step.) 

(b) Use the product rule V-(A x B) = B ■ (V x A) - A ■ (V xB) : 

/ B (VxA)dr= f V-(AxB)dr+ f A (VxB ) dr = /(AxB)-da+ / A(VxB)dr. qed. 

Jv Jv Jv Js Jv 

(I used the divergence theorem in the last step.) 














Problem l.Jo 


t — yr -ry + 


ti = COS 


* - 1 ; q> ~ tan 1*1 

\^+yt+?J Kx! 


Problem 1.37 


There are many ways to do this one—probably the most illuminating way is to work it out by trigonometry 
from Fig. 1.36. The most systematic approach is to study the expression: 


r = ix + t/y + 2 z = rsin# cos0x + rsin# sin0y + r cos#z, 

If I only vary r slightly, then dr = Jp(r )dr is a short vector pointing in the direction of increase in r. To make 
it a unit vector, I must divide by its length. Thus: 


r — 


Or 

dr 

1*1 


; 0 = 


dr 

&r 

d& 

■ Hi- d<> 


1 ^ ^ \dr\ 

ImI 

1551 


^ = sin 9 cos 0 x + sin 9 sin 0 y + cos 9 z; | |j| | 
|| = r COS 9 cos 0 x + r cos0sin0y — rsinflz; 
= -rsin0sin0x + rsin0cos0y; jj|| 2 = 


1 — sin 2 9 cos 2 0 + sin 2 9 sin 2 0 + cos 2 9 = 1. 
j || | 2 — r 2 cos 2 9 cos 2 0 + r 2 cos 2 6 sin 2 0 + r 2 sin 2 9 = 
r 2 sin 2 9 sin 2 0 + r 2 sin 2 9 cos 2 0 = r 2 sin 2 9. 


r = sin#cos0x + sinflsin 0y + cos0z. 

9 = cos 9 cos0 x + cos 9 sin 0 y ™ sin0 z. j 
0 — — sin 0 x 4- cos 0 y • 

Check: r*r = sin 2 @{cos 2 0 + sin 2 <fi) + cos 2 9 = sin 2 9 + cos 2 6 — 1, / 
0.0 — — cos0sin0cos0 + cos0sin0cos0 = 0, / etc. 


sin 6 r = sin 2 9 cos0x + sin 2 0sin 0y + sin 9 cos 9%. 
cos 99 = cos 2 9 cos0x + cos 2 0sin0y - sinf?cos0z. 
Add these: 

(1) sin0r + cos0 0 = + cos0x + sin 0y; 

(2) 0 = — sin0x + cos0y. 
Multiply (1) by cos 0, (2) by sin <0, and subtract: 


x — sin (9 cos 0 f 4- cos 9 cos 00 — sin 0 0. 


Multiply (1) by sin0, (2) by COS0, and add: 

y — sin (?sin 0r + cos^sin 00 + cos00. 

cos 8 r = sin 9 cos 6 cos 0 x + sin 9 cos 8 sin 0y + cos 2 6 i. 
sin 96 — sin 6 cos 9 cos0x + sin 9 cos 8 sin0y — sin 2 9 z. 

Subtract these: 


z — cos0r — sin0 0. 



















Problem 1.38 


(a) V vi ~ -pi^[r 2 r 2 ) = ^4r 3 = 4r 

/(V-Vi)rfr = /{4r)(r 2 sin# dr d$d<p) = (4) ./[f r 3 dr JJ* sin#d# Jg^dtfi = (4) (i“) (2) (2-7r) — 4ttR 4 
J vi -da = J(r 2 r)-(r 2 sin 8 dd dip r) = r* f* sin 8 d$ dp — AnR* / (Note: at surface of sphere r — it!.) 


(b) V-vo = 


>1 f T 

r^ dr ' 


2 1 


) = o 


/(V-v 2 )dr = 0 


f v- 2 -cla — f {pT) (r 2 sin 0 d# d<£r) = /sin 8d8dip = 14?r. | 

They don’t agree! The point is that this divergence is zero except at the origin, where it blows up, so our 
calculation of /(V*V 2 ) is incorrect. The right answer is 4 tt. 


Problem 1.39 

V-v = ^£(r 2 rcos#) + j^^siiitfrsin#) + sin $ cosip) 

= 4t3 r 2 cos# + r2sin#cos# + ^4^ r sin 8(-sin ip) 

— 3 cos 8 + 2 cos 8 — sin <p — 5 cos 8 — sin <p 


/(V*v)d-r — /(5 cos 8 — sin <j>) r 2 sin 9 dr d& dip = r 2 dr fj |(5 cos 8 — sin tp) d^J d$ sin 8 

c —^27 t(5cos(?) 

= ("x) { 10 tt) sin 8 cos 8 ,d8 

sir. 2 0 * 


_ 1 
2 


5tt o3 

3 JL ■ 


Two surfaces — one the hemisphere: da = Br sin0d<?d0r; r = R; 0 : 0 -* 2tt, 0 : 0 
f v-da = f(r cos 8)R 2 sin 8 d8 dip — R 3 / 0 2 sin# cos 9d9 j^ n dp = R 3 (§) (2tt) = 7T.R 3 . 
other the flat bottom: da = (dr)(r sin $ d<p)(+8) ~rdrd<p8 (here 8 = f). r : 0 -4 R, <p : 0 
f vda — jT(r sin 8)(r dr dip) = / Q fl r 2 dr dp-=2r~-. 

Total: /v-da = irR 3 + |tt R 3 = §tt,R 3 . / 


2ir. 


Problem 1.40 


Vf = (cos# + sin#cos<£)r + (-sin# + cos#cos<£)0 + si^#sin^)0 


V 2 t = V-(Vt) 


i d 


£ (r 2 (cos # + sin # cos ip )) + (sin#(-sin# + cos#cos0)) + -J^^(-sin^) 

= 4* 2r(cos 8 + sin 8 cos <p) + (-2 sin 8 cos 8 + cos 2 8 cos <p — sin 2 8 cos ip) - cos fp 



r sin 9 


1 


r sin $ 

V 2 t 

— ° 


[(sin 2 8 + COS 2 &) COS <p - cosd>] — 0. 


Check: r cos 8 = z, r sin 8 cos <p — x =$■ in Cartesian coordinates t — x + z. Obviously, Laplacian is zero. 
Gradient Theorem: Vt-dl — t(b) — t(a) 

Segment 1: 8 = y, <p — 0, r : 0 -4 2. dl = drr; Vf-dl = (cos 9 + sin 8 cos <p)dr — (0 + l)dr = dr. 
/Vi*dl = / 0 2 dr = 2. 

Segment 2: 8 — ^, r — 2, <p '■ 0 —> d\ = r sin 8 dtp <j> = 2 d<p<j>. 

Vi-dl = (— sin0)(2d0) — —2sin^d0. JVt*dl = — j Q 2 2sin ipd<p= 2cos0]q = —2. 























Segment 3: r = 2, 0 = f; 8 : | -+ 0. 

dl = r d0 0 = 2d0Vt-dl = (- sin# + cos$cos0)(2dd) — —2 sinddd. 
JVt'dl = -/J 2sin0d0 = 2cos0|| = 2. 

Total; / b Vt-dl = 2- 2 + 2 = [|]. Meanwhile, t( b) - t(a) = [2(1 + 0)] - [0( )] = 2. / 


Problem 1.41 Prom Fig. 1,42, s = cos0x + sin0y; 0 — ~ sin0x + cos0y; z — z 


Multiply first by cos 0, second by sin 0, and subtract: 


s cos 0 — 0 sin 0 = cos 2 0 x + cos 0 sin 0y + sin 2 0x — sin 0 cos 0y — x(sin 2 0 + cos 2 0) 


So 


x = cos 0 s — sin 00. 


Multiply first by sin 0, second by cos0, and add: 

ssin0 + 0cos0 = sin 0COS0X + sin 2 0y - sin 0cos 0x + cos 2 0y = y(sin 2 0 + cos 2 0) 

So 


y = sin 0 s + cos 00. 


z = z. 


X. 


y- 


Problem 1.42 

(a) V-v = (ss (2 + sin 2 0)) + i^(ssin0cos0) + ^(3 js) 

— | 2s(2 + sin 2 0) + 7 s(cos 2 0 - sin 2 0) + 3 

— 4 + 2 sin 2 0 + cos 2 0 — sin 2 0 + 3 

— 4 + sin 2 0 + cos 2 0 + 3 = [s7] 


(b) /(V-v)dr - /(8)sdsd0 dz = $f*sdsf* d0/ o 5 dz = 8(2) (f) (S) = 


40ti\ 


Meanwhile, the surface integral has five parts: 

top: 2 = 5, da = sdsd0z; v-da = 32sdsd0 = 15sdsd0. /v-da = 15/ 0 sds / Q 2 d0 — 157 t. 

bottom: 2 = 0, da = —sdsd0z; v-da = —32 s d$d0 = 0. /v-da = 0. 

back: 0 = |, da = dsdz 0; v-da = ssin0cos0ds d 2 = 0. /v-da = 0. 

left: 0 = 0, da = -dsd 2 0; v-da = — s sin 0cos <t>dsdz — 0. /v-da = 0. 

front: s — 2, da = sdtpdz s; v-da = s(2 + sin 2 0)s d0dz = 4(2 + sin 2 0)d0 dz. 

/v-da = 4 // (2 + sin 2 0)d0 // d 2 — (4)(7r + ^)(5) — 257r. 

So /v-da = 15 tt + 25tt — 40tt. / 


(c) Vxv = ( 7 ^( 32 ) - £(ssin0cos0)) 5+ {£ (s(2 + sin 2 0)) - &(3z)) 0 

+7 (^(s 2 sin 0 cos 0 ) - ^{s (2 + sin a 0 }))z 
= j ( 2 ssin 0 cos 0 - s 2 sin 0 cos 0 } = [ct] 

Problem 1.43 


(a) 3(3 2 ) - 2(3) - l = 27 - 6 - 


1 = 


20 . 


(b) COS JT = I -1. I 

(c) 


zero. 


(d) ln<—2 + 3) = In 1 = 


zero. 


Problem 1.44 

(a) f* 2 ( 2x + 3 )dx = |(0 + 3) = \T\ 

(b) By Eq. 1.94, 5(1 - x) = 5(x - 1), so 1 + 3 + 2 = flT] 

















(c) /_ 1 9x 2 |<5(x + f)dx = 9(-g) 3 = |_sj 


(d) 1 (if a > b), 0 {if a < b). 


Problem 1.45 

(a) fZ m [x£S{x)] dx = x f(x)S(x)\Z - JZ £ ( x /(*)) S(x) dx. 


The first term is zero, since 8{x) — 0 at ±.<x>\ 4-(x f {x)) = x4£ + % f 




+ /■ 


So the integral is - JZ ( x £ + /) <5(s) dx = 0- /(0) = -/(0) = - fZ f( x )$( x ) dx. 

Soj — —S(x). qed 

(b) jz f ( x )§ dx =- fz §&( x ) dx =/(°°) - r i£ dx =ft°°) - (/(°°) - /(°)) 

= /(0) = IZo /Wfo) S ° ^ = g ( g )- fi ed _ 

Problem 1.46 


(a) I p(r) = <?<S 3 (r — r'). Check: Jp(r)dr — qj8^(r ~ r')dr — q. / 


(b) p(r) = q8 3 { r - r') - qS 3 (r). 


(c) Evidently p(r) — j45(r — /?)* To determine the constant we require 


Q = J>dr = /A5(r - R)4itr 2 dr = A 4tt j R 2 . So A = ^. p[r) = ^5(r - R). 


Problem 1.47 

(a) a 2 + a-a + a 2 — 


3 a 2 


(b) J(r - b) 2 £«S 3 (r}dr = j= ^(4 2 +3 2 ) = 


(c} c 2 = 25 + 9 + 4 = 38 > 36 = 6 2 , so c is outside V, so the integral is | zero. 

(d) (e — (2 x + 2 y + 2z)) 2 = (1 x -h Oy + (—1} z) 2 = 1 + 1 = 2 < (1.5) 2 = 2.25, so e is inside V, 
and hence the integral is e-(d — e) — (3,2, l)-(-2,0,2) = —6 + 0 + 2 = [ -4. j 

Problem 1.48 

First method: use Eq. 1.99 to write J — f e~ T (47rtS 3 (r)) dr — 47re -0 — 

Second method: integrating by parts (use Eq. 1.59). 


4tT. 


J = 


— f *• 

-e r. 


= -J ^ ■ V(e~ r )dr +£ e~ r ^’d*. But V {e” r ) = (^ e ” r ) f = 

V $ 

00 

= J ^e~ r 4nr 2 dr + J e~ r ~ ■ r 2 sin 9 d9 d<t>r = 4ir J e~ r dr + e~ R J sin 9 d9d<p 

0 

= 47r (—e -r ) |^° + 4ne~ R — 4n + e -0 ) = 4ttV (Here R = 00 , so e~ R — 0.) 


Problem 1.49 (a) V-Fx = £(0) + £(0) + £ (x 2 ) = 0; V-F 3 = g + g + ft*l + l + l= [|] 



X 

y 

Z 

ii 

M 

J*, 

i 

fl 



X 

y 

Z 



VxFi = 

JL 

dx 

d_ 

dy 

d 

9z 

-2xy 

; V x F 2 = 

JL 

dx 

8_ 

dy 

9 

— 

0 


0 

0 

X 2 
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y 

z 




































Fa is a gradient; Fj is a curl j U 2 = ^ {x 2 + y 2 + z 2 ) would do (F^ — 

For Ax, we want (%**■ - = 0; ^ ^ = * 2 . A* = £, A, = A, = 0 would do it. 


Ax = \x 2 y 


(Fi = V xAi). (But these are not unique.) 


(b) v*f 3 - &(3iz) + £(**) + wi( x v) = °; VxF 3 = 


a 


— x (x — x) 4 - y {y - y) + z (2 — z) = 0 


x y z 

JL JL JL 

dx dy 

yz xz xy 

So F 3 can be written as the gradient of a scalar (F 3 — VC/ 3 ) and as the curl of a vector (F 3 = VxAj). In 


fact, 1/3 - xyz does the job. For the vector potential, we have 

^ - yz, which suggests A t - \y 2 z + f(x,z); A y - -\yz 2 + g(x,y) 
4^ - xz, suggesting A x — \z 2 x + h(x,y); A z = -\zx 2 + j(y, 2 ) 


a_A , 

IL 

& 

dx 


= xy, so 


A y = \x 2 y + k{y,z)-, A x =-\xy 2 + l(x,y) J 


Putting this all together: 


A 3 = | {x ( z 2 - y 2 ) x + y (i 2 - z 2 ) y + z (; y 2 - x 2 ) z } (again, not unique) 


Problem 1.50 

(d) (a): VxF = Vx(-VfZ) = 0 (Eq. 1.44 - curl of gradient is always zero), 

(a) =>■ (c): §F ■ dl = /{VxF) - da = 0 (Eq. 1.57-Stokes’ theorem). 

(c) =► (b): / b ,F ■ dl - J„ b „F ■ dl = / a b ;F • dl + F ■ dl = § F - dl = 0, so 


F dl. 


f F - dl — f 
J a J Jo. II 

(b) = 4 > (c): same as (c) => (b), only in reverse; (c) => (a): same as (a)=?> (c). 


Problem 1.51 

(d) (a): V-F = V-(V x W) - 0 (Eq 1.46—divergence of curl is always zero), 

(a) => (c): /F ■ da = /(V*F) dr = 0 (Eq. 1.56—divergence theorem). 

(c) =► (b): f, F • da - /„ F • da = / F • da = 0, so 


/ F ■ da = / 
Jr Jij 


F ■ da. 


{Note: sign change because for f F ■ da, da is outward, whereas for surface II it is inward.) 
(b) (c): same as (c) =£• (b), in reverse; (c)=fr (a): same as (a)=» (c) . _ 

Problem 1.52 

In Prob. 1.15 we found that V-v a = 0; in Prob. 1,18 we found that V X v c — 0. So _ 

v c can be written as the gradient of a scalar; v a can be written as the curl of a vector. | 


(a) To find t: 

( 1 ) £ - y 2 ^t = y 2 x + f{y,z) 

( 2 ) § = { 2 xy + z 2 ) 

(3) § = 2 yz 




































ixy + 2 T {trom \i)} ^ — U. we may as wen picR g — U; tnen 1 1 xy~ + yz - | 


(b) To find W: ^ ^ = * 2 ; ^ ^ = 3z 2 x; ^ --2». 

Pick H4r = 0; then 

aw. 


= -3 xz 2 => U’ 2 = -^X 2 2 2 + /(j/, 2 ) 


9i 

dW. 


dx 


v 


= —2a :z => IVy - —x 2 2 + </(y, 2 ). 


tJ*- - ^ = if + x * ~ if = * 2 => §{ ~ if = Ma y « wel! P ick f = 9 = 0 


&V 


dp dz 


W — —x 2 2 y — |x 2 2 2 z. 


CftecJfc; VxW = 


x y z 

JL J. _s_ 

9a: dy dz 

0 -X 2 2 -§X 2 2 2 


= x (x 2 ) + y (3xz 2 ) + z (-2x2)./ 


You can add any gradient (Vf) to W without changing its curl, so this answer is far from unique. Some 
other solutions: 

W = xz 3 x — x 2 zy; 

W = (2 xyz + X 2 3 ) x + x 2 y z; 

W — xyzx - |x 2 2 y + |x 2 ( y - 32 2 ) z. 


Probelm 1.53 


„ 1 8 , 2 , -V 1 

V -v = — — {r 2 r 2 cos 6) + 

rifr ' ' 


r sin 9 d& 


& 1. 3 

(sin 9 t 2 cos 0) = ——- — ( -r 2 cos 0 sin 0) 
% 7 r$m0 00 x ' 


= —4r 3 cos 0 + ■—r —t cos0 r 2 cos 0 H-r— f-r 3 cos0 cos< 

H rsinfl rsini x 


r cos $ 
sin 6 


[4 sin 9 + cos 0 — cos 0] = 4 r cos 8, 


/<v ■v) dr = J (4 r cos 0)r 2 sin 0 dr df? d0 — 4 J r 3 dr J cos & sin Odd j d<f> 

oo o 

= <*>G)(!)- 


nR* 

4 • 


Surface consists of four parts: 

(1) Curved: da — R 2 sin 6 dO d<pr\ r — R. v ■ da = (R 2 cos 6) (R 2 sin 


jt/2 tt/2 

Jvda = R i J cos 0sin 8dS j dtp = R 4 (^) = 















(2) Left: da = —r dr dd $>; 4> — 0. v * da = (r 2 cos# sin <j>) (r dr d8) =0. / v • da = 0. 

(3) Back: da = rdrdS d>; 4> — w/2. v - da = (-r 2 cos $ sin $>) (r dr d8) — —r 3 cos# dr dd. 

R n/2 

J v - da — Jr 3 dr J cos<?d0 = -Qfl 4 j (+1) = -^R 4 . 

0 0 

(4) Bottom: da — r sin dr d<f>9; 8 = tt/2. v ■ da — (r 2 COS <£) (r dr d(f>). 

R k/2 


J v ■ da = J r 3 dr J 

o 

Total; § v • da = 7rfl 4 /4 + 0 - / 


cos <j)d(f> = -ii 4 . 


Problem 1.54 

x y z 

Vxv = #-#-#- 

v A v a® a y a* 

ay bx 0 

v - dl = (ay x + bxy) • (d 
so dy — — (x/y) dx. So v * dl = ay dx + bx(—xjy) dx = ^ (ay 2 — 6a: 2 ) dx. 

For the “upper” semicircle, y — y/R 2 - x 2 , so v ■ dl = dx. 


= i(b — a). So J(Vxv) ■ da = (6 — a)irR 2 . 
xx + dyy + dzz) = ay dx + bx dy; x 2 + y 2 = R 2 2a: dx + 2y dy — 0, 


/ v . d l = j ix = {ofiW (|) - (a+ 6) [-§ 

R 


n 2 


? 2 — x 2 + — sin 


-(I)]} 


-R 

+J* 


= ij? 2 (a-6) sin -1 (x/.R)| = ~fl 2 (a-6) (sin _1 (-l) - sin _1 (+l)) = ^fi 2 (a-6) (-|- |) 

= irfffi-a). 

And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so 
fv-dl = W? 2 {fe-a). /_ 

Problem 1.55 

(1) x — 2 = 0; dx = dz = 0; y : 0 -> 1. v ■ dl = (y + 3x) dy = ydy. 

l l 


J v -dl - Jydy=^. 


(2) a: = 0; 2 = 2 — 2y; dz = —2 dy; y : 1 -* 0. v ■ dl = (y + 3x) dy + 6 dz — y dy — 12 dy = (y - 12) dy. 


o 

|v.dl= j(y~n)dy = - Q-12) =-\ + 12 - 


(3) x = y = 0; dx — dy — 0; z : 2 -4 0. v ■ dl = 6 dz; 


/ * * * * v - fl = / 


6dz = -12. 














-j 2 2 * „ 

Meanwhile, Stokes’ thereom says § v * dl = f (V x v) • da. Here da — dy dz x, so all we need is 
(V Xv)* = ^(6) - + Zx) = 0. Therefore /(Vxv) ■ da = 0. / 

Problem 1-56 

Start at the origin. 

(1) 6 = |, <f> = Of r : 0 —> 1. v ■ dl = (r cos 2 8) (dr) = 0. / v - dl = 0. 


tt/2 


(2) r = 1, 8 = f; (p : 0 -+ tt/2. v ■ dl = (3r)(r sin0d<£) = 3d0. Jv-dl^S / d<f> = 


3jt 
2 1 


(3) <£ = §; rsinfl = y - 1, so r = dr = ^^cosfldf?, 8 : f f. 


v ■ dl = (r cos 2 0) (dr) — (r cos 8 sin 6) (r d9) = 


cos 2 9 
sin ^ 


/ cos 8 \ 
\ sin 2 9 ) 


, , cos 8 sin 9 ,, 

d theta -—— da 


sin 2 6 


( cos 3 8 cos 8\ cos 8 ( cos 2 8 -f sin 2 9\ cos 8 

- - + —r ) d$ = - —- - \ d9 - -^r-dd. 

\ sin 3 8 sin 8/ sin0 \ $in 2 0 / sin 3 0 


Therefore 


ir/4 

f \ dl— - f - 

J J si 

ir/2 


cosS de^ 1 


sin 8 


2 sin 2 8 


tt/4 


„/, 2 ( 1 / 2 ) 2 -( 1 ) 


-1-1-1. 


(4) 8 — 4> — f; r : s/2 -4 0. v ■ dl = (rcos 2 8) (dr) - ^r dr. 


/ v<fl 4/ 

\/5 


. l^ 2 

rrfr= 27 




= 4-4 


Tbiai: 


/ 


^ 3tt 1 1 

vdl = 0 + T + --- = 


3tt 

2 


Stokes’ theorem says this should equal J(V x v) • da 

1 


Vxv = 


r sin 8 


— (sin03r) - — (-rsin0cos0) 
Oa t/(p 


. 1 
r H— 


1 d , 2a , d . n . 

— (r cos 2 0) - — (r3r) 
r [sinp o<p dr 


8 


1 r q q ‘I 

H— — (—rrcos 8 sin 8) — — (rcos 2 0) d> 
r \_ar 39 v 'J 

— —r—r[3r cosf?] r + — [—6r] 0 + -[-2rcos0sin0 + 2r cos sin 

T Sin 8 T T 

— 3 cot 8 r — 6 0 . 

(1) Back face: da = -r dr d9 0; (Vxv)-da = 0. /(Vx v) • da = 0. 

(2) Bottom: da = — r sin 9drd(j>8; (Vxv) ■ da — 6r sin 8dr d<&. 9 = f, so (V Xv) - da = Gr dr dtp 

i jt/2 


J (Vxv) ■ da. — J Qr dr j d<p = 6 ■ ^ ~ / 



























Problem 1.57 

v ■ dl = ydz. 

(1) Left side: z = a — x; dz = —dx; y = 0. Therefore j v ■ dl = 0. 

(2) Bottom: dz = 0. Therefore / v • dl = 0. 

(3) Back: z = a - dz — -\j2dy, y : 2a -> 0. j v ■ dl - J y (~^dy) - 


2a 


0 

4a 2 _ 

A "" 

a 2 . 

2a 




Meanwhile, Vxv — x, so /(Vx v) • da is the projection of this surface on the xy plane = i ■ a - 2a — a 2 . / 


Problem 1.58 


V-v - 


~~ (r 2 r 2 sin0) + (sin04r 2 cos0) + {r 2 tzn 0) 

1 

- 1 

r sin 0 


r 2 dr v ' rsin0 30 v r sin 0 30 

— -~4r 3 sin0 H- 7 —-4r 2 (cos 2 0 — sin 2 9) = ~r~ (sin 2 8 -j- cos 2 9 - sin 2 0) 

T* r sin H x f f 


— At 


cos 2 8 
sin 0 


j (V-v) dr — J ^4r C °^^ (r 2 sin 0 dr d9 d<p) — j 4r 3 dr j cos 2 0 d 0 J d 0 — (f? 4 ) (2tt) 


0 sin 20 " 
2 + — 


rr/6 

0 


Surface consists of two parts: 

(1) The ice cream: r — R \ <f> : 0 —► 27 r; 0:0-* tt/6; da = R 2 sin 8 dd d0 f; vda = (i? 2 sin 0) ( R 2 sin 0 d8 d<f >J — 

R A sin 2 0 dd d<f>. 

J v-da = R A j sm 2 $ d $ Jd < j >= ( R *) (2ir) ~9 - ^ sin 20 = 27ri? 4 ^ - J sin 60°^ = ( jt - 3^ 

00 0 \ 

(2) The cone: 8 = 0 : 0 —* 2ir; r : 0 —* /2; da — rsin0d0dr $ = dr d<fO\ v ■ da = \/3f 3 drd0 

fi 2 # 4 ^_ 

J v • da = \/3 J r 3 dr J d<j> = V3 ■ “ ■ 2tt = -^Tri? 4 . 

0 0 

Therefore f v ■ da — ^ + n/3^ = (2tt + 3\/3). / 


Problem 1.59 

(a) Corollary 2 says f (VT)-dl = 0 . Stokes’ theorem says f (VT)-dl = /[Vx(VT)]-da. So /[Vx (VT)]*da = 0, 
and since this is true for any surface, the integrand must vanish: V X (VT) = 0, confirming Eq. 1.44. 































"—- 


— T 


Problem 1.60 

(a) Divergence theorem: /v da = /(V'v)dr, Let v ^ cT, where c is a constant vector* Using product 
rule #5 in front cover: V-v = V-(cT) = T(V-c) + c ■ (VT). But c is constant so V-c = 0* Therefore we have: 
/ e * (VT) dr — jTc ■ da, Since c is constant, take it outside the integrals: c ■ / VT dr — c - /Tda* But c 
is any constant vector—in particular, it could be be x, or y, or z—so each component of the integral on left 
equals corresponding component on the right, and hence 


J VTdr = 



qed 


(b) Let v 4 (v x c) in divergence theorem. Then / V*(v x c)dr — /(v x c) ■ da. Product rule #6 
V-(v x c) = c ■ (Vxv) — v ■ (Vxc) = c • (Vxv), (Note: Vxc = 0, since c is constant.) Meanwhile vector 
identity (1) says da * (v x c) = c ■ (da x v) — —c • (v x da). Thus J c • (Vxv)dr = - Jc ■ (v x da). Take c 
outside, and again let c be x, y, z then: 

J (V X v) dr = — /vx da. qed 


(c) Let v = TVU in divergence theorem: f V-(TVU) dr — J TVU -da. Product rule #(5) => V*(TVC/) — 
TV-(VU) + (V(7) • (VT) = TV 2 U + (VI/) • (VT). Therefore 


j (TV 2 U + (V(7) ■ (VT)) dr = j(TVU) ■ da. qed 


(d) Rewrite (c) with T •(-> U : J (UV 2 T + (VT) • (Vf/)) dr = J(UVT) • da. Subtract this from (c), noting 
that the (V!7) - (VT) terms cancel: 



U - I7V 2 T) dr = J (TVU - UVT) ■ da. 


qed 


(e) Stoke’s theorem: J(Vxv) ■ da = J v ■ dl. Let v = cT. By Product Rule #(7): Vx(cT) = T(Vxc) — 
c x (VT) = —c x (VT) (since c is constant). Therefore, — /(c x (VT)) ■ da = §Tc ■ dl. Use vector indentity 
#1 to rewrite the first term (c x {VT)) ■ da = c ■ (VT x da). So — Jc - (VT x da) = J c -Tdl. Pull c outside, 
and let c -* x, y, and z to prove: 

/ VT x da — — <p Tdl. qed 


Problem 1.61 

(a) da = R 2 sin 8 dd dtp f. Let the surface be the northern hemisphere. The x and y components clearly integrate 
to zero, and the z component of r is cos 6, so 


-I 


Ft 2 sin 9 cos 0 d9 d<fi z = 2jri? 2 z 


L 


*/2 9 

sin 9 cos 6 dO = 2ivR 2 z —-— 


tt/2 
0 


itR 2 z. 


(b) Let T = 1 in Frob. L60(a). Then VT — 0 T so § da = 0, qed. 

(c) This follows from (b). For suppose ai ^ & 2 \ then if you put them together to make a closed surface, 

$ da — ai — as ^ 0* 

(d) For one such triangle, da - ^(r x dl) (since r x dl is the area of the parallelogram, and the direction is 

perpendicular to the surface), so for the entire conical surface, a = dl. 









(except for n = — 2, for which we already know (Eq. 1.99) that the divergence is 47r5 3 (r)). 

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives 


zero. 


To be certain there is no lurking delta function here, we integrate over a sphere of radius R , using 

Prob. 1.60(b): If Vx(r"f) = 0, then /(Vxv)dr = 0 = ~/v x da. But v = r"r and da = 
R 2 sin ffd&dfir are both in the r directions, so v x da = 0 . / 




Problem 2.1 


(a) Zero. 


(b) 

Exp 


F = 


i qQ 

4irto r 2 ’ 


where r is the distance from center to each numeral, F points toward the missing q. 


anation: by superposition, this is equivalent to (a), with an extra -q at 6 o’clock—since the force of all 


twelve is zero, the net force is that of ~q only. 


(d) 


Zero, 




1 qQ 

47T«o 

0 J 
T l 


pointing toward the missing q. Same reason as (b). Note, however, that if you explained (b) as 


a cancellation in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaired q 
doing the job, then you’ll need a different explanation for (d). 

Problem 2.2 

(a) “Horizontal” components cancel. Net vertical field is: E z = cos 0. 

Here-j 2 = z 2 + (|) 2 ; cos# = |, so 



When z ^ d you’re so far away it just looks like a single charge 2 q\ the field 
should reduce to E = z. And it does (just set d —> 0 in the formula). 

(b) This time the “vertical” components cancel, leaving 


2^y sin#x, or 





From far away, (z d), the field goes like E as z, which, as we shall see, is the field of a dipole, (If we 

set d —> 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge 
from far away, the net charge is zero, so E —> 0.) 


22 



























Problem 2.3 



x 


E z - 


47^ fa ¥* cos ^ (* 2 = ** + x2 > cosd ~ I) 

_L_\z C L l , ,/- r 

4JTC0 JO ( 2 2 +a ,2)3/2 U * C 


4*e 0 ^ 


p* - 


\/£ 2 +£ 2 

-■d^Io ^sinfl =-j^A/ 


— 1 A L 

0 4 ff £ 0 2 V 'J 2 + /* 2 ‘ 

a: da: 


r t i 

I'-- 1 A 


[ yjx l -¥z 2 j 

j 0 - 4nt 0 A 

I _ ^ 



For z ~3> L you expect it to look like a point charge q — XL: E -> It checks, for with z ~S> L the x 

term —j> 0, and the z term —*■ -r^— — — z. 

7 47TC0 3 -S 

Problem 2.4 

From Ex. 2.1, with L —► | and 2 ~+ \/~ 2 + (§) 2 (distance from center of edge to P), field of one edge is: 


E, - 


An 


There are 4 sides, and we want vertical components only, so multiply by 4 cos 5 = 4 




z 2 +^ 



Problem 2.5 



“Horizontal” components cancel, leaving: E = {/-^cos5} z. 

Here, -z 2 = r 2 + z 2 , cos5 = | (both constants), while fdl — 2nr. So 


1 A(27r r)z 

_ - JF 

4rre 0 ( r 2 + z 2 f/ 2 


Problem 2.6 

Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. Total 
charge of a ring is a - 2tt r • dr = A • 27rr, so A = a dr is the “line charge” of each ring. 


„ 1 (&dr)‘2nrz „ 

^ring — 7 TT T7T77 > ^disk 


47T€ 0 ( r 2 + z 2ff* ' 


= —2 ?rcrz f 
47re 0 Jo 


(r 2 + c 2 ) 3/2 


dr. 


Edisk — 


4ttC( 


■27TCT3 


2 -JB 2 +Z 2 . 


























































a m 
- —z, 

2eo 


For /? ;g> 2 the second term -» 0, so E p [ an e = ^-27rcrz = 

For 2 » /?, = l ( 1 + f^) w I ( ! - 2 ^)’ so 11 ** * “ i + 5F = 

and E = <fer3' where <? = *&*■ / 

Problem 2-7 

E is clearly in the z direction. From the diagram, 

dq = oda = aR 1 sin 9 d9 dtp, 

* 2 = R 2 + z 2 -2Rzcos9, 


cos ip 
So 


_ z — R cos & 


s -=i/ 


(2t tFFo) 


f 

J 0 

= i (2,,fi2<7) /_ 1 


oR 2 sin BdQd<p{z — /2cos6) 

{R 2 + 2 2 - 2/?2COS0) 3 / 2 
2 ^ y (2 - ii cos 0) sin 9 


(R 2 + 2 3 - 2/iz cos 0) 3 / 2 
2 — ifa 


Jd0 = 27T. 

de. L 



(fl 2 + z 2 - 2Rzuf/ 2 


du. Integral can be done by partial fractions—or look it up. 


-(27T.R 2 £r) 


4tt£ 0 

For z > R (outside the sphere), E z 


f 1 zu~R 

1 1 2t ri?V 1 

U*-R) <-*-*) 1 

[z 2 i/R?+ z 2 -2Rzu\ 

_1 47 T 60 z 2 

[\z-R\ \z + R\ J 


into Z 


r" — 


4^fo z 


A, so 


p - 1 1 * 

47reo 2 2 


For z < R (inside), E z — 0, so | E = 0. 


Problem 2.8 

According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge 
were concentrated at the center, while all exterior shells contribute nothing. Therefore: 

PM ^ Q int r 

E(r) -i^ e“ r ' 

where Q- int is the total charge interior to the point. Outside the sphere, all the charge is interior, so 


F = 

47T€o T 2 


Inside the sphere, only that fraction of the total which is interior to the point counts: 

r--* 

R? 


—irr 3 t a 1 r 3 1 

Q int = f-—Q = —Q t so E= T —- — Q~* = 


\irR 3 


47re 0 R 3 r 2 


i Q 


47re 0 R 3 


T. 


Problem 2.9 


(a) p = e 0 V- E = eojcr^: (r a - fcr 3 ) = c 0 pA:(5r 4 ) = 5e 0 fcr 2 . 










































By direct integration; Q enc = jpdr = f Q (5eokr 2 )(4nr 2 dr) = 20neok J 0 r 4 dr = 4K£okR 5 ./ 

Problem 2.10 

Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface 
of this larger cube gets the same flux as every other one, so: 


/ 

one 

face 


E ■ da = 


1 J E • da. 

whole 

large 

cube 


The latter is -^q, by Gauss’s law. Therefore 


/ 

one 

face 


E * da — 


Q 

24e„' 



Problem 2.11 



Gaussian surface: Inside: $ E ■> da = E(4wr 2 ) = -^Qenc = 0 => E = 0. 
—► Gaussian surface: Outside: E(4Trr 2 ) = ~(a4irR 2 ) =4- 


E=^r. 


tor* 




(As in Prob. 2.7.) 


Problem 2.12 



Gaussian surface 



i 


§E-da. — E- 2irs ■ l = ^Q enc = ±\l. So 
(same as Ex. 2.1). 


E = 


2weos 



• da — E ■ 4 tit 2 — -^Qmc ~ —■ Jpdr - ^ J(kf)(r 2 s\n 6 df d8 d<f)) 
= -h k 4ir C r 2 dr = £ - — r 4 . 

€0 JO to 4 tQ 


E = -t—nkr 2 r. 

4tT6q 
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Problem 2.15 


0 ) Qenc 


0, SO 


E = 0. 



Problem 2.16 





Problem 2.17 

On the x z plane E — 0 by symmetry. Set up a Gaussian “pillbox” with one face in this plane and the 
other at y. 



















































Problem 2.18 

From Prob. 2.12, the field inside the positive sphere is E + = ^r + , where r+ is the vector from the positive 
center to the point in question. Likewise, the field of the negative sphere is — So the total field is 


E = ^-(r + -r_) 

<J€o 


But (see diagram) r + — r_ = d. 


So 



Problem 2.19 



VxE 


1 

4?reo 




= 0 


(since V X 



= 0, from Prob. 1.62). 


(since p depends on r', not r) 


Problem 2.20 

* A A 

X y z 

JL JL JL 

8x dy dz 

xy 2yz 3 zx 

so Ei is an impossible electrostatic field 


(1) VxEi = k 


= k [x(0 - 2y) + y(0 - 3^) + z(0 - a:)] / 0, 


(2) VxEs = k 


x 

d_ 

dx 

v 2 


y 

Q_ 

dy 


2xy 


z 

9z 

2 yz 


- k [x(2 z - 2z ) + y(0 - 0) + z(2y - 2y)] = 0, 


so Ej is a possible electrostatic field. 

Let's go by the indicated path: 

E • dl = (y 2 dx 4- (2a:y + z 2 )dy + 2 yz dz)k 

Step I: y — z — 0; dy = dz = 0. E • dl = ky 2 dx = 0. 

Step II; x = aro, y : 0 —► yo, z = 0. dx = dz = 0. 

E • dl = k(2xy + z 2 )dy = 2kx a y dy. 
f n E* *d\ = 2kx 0 / 0 yo ydy - kx a yl. 

Step III : x = xq, y — yo, z : 0 —► zq-, dx — dy — 0, 





























E * til — 2 kyzdz = 2kyozdz. 

J ni E-dl~ 2 y 0 k zdz - ky 0 z$. 

(xo<Vq,zq) 


V(xa,yo,zo ) = - / E • dl = -i(ar 0 yo + Vo z l), or V(x, y,z) = - k(xy 2 +yz 2 ). 

o 1 -- 


(jhcck — V (;tp 2 -t-jfz 2 ) i+ ^ (xy^+yz" 2 ) £4- &] = fc[jf a £+(2£jf4-z a ) y+2yz z j=E. •/ 

Problem 2.21 

{ Outside the sphere (r > R) : E = ^-f. 

' 

Inside the sphere (r < R) : E = 


r ( 1 q y 

Joo \4tT£0 T l J 

)dr= ; 

- r R ( r x 

Joo ^47T£o f 2 

■) dr - 

9 1 (3 

r 2 \ 

47TC0 2/J \ 

fl 2 j ' 


l P - 

Q 1 

loo" 

4 tt£o r 7 


When 


.r>*. W= 3 ij^(i)f=- I ij 4 r f,soE=-W= I jL.J r f./ 

When r < R, W = (3 - £) t = (-$) » = so E = - VV = j^rr./ 

Problem 2.22 

E = (Prob. 2.13). In this case we cannot set the reference point at oo, since the charge itself 

extends to oo. Let’s set it at s = a. Then 


rw = -£(ds ¥)<** = 


1 


4rre 0 


2A In 


(:)■ 


(In this form it is clear why a = oo would be no good—likewise the other “natural 1 * point, a — 0.) 

( ln (f))«- -ris 2A i» = -e. / _ 

Problem 2.23 

^(0) = -C,E-di = 

= £{i-!-M!)-i + S) = 


\<V 


k (6-a) 

£o b 




Problem 2.24 

Using Eq. 2,22 and the fields from Prob. 2.16: 

rb „ „ pd tti _n rt> 


y( £ ,)-K{0) = -/ ( ;E.dl = -/ 0 “E.dl-/ a fr E.dl = -^/ 0 %d S -^/ Q 6 ids 

= -(-£-) £1“ + £2* i ns |‘ = 

\ 2<o ) 3 \Q 2(o lnS !a 


pa £ 

4e 0 


( 1+2to (*-))■ 










































M F = si: /-t '"I 1 + v ,2 ’ + ^)|-t 

(')«' = * fa” = 1 ^ 2 ™ (v^T?)|„ r = 

In each case, by symmetry 0. E — —^yi. 



A In 

L + y/z 2 + L 2 

47TCo 

-L + Vz 2 + L 2 




2z 


(* a +(S) 2 ) 


372 


Z — 


1 

2 qz 

4^0 (* 2 +{|) 2 ) S/2 

1 

l-t 



(agrees with Prob. 2.2a). 


47Tf<j \/z 2 +.L 2 

( C ) E = VR*+'J 2Z “ *} * = 




2LA 


1 


4ireo zs/z 2 + L 2 


(agrees with Ex. 2.1). 


cr 

2eo 


1 - 


VTFT 


(agrees with Prob. 2.6). 


If the right-hand charge in (a) is —q, then | V = 0 | , which, naively, suggests E — — W — 0, in contradiction 
with the answer to Prob. 2.2b. The point is that we only know V on the z axis , and from this we cannot 
hope to compute E x = — ^ or E y — That was OK in part (a), because we knew from symmetry that 

E x — E y — 0. But now E points in the x direction, so knowing V on the z axis is insufficient to determine E. 


Problem 2.26 





lo \ rt / 47re 0 V2 

(where r — b/V2) 

*V2h 


2eo 


2\/2eo . \/2 

_ ah j (2 + J2 

~ 4e^ 11 [ 2- 


2\/2cq 

k + -ys ln(2h+2y/2h— \/2h) — h 


Wb) — —[ f &2irr \ ^ where •*•= yf ti 2 + 4 2 - \f2bi. 

4?reo Jo \ * J 

-p .* r h , « * 

4jre 0 V2 Jo yfh 2 + ^ - y/2h/i 

^h 2 +* 2 -V 2h* + ■— \n{2\[h 2 + * 2 - \/2/w-+ 2a - v^h)] 

|ln(2ft+\/2h) — ln(2h —v^2h)| 


1 ^ ■ /l ln(2h-\/2h) 


-£■( 


sft 


2>/2tQ \/2 


<i±^)!)=g to ( 1 + V5,. 


7(a)-y(b) = ^[l-ln(l + V2)]- 
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Problem 2.27 

Cut the cylinder into slabs, as shown in the figure, and 
use result of Piob. 2.25c, with z -¥ x and cr —► pdx : 

5T+L/2 

v = & / W R ' 2 + - x ) dx 


CHAPTER 2. ELECTROSTATICS 


z — L/2 


— [: x\/R 2 4* x 2 + K 2 Inf# + v^ 2 + a: 2 ) - x 2 ] 



da: 


A 


| ( a + T)\/* 2 +(*+T) 2- (* - T)\/ fl! + (*~T) 2+ ' Ra ln —^ + ^„ s + | -IzL | 


{Note: “ (2 + §)” + {2 - ^) 2 = —2 2 — 2 L - + z 3 - zL + ^ - -2 zL.) 


E ~ —W = —z^- “ ~T~ 
Oz 4e 0 


’R 2 + 


H ) 


(i+i r 


+ R 2 


1 + 


+ (r+f) : 

7^+{ g +^) 2 


V^T^Tij 7 - 


t» -») 




1 + 


dL 




+ j + \A * 2 + {2 + f ) 2 2 - r + \I R2 + (*- h)‘ 


2 L 


T(I+f7 \/* 2 + (*-§) : 



Problem 2.28 

Orient axes so P is on z axis. 


y - _L_ f£ dr / Here 
V 4 ™o J * \ *= V^ 2 


is constant, dr = r 2 sin 0 dr d0 d4>, 



j 2 + r 2 - 2r^r cos 

V = 3 ^ J £&*££* Jf *= 2 *- 

/o' ^.+4-^ <» = A (^+*»-2r*c«S)|J = i Kr»+*» + 2r*- V^+^-Jr,) 


ifr+ *- |i’-*|) 


2/2 , if t < 2 , 1 
2/r , if r > z* j 
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:.V = 


4tUq 


2, ■ 2 {/ydr + / Ir’XrJ = £ {rf + = & (fl ! - £) 


^ Ut ^ _ i nR 3 ’ S0 “ 2( 0 4tt/J 3 3 ) — frrf^R fi*) * 


vw "ESS ('-£): 


/ 


Problem 2.29 


V 2 V = j^V 2 /(f)dr - ^ J>{r')(V 2 ±)dr (since /> is a function of r\ not r) 

= 4^Jp( r ')M^ 3 ( r - r, )] rfr = ~^p( r )- 7 _ 

Problem 2.30. 


(a) Ex. 2.4: E above = jf-n; E bc i ow = —gf~n (n always pointing up)\ E above - E be | ow = ^n. / 
Ex. 2.5: At each surface, E — 0 one side and E = — other side, so A E — / 

1 to to 

Prob. 2.11: E out = - f^r; E in = 0; so AE = ^f. / 



Outside : * da — E(27rs)J — ^-Q eilc — ^(2 irR)l =?■ E = ^~s = ^-s (at surface). 

Inside: C? enc = 0, so E = 0. AE — ^s. / 


(c) V 0ut = = “ (at surface); V iTt = ; so V oM = V ia . / 


m 

dr 


tor" 


= — ^ (at surface); 


Sr 


= 0 ; so 


dr 


-f. / 

to 


Problem 2.31 


























Problem 2.32 


(a) W - i JpVdr, From Prob. 2.21 (or Prob. 2.28): V = £ (r 2 - £ ) = (3 - £) 

-=(» - w) =& [4 ■- ft] [= & ~ T) 


QP d2 _ <?R 2 9 

' c^_ 4, 




5 cq ^Trii 3 


-L. (?«!). 

4rreo \5 -R/ 


(b) VF = f /E 2 dr. Outside (r > Jt) E = ; Inside (r < R) E = ^^rf. 

•'■ w= f(4^p ,2 {/ s r^^)+l (^W*)} 

°° + ± {?)!*] = J_£ fi + IL±!L 

47re 0 2 | r / R R 6 \ 5 ,1 | 0 J 4jre o 2 V R 5R/ 47re 0 5 H ' 

(c) VF = ^ { £5 VE * da + / v E 2 dr}, where V is large enough to enclose all the charge, but otherwise 

arbitrary. Let’s use a sphere of radius a > R. Here V — *. 


W = 


■ t{/ (£*) (£?) '•-»**+/***+£ < 4 " 2 *)} 

- f° J _il_l 47r + _jf_±L + _1_w / 1“ \ 

2 1 (47ree ) 2 a (4ire 0 ) 2 5R + ( 47 re 0 ) 2^ 9 \ rj\j 
47t^o 2 \ a 5i? a /£ / 4?reo 5 J£ 

As a -4 oo, the contribution from the surface integral ^ 4 ^§a) E oes t0 zer0 > w hile the volume integral 
£(|r ” !)) P icks U P the slack - 


Problem 2.33 



= d5 (sb) ;■ 


(g = charge On sphere of radius r). 


4 

q = -nr 3 p = g— (<7 — total charge on sphere)* 
3 Ft 6 


, 2j j 3^ 2j 

rfg = 4wr dr p = 4 - - gdr = -rr rfn 

/t 4 


H^ = 


^i (t£) ? (IP*) = 

1 3g 2 f R r 4 dr l 3g 2 R 5 1 pg 2 \ 

7 0 4ir eo f ? 6 5 4ttco \5flJ 


47TC0 f? 6 


/ 
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Problem 2.34 

(a) W = Tp / E 2 dr. E = (o < r < 6), zero elsewhere. 


W = a- C-lV r b f 1 ') 2 4 J rr 2 dr - f b \ - 

*\***o) Jo w 8^0 Ja? 1 Sttco U 6/ 


00 ^ ^ = E 1 = 3 ^^f (r>«), E 2 =j^^f (r> 6 ). So 

E i * E a = (^) 2 . ( r > *)» and hence /Bj - B* dr = - ( 4 ^) q 2 /“ ^4*rr 2 dr = 

.2 


et>6 * 


w m = Iff, + W, + to ; E, • E 2 dr = gJ-V (1 + 1 - f) = £- (1 - J) ./ 


Problem 2.35 

(a) 


“ff 


— ’ CT “ — >)_5 > ^ ~ 


47Tif 2 


4tto 2 


4t rt> 2 * 


w ' , (o> =-£ E -‘ a =-/L(ik& dr - it (»>* - h R (ik*) dr - Jim- = 4 ^ +1 -1) 


(c) |jr, -> 0| (the charge “drams off"); V(0) = - J^(0)dr - /*( j^j^rJdr - /«(0)dr = 


T£n Vi? ^/ 


4tT6 0 


0 - qa • 

ffJ _ «* . 

Qa 4- qb 

Aita 2 T 

b 47Tb 2 ’ 

° R ~ 4ttR? ‘ 


Problem 2,36 

(a) 

(b) 

(c) 


t, _ 1 Qa + g* . 

J^OUt — i 2 r ’ 

4?reo r l 


17 _ ^ c. 17 _ ^ ^ „ 

l^a j () ffl) 1^5 4 ^ Tfri 


47re 0 


where r = vector from center of large sphere. 

where r„ (rt,) is the vector from center of cavity a (i>). 


4rre 0 rl 


(d) Zero. 


(e) or changes (but not o a or er&); E ou t S id c changes {but not E n or Ej,); force on q a and Qb still zero. 

Problem 2.37 

Between the plates, E = 0; outside the plates E = ct/co — Qfz oA. So 


P _ £° £ 2 _ eo Q 2 


2 ‘ 2 EqA 2 


Q 2 


2c 0 A 2 


Problem 2.38 

Inside, E = 0; outside, E — so 

E&ve = J4^^ r ’ f z ~ ve)zi O = 4“^. 


F z - ffzda = S{A)\ (47^ §) cos 9 R2 sin6 dS d< f> 

= M^rY 277 Io /2 sindcos9d$ = (l sin2 d )\o /2 
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Problem 2.39 

Say the charge on the inner cylinder is Q, for a length L. The field is given by Gauss’s law: 
f E -da — E ■ 2irs ■ L — j^Qenc — ~Q =>• E = 2 $ 0 l s § - P° tentia l difference between the cylinders is 


K(6) - V(a) = - / E 

Ja 


dl 


Q [‘ 

2ne 0 L j a 



Q 

2neaL 


In 



As set up here, a is at the higher potential, so V — V(a) — V(b) = in (|). 


Problem 2.40 


n — Q_ — 
° ~ v — 


, so capacitance per unit length is 


27TC0 

Ml) 


(a) W = (force) x (distance) = (pressure) x (area) x (distance) 




(b) W — (energy per unit volume) x (decrease in volume) = (Ae). Same as (a), confirming that the 

energy lost is equal to the work done. 

Problem 2,41 


Prom Prob. 2,4, the field at height z above the center of a square loop (side a) is 

I 4A az 


E = 


4ttci 


° (* ! + f) v/^+? 


Here A 4ay (see figure), and we integrate over a from 0 to a: 


- J—2(72 f 

47TCQ J o 

= / 

4neo j Q 


ado 



- -= . Let u = —, so a da = 2du. 


du 


2 cr 


|tan 1 ^ 


{u + Z 2 )V2u + Z 1 TTCo [z 


<72 [ 2 (y/2u 4- 2 2 

- 1 - tan - 


\ I 

/Jo 


— tan 




2(7 

' 

1 a 2 n 


B = — 
7T£0 

tan -1 \ 

! l + Tz^~A 

z* 


“ “+ 00 (infinite plane): E = % [tan *(oo) - j] = (f “ f) = £-• S 
z » a (point charge): Let f(x) = tan^ 1 \/l +'x — and expand as a Taylor series: 

/(*) = /(0) + x/ , (0) + 5* a r(0) + -- 
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Here /{0) - tan 1 ( 1 ) 4 — 4 4 — 0 ; / (x) — l+ ( 1+a .j 2^1+z 2(2+3;) y/i+x ’ 80 ^ ^ 


j, so 


f(x) = -x + ( )x 2 + ()x 3 + 


Thus 


(*-« & - * <£ 1), E » £ ($£) = 


Problem 2.42 


„ _ f 1. 3 / 1 <? / B sin 0 cos 4> \ 1 

p = e 0 V-E-eoj^^ (j’ ~J + \ 7 J / 


= e o 


1 . 1 DsinB. , . 

-tA+ —-(-sin 4>) 

r 2 rsinp r 


to 


(.A - £fsin 40- 


Problem 2.43 

Prom Prob. 2.12, the field inside a uniformly charged sphere is: E = j^-r. So the force per unit volume 

f = pE - (T^)( w^ )r = ^(j^) 2r » and the force in the ? direction on dr is: 


IS 


dF z = f t dr = p ^ ■£& ) r cos ^^ 2 sin ^ dr dtp) ■ 


The total force on the “northern” hemisphere is: 


F *-/'•*■ = I (iw?) l r ‘ ir i' <^ 9 ^ 9de l <•* 

_ 3 { Q \ 2 (R*\ ( 

eo V4 *R 3 J V 4 J { 


2 i„ ) (2 * ) = 


► 2 /i 

Sin 2 # 1 


647re 0 /? 2 * 


Problem 2.44 


T , I f <7 , 1 CT f 1 a 2 trR 

^center = - / ~da = --— da - --— (27rir) - — 

4rreo J *t 4neo R J 4rreo R 2eo 

Tr 1 fa , . , f dn = 27r/? 3 sin <?d0, 

lp0,e = ' Wlth j* 2 = fl 2 + f? 2 - 2J1 

= (2\/l - cos<?}| 

2v^eo 1 


2H 2 cos0 = 2^(1 -cosfl). 

1 <r( 2 Wl a ) r r ‘ *"»<» _ ra Vl-eosOT l^ 2 


f 



4ne 0 RV2 


<rB -a-o)= 


V^2co 


\/2eo 


\Z1 - cos(? iiv^eo 

I'pole ~ Center = 




Problem 2.45 

First let’s determine the electric field inside and outside the sphere, using Gauss’s law: 


e 0 j>E ■ da = e 0 47 rr 2 £’ — Q e nc = Jpdr — J(kr)r 2 sin 9 df dd dip = 4xk J r 3 dr=|^ 


nkr 4 (r < R), 
kR 4 (r > R). 

















































Method I: 




ttA : 2 ^ 7 

7e 0 


Method II: 


wMJf-VOr (Eq.2.43). 

F 0r r < * VM - jT ■ • - - £ ® * -1 (£) * ~£ {* (”) [ 

^ ■= 5 f <* r) [£ ( fl3 - t)] 4 * r3<fr = f (* V ’ H dr 

f^B 4 IJP1 ntfff (e\ 

{^T ' 4T| = 2^ ( 7 ) = 


H- 


jR J 


2izk 2 


nk 2 R 7 


Problem 2.40 

E 




—Ar „ —Ar 


”(—A)e * r — e 


} f= 


Ae- Ar (l + Ar)^-. 


/) = f»V.E = £ 0 A {e~ Ar (l + A r) V- (£) + £ • V (e“ Ar (l + Ar})}. But V- (£) = 47r<S 3 (r) (Eq. 1.99), and 
e _Ar (l + Ar)rf 3 (r) = <5 3 (r) (Eq. 1.88). Meanwhile, 


V (e -Ar {l + Ar)) = (e~* r (l + Ar)) 

= f { - Ae“ Ar ( 1 + Ar) + e “ ;Xr A} 

So £ • V (e _Ar (l + Ar)) = -^e~ Ar , and 

P - eoA 

4w5 3 (r) - — e~ Ar 
r 

- j ( 


Q — Jp dr = to A ^4j r J £ 3 (r) dr — A 2 J --4irr 2 dr J = eo^ ^4 tt — A 2 47 T J 

But J 0 °° re~ Ar dr = ^, so Q = 4wcoA ^1 — — | zero. | 

Problem 2.47 


re Xr dr 


) 


(a) Potential of +A is V+ — — 5 ^- In (^), where s+ is distance from A + (Prob. 2.22). 
Potential of —A is V_ = + 2 ™^ In (v)> w here s_ is distance from A_. 
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Total 


V = 


27re 0 


In 


fc) 


V 


Now s+ = \J{y — a) 2 + z 2 , and s_ — ’/(yd- a) 2 + z 2 , so 


In 


(a + a) 2 + 


21 


47re 0 |_(y — a) 2 *4- s 2 _ 



(b) Equipotentials are given by = e^ iaVa ^ x) = k = constant. That is: 

j/ 2 + 2ay + a 2 + z 2 — k(y 2 — 2 ay + a 2 + z 2 ) =$■ y 2 (k - 1) + z 2 (k — 1) + a 2 (k — 1) — 2ay(fc + 1) = 0, or 
y 2 + z 2 + a 2 - 2ay = 0. The equation for a circle, with center at (yo, 0) and radius R, is 

(y - Vof + z 1 = R 2 , or y 2 + z 2 + (yg - R 2 ) - 2 yy 0 = 0. 

Evidently the equipotentials are circles, with yo = a anc ^ 

a 1 = vl -fl 2 => K‘ =»3 -a J = a 2 ({±})* -«» = or 

J2 = ; or, in terms of Vb: 


^Ak€qVq/\ ^ | 

e 2?re 0 Vp/A _j_ e -27r*oVo/A 

acoth j 

( 2ttco Vo \ 

V0 ~ a e 4nt 0 Vo/\ _ l 

^g27r^oVb/A _g— 2ireaVo/A 

< a ;■ 


R — 2a- 


£,27reo Vb/A 


a 


g4rreoVo/A _ ^ ^2irtflVo/A — g Sinll | ^ j| 


acsch 


^ 2rre 0 Vo ^ 



(b) qV = |mu 2 -4 



(c) dq-Apdx ; g = ap^f = 


Apv ~ I 


(constant). (Note: p, hence also /, is negative.) 














































(d) 


XV 

dx 2 


eo P en Av tnA 


t 0 A V 2gV 


d^V 

dx 2 


= pv ~ 1/2 


, where p=--L.Jf q . 


{Note: I is negative , so 0 is positive; q is positive*) 

dV 
dx 


(e) Multiply by V' = % : 


V ,d ^ = P v ~ 1/2< ^ =* j v 'd v ' = 0 /K _1/2 dP =>■ ^' 2 - 2pV 1/2 + constant. 

But V(0) — V*(Q) — 0 (cathode is at potential zero, and field at cathode is zero), so the constant is zero, and 

v ' 2 = 0V 1 ' 2 => ^ = 2^/pV 1 ^ -> V~ l/i dV = 2y/0dx m , 
dx 

I V ~ 1 / 4 dV ~ 2\ffi J dx =$■ — 2 \/Px + constant. 

But V(0) = 0, so this constant is also zero. 

V ^ 4 = ^\/]3x, soV(x)= (|^) a: 4 ' 3 , or l/(x} = Q/j) x 4/3 = ( 3 - ^ 2 ^ ) : 

(see graph). 


.4/3 


Interms of V 0 (instead of I): 


vw = v 0 (?) 


X\ 4 / 3 

d 


Without space-charge, V would increase linearly: V ( 1 ) - Vo (|). 

cPV 


p- —Co 


dx 2 


„ 1 4 1 _ s/3 

= -toVo-TTrrr ■ ~X 2 ' 3 - 


d 4 ? 3 3 3 


ieoVg 

9(d 2 x} 2 / 3 


„=yi^=s«Gr- 


d^^v 6 

1 = 4 ^M^ v o /2 = KV * /2 ' where 


32eg/lV 


81 md A 



K = 


4e 0 ^ j2q 


Sd 2 V m 


Problem 2.49 

(a) E = ~~— 
47TC0 


/£(>U) 


e^ A dr. 


(b) Yes. The field of a point charge at the origin is radial and symmetric, so V xE — 0 , and hence this is also 
true (by superposition) for any collection of charges. 


(c) 


v =-/>*=- 4 ^/ 3 ( i+ ;) e ' r ' A<ir 

= + 1 ) {r ^ e ' r/A<ir+ 1 r 
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Now f ~se r / x dr — — s — 2 - j j s —~— dr i — exactly right to kill the last term. Therefore 

F(r) = 


* J 

i e -^r\ 

q e 

47TC0 I 

! r | r f 

4?reo r 


(d) 


i 


Vdr = 


4*^0 

V l 1 + 

<1 

fR e ~r/\ 

4*fe 0 

Jo r 

A 2 — 

{-e~ R ' x 1 

^0 

1 1 


r 2 tyk dr 


eo Jo 


~ r t x dr - — 


-R/\ 


y-r/A 


eo La/A)2 V A 


(-s-Ol' 


,£ E .da + ±| / *=i {( 1 + f) e -«A-( 1 + f) 


(e) Does the result in (d) hold for a nonspherical surface? Suppose we 
make a “dent” in the sphere—pushing a patch {area R 2 sin 8 dO d<p) 
from radius R out to radius 5 (area S 2 sin $d8d<j>). 


-R/x + ! L = 



qed 


j>E ■ da — ^ (l + f) e- s '\$ 2 sm8d0d<f>)- ~ (l + f) e - n/A (I ? 2 sin 0d0d<£)j 


sin 9 d6 d<j>. 


A -1 [Vdr = sind t drd9d<l> = sin8d9d<j> [ re~ r/x dr 

X 2 J X 2 4tt€q Jr A 2 4tT€q J r 


= ~^r a ime,Kd4 ‘ ( e ’ r/i (‘ + x))L 

H)*- S/A -H) e 


(j 

dTTCO 


sin 6 dd d(f>. 


So the change in j? JV dr exactly compensates for the change in ^E - da, and we get for the total using 
the dented sphere, just as we did with the perfect sphere. Any dosed surface can be built up by successive 
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside, 

the total is ^Qenc- Charges outside do not contribute (in the argument above we found that (5* for this 
volume f E • da + p- fV dr — 0—and, again, the sum is not changed by distortions of the surface, as long as q 
remains outside). So the new “Gauss’s Law” holds for any charge configuration. 


(f) In differential form, “Gauss’s law” reads: 


„ _ 1 T , 1 

V-E + -rj V - -p, 

A* CO 


or, putting it all in terms of E: 


V-E - ™ /e • dl = “p. Since E = -VV, this also yields “Poisson's equation”: - V 2 P + ArV = — p. 
X 2 J €q X 2 €q 




















Problem 2.50 


p = e 0 V - E ~ £oJL(ax) = Co* 1 (constant everywhere) 


The same charge density would be compatible (as far as Gauss's law is concerned) with E — ayy , for 
instance, or E - (|)r, etc. The point is that Gauss’s law (and VxE — 0} by themselves do not determine 
the field —like any differential equations, they must be supplemented by appropriate boundary conditions. 
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“£ must go to zero far from 
the source charges”)—or we appeal to symmetry to resolve the ambiguity (“the field must be the same—in 
magnitude—on both sides of an infinite plane of surface charge”). But in this case there are no natural 
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question “What is the 
electric field produced by a uniform charge density filling all of space?” is simply ill-posed: it does not give 
us sufficient information to determine the answer. (Incidentally, it won’t help to appeal to Coulomb’s law 

^E — 4 — f —the integral is hopelessly indefinite, in this case.) 

Problem 2.51 

Compare Newton’s law of universal gravitation to Coulomb’s law: 


F=- G ^r; 


F _ 1 f 

4nto r 2 


Evidently —> G and q m. The gravitational energy of a sphere (translating Prob. 2.32) is therefore 


w --c— 

5 R' 


Now, G — 6.67 x 10 -11 N m 2 /kg 2 , and for the sun M = 1.99 x 10 30 kg, R — 6.96 x 10® m, so the sun’s 
gravitational energy is W = 2.28 x 10 41 J. At the current rate, this energy would be dissipated in a time 


W _ 2.28 x 10 41 
P ~ 3.86 x 10 2e 


= 5.90 x 10 14 s 


1.87 x 10 7 years. 













Problem 2.52 

First eliminate 2 , using the formula for the ellipsoid: 

A _ Q _I_ 

a ^ X,y) 4 wab ^(sVa 4 ) + c 2 {j, 2 /b 4 ) + 1 - (x 2 /a 2 ) - WW)' 

Now (for parts (a) and (b)) set c -► 0, “squashing” the ellipsoid down to an ellipse in the xy plane: 

, ,Jl _ 1 _ 

a[X,V) “ 2tto5 ^1 - (x/a ) 2 - (y/ 6)2 ' 

(I multiplied by 2 to count both surfaces.) 

(a) For the circular disk, set a = b — R and let r = yjx 2 + y 2 . 


ff(r) - 


Q 1 

2 kR y/W - r 2 ' 


(b) For the ribbon, let Q/b = A, and then take the limit b 

(c) Let b = c, r = \/y 2 + z 2 , making an ellipsoid of revolution: 


00: 


<t(x) = 


2 tt yja 2 — x 2 


x 2 r 2 




x 1 . . _ 

a 2 c 2 ’ 4?rac 2 ^Jx 2 j a 4 + r 2 /^ 4 


The charge on a ring of width dx is 

dq — a 2 irr ds , where ds = y/dx 2 + dr 2 — d#\/l + ( dr/dx) 2 * 

x dx 2 t dr dr c x , , /_ , e / o / 4 2 / iT 

—— + —— = 0 =!> — = —— 1 so ds = cteWl + = t&r — yx 2 /a 4 + r 2 fc 4 . Thus 

a 2 c 2 dx a l r V <rr A r 

A(x) = ^ = 27rr—r , 1 „ + t- 2 /c* = 

dx 47rac 2 ^/x 2 /a 4 + r 2 /c 4 r 


Now 


p-. ('Constant/) 















































Special Techniques 


Problem 3.1 

The argument is exactly the same as in Sect. 3.1.4, except tha t since z < R, \/z 2 + R 2 — 2zR — (R- z), 

Q 1 

instead of (z — R). Hence V &ve — - - - [(z H- R) — (ij — z)] — 


4tt£o 2 zR 

inside the sphere, the average potential due to interior charges is 
charges is Venter? = Center ^ 


1 q 

47TC0 R 


1 Qert 
4tt€o R 


If there is more than one charge 
: , and the average due to exterior 


Problem 3*2 

A stable equilibrium is a point of local minimum in the potential energy* Here the potential energy is qV , 
But we know that Laplace’s equation allows no local minima for V. What looks like a minimum, in the figure, 
must in fact be a saddle point, and the box “leaks” through the center of each face. 

Problem 3*3 

Laplace’s equation in spherical coordinates, for V dependent only on r, reads: 


V=--+k. 

T 


V — c In s + k. 


„ 2l/ 1 d ( 2 dV\ n 2 dV , dV c 

v 2 v = ^(r*—)=o*r*—=c(const ! mt) 

Ex ample: potential of a uniformly charged sphere. 

, „ 2x , Id/ dV\ n dV dV c 

In cylindrical coordinates: v V = - — s—r~ = 0 => s-— = c => —— = => 

s ds \ ds J as ds s 

Example: potential of a long wire. 

Problem 3.4 

Same as proof of second uniqueness theorem, up to the equation $ s V 3 E 3 ■ da = 
each surface, either V 3 — 0 (if V is specified on the surface), or else E 3± = 0 (if = 
/ v (f? 3) 2 = 0, and hence E 2 = E,. qed 

Problem 3.5 

Putting U = T = V 3 into Green’s identity: 

f [V 3 V 2 V 3 + W 3 • W 3 ] dr = <f V 3 W 3 - da. But V 2 F 3 = V 2 V, - V 2 ^ = 

J\> Js 

So / Ejdr = - <p V 2 E 3 ■ da, and the rest is the same as before. 

Jv Js 


— J V (E 3 ) 2 dr. But on 
-E± is specified). So 


+ — = 0, and W 3 = -E 3 , 
fa fo 


42 
















43 


Problem 3.6 

Place image charges +2q at z — —d and — q at z = —3d. Total force on +q is 


Q 

-2g 2q -q ] 

A 

1 — 

? 2 1 


1 /29 g 2 \ 

47reo 

(2d) 2 (4d) 2 (6d) 2 

1 Z i — 

4^0^ ' 

V 2 + 8 36yl 

47reo \72rf 2 / ‘ 


Problem 3.7 

(a) From Fig. 3.13: t- = y/r 2 + q 2 — 2ra cos 0; = \/r 2 + b 2 — 2rb cos 8. Therefore: 


R 


a y/r 2 + b 2 - 2rb cos 6 
Q 


R 2 

(Eq. 3.15), while b - — (Eq. 3.16). 

a 


(ft) y^ 2 + fr - 2r~cos0 + -ff 2 — 2racos# 


Therefore: 




Vr 2 + a 3 - 2ra cos# y/I& + ( ra/R) 2 - 2ra cos 8 


Clearly, when r — R, V -+ 0. 

(b) <? = -e 0 §£ (Eq. 2.49). In this case, ~ ^ at the point r = R. Therefore, 

<r(0) = ~ C ° {~^( r2 + ° 2 ~ ^ra cos d)~ 3 * 2 (2r - 2acos#) 

+ ^ (/£ 2 + (ro//i) 2 — 2racos#) 3 ^ 2 — 2acos0^ | j 

— - ~ | —(f? 2 + a 2 — 2Ra cos 6)~ 3 ^ 2 (R — a cos#) 4- ( R 2 + a 2 — 2/iacos#) — acos#^ j> 


-^-{R 2 + a 2 - 2Ra cos#} -3/2 
4tt 


R - a cos# —— + a cos # 

il 


- a 2 )(R 2 + a 2 - 2Racos&)~ 3 / 2 . 

4ttH 


^induced — 


— J a da =-^-j^(R 2 — a 2 ) J (R 2 + a 2 — 2Racos8) 3 ^ 2 R 2 sin 0 dd d$ 




Q / r >2 .J^d2 I 1 (R 2 +a 2 -2Racos9)- 1 ' 2 


-L(n 2 — F? 2 ) _ 

2a V J [y/R 2 + a 2 + 2/?a Vi? 2 + a 2 - 2fia. ' 

But a > R (else q would be inside), so y/R 2 + a 2 — 2 Ra — a — R. 




L(oTb) - (TTr)] = 1 1' 0 - R) - <* + = &~ 2R) 


qR , 
-~= q 












































(c) The force on q, due to the sphere, is the same as the force of the image charge q ', to wit: 


F - — 

47re 0 ( 

To bring q in from infinity to o, then, we do work 

a 


= J_ (_R A_i 

(a - 6) 2 47 T£o \ a ^ / (a — R 


1 


g 3 i?a 




4neo (a 2 — JJ 2 ) 2 


w=r*[ g = 

47TCO J (a 2 - tf 2 } 2 


q 2 R 

1 1 

a 

1 q 2 R 

4?reo 

2 (a 2 — R 2 ) 

QO 

47T€o 2(o 2 — R 2 ) * 


Problem 3.8 

Place a second image charge, 9 ", at the center of the sphere- 
this will not alter the fact that the sphere is an equipotential, 


a — b 


but merely increase that potential from zero to Vo — 


q“ — AttcqVqR at center of sphere. 


47reo R ’ 


For a neutral sphere, q 1 + q" = 0. 

F = 1 J* , _£ \ rf ( l | * \ 

47rc 0 V \« 2 (a~b) 2 J 4rreo \ a 2 (a — b) 2 ) 


qq’ b{2a-b ) _ q{~Bqfa) (ij! 2 /a)(2a - fl 2 /a) 
4tt€q a 2 (a-b) 2 47TCQ a 2 (a - R 2 /a) 2 


^ (■ 

R\ 3 (2a 2 -H 3 ) 

47T€ 0 V 1 

a) (a 2 - R 2 ) 2 ' 


(Drop the minus sign, because the problem asks for the force of attraction.) 
Problem 3.9 

(a) Image problem: A above, —A below. Potential was found in Prob. 2.47: 

2 A A 

Ffe,,) = 5 ~ 1 „( s . /s+ ) = _ 1 n ( s l/4) 



a i y + («+d)» i 

4»eo b 2 + (z-d) 2 / 



dz 


A f 1 1 

0-(y) = -£o~. - { ■> , , — -~K^^( z +d) - r ~~. -— 

4rrco ( y 1 4- (z + d) 2 y 2 + (z - d) 


z 2 l* 


-<o}| 


2 A 

f <* 

“ d 1 - 

X d 

4tt 

U 2 +gP 

y 2 4 - cP j 

7r(y 2 + d 2 )' 


Check: Total charge induced on a strip of width l parallel to the y axis: 


<7ind — 


l\d 


7T 


/A 


, IXd 
.m d v = 

+ d‘ 1 7T 


: tan 


■*(s)]r =~ [§-(-i)] 


— —XL Therefore Ai„j = —A, as it should be. 
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Problem 3.10 

The image configuration is as shown. 


T ti*. ^ J 

f 1 1 

1 _L 

V{X ' V) ~ 4^1 

1 \/{x ~ a) 2 + (y - b) 2 + z 2 s/(x + a) 2 -I- (jf + b) 2 -f 

1 1 ] 

z 2 

I- 

\/{x 4- a) 2 + (y - 6) 2 + z 2 %/( x “ a ) 2 + (y + &} 2 + z ‘ z J 

For this to work, 

6 must be and integer divisor of 180°. Thus 180°, 90V60 


•-Q 


Others. It works for 45°, say, with the charges as shown. 

(Note the strategy: to make the x axis an equipotential (V = 0), 
you place the image charge (1) in the reflection point. To make the 
45° line an equipotential, you place charge (2) at the image point. 
But that screws up the x axis, so you must now insert image (3) to 
balance (2). Moreover, to make the 45° line V = 0 you also need (4), 
to balance (1). But now, to restore the x axis to V = 0 you need (5) 
to balance (4), and so on. 

The reason this doesn’t work for arbitrary angles is that you are even¬ 
tually forced to place an image charge within the original region of 
interest , and that’s not allowed —all images must go outside the re¬ 
gion, or you’re no longer dealing with the same problem at all.) 



x 


why it works for 0 = 45° 

135° line , & N ° 600d 

K 3 ) ( 0 ) 

i 

t / i uib i f f n 11 ► X 

_i '( 2 ) (1) 

why it <foean f C work for & — 135° 



Problem 3.11 

Prom Prob. 2.47 (with y 0 d): 
and 


V- 


ln 


(a: + a )' 2 + y 2 " 1 


4tt€o L( x ~~ Q ) 2 + V 2 J ’ 


where a 2 ~ yo 2 — R 2 => a = Vd 2 — R 2 , 


{ ^=co S h , 


or 


A- 


2 ire 0 Vo 


cosh -1 (d/H) 


Problem 3.12 


a 

00 ? f 

V{x,y) = C n e~ ni7X ^ a sin(n7vy/a) (Eq. 3,30)^ where C n = - I Vo(y) sin(rc7ry/&) dy (Eq. 3.34). 

n= 1 

r _ f +Vo, for 0 < y < 
o{y) ~ \ -Vo, 


In this case Vc 


< ^^ 1 Therefore 
for a/2 < y < a J ' inG ’ 


„ 2 f / . , , f ■ , , l 2V 0 ( cos(n7r y/a) 

C n - -Vb \ j sm(nnyfa) dy - J sm(niry/a) dy > = — < (jiir/a ) — 

[0 a/2 J ^ 


a - 2 cos(nwy/a) 
+ - 


(nir/a) 


a/2 ^ 


= S {- cos (t) + cos(0) + “ s(nl) " cos (t) I = ™ l 1 + (_1) " ■ 2cos (t) I ■ 






































The term in curly brackets is: 


n = l : 1 — 1 — 2 cos(tt/2) = 0, 

n — 2 : 1 + 1 — 2 cos(7r) — 4, 

n — 3 : 1 — 1 — 2cos(3tt/2) — 0, 

n = 4 : 1 + 1 — 2 cos(2tt) = 0, 


etc. (Zero if n is odd or divisible by 4, otherwise 4.) 


Therefore 


So 


= J 81 
1 0 , 


SVo/n7r, n — 2,6,10,14, etc. (in general, 4 j + 2, for j = 0,1,2,...), 


otherwise. 


tt Jrri 


n= 2,0,10,- 


e nw:c / a sin(niry/a) _ SVo e W+ 2 ) wa! / a sin[(44 + 2)ny/a] 
~ — 4^ (4j + 2) 


n 


i=o 


Problem 3,13 

P(:r,y) = Y'' — e -mrx/a s in(n,-!rj//a) (Eq. 3.36); a — —€o~— (Eq. 2.49). 

'Tr *—* n 0fi 


7T “' n 

rt—1 p 3,5 T .++ 


So 


<*(l0 = “«o ST (“ S ~ e n!Ta:/o sin(n^y/a)]| = -e 0 — £ “(““) e n,ri/a sin(n7ry/a) 

ot ^ it z n J | 2;=0 7T z — 4 n a 




4cqVo 


^ sm(n7ry/a), 

a 


n- 1,3,5,. 


Or, using the dosed form 3.37: 


* - -q,- V - , I - (-oosh(.x/a)| 


2eoPo sin(7ry/o) cosh(-?T2:/a) 


2^o Vo 1 

a sin 2 (?ry/a) + sinh 2 (;ra:/a) 

x=Q 

a 5in(?ry/a) 


Summation of series Eq. 3.36 

V(x,y) = where I = V' —e~ nirx ^ a sm(mry/a). 

7T *» i ‘ ^ f>. 

Now sin it; — Im (e tty ), so 


n= 1,3,5,... 


n 


/ = l m y I e -n™/a e in*v/a _ y' Ig* 

4—' n ^ n 


where £ = e *(* *»)/*. Now 


E-* 

7=0 


e ;«■ - e 

. / !r+ -; mb.”) -: !l " s+ “» 
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where Re ,fi — f^r§- Therefore 


I 


1m 


{ 


-(lnfl + i 




But 


1 + 2 
1 - 2 


1 -j- g—JTJ'gi’rir/o _ g-i-ny/a^ _ g -2jr*/a 
|l - e -Jr(a:-iy)/aj 2 


1 -(- g-Tr(z-iy)/a (1 -(- g-Jr{*-is<)/a) _ e -w(i+iy)/aJ 

1^ e-’ff*-*!')/® (1 - e -^-iy)/a) (1 _ e ~ W {i + £j,)/aJ 

1 + 2 ^e ~ ,ra: ' ,0 sin^y/a) — e ~ 2jtx / a 

|l — e -ff(*-»y)/aj 2 


so 


Therefore 


tan q _ 2e * T ' fl sinQrp/o) _ 2 sin(trp/a) 

J g—2 ttx/q gnx/a g — irxfa 


sin(7r y/a) 
sinh(7rx/a) ‘ 


I=\ tan’ 1 

2 \smh(jra:/o) / 


and 


ov 

V(x,y) - —-tan -1 

7T 


( sin (jvy /a) \ 
\sinh(jrx/a) / ‘ 


Problem 3.14 

d 2 V 


(a) 


5s 2 


+ 


e? 2 F 

% 2 


= 0, with boundary conditions 


f (0 V(x,Q)=0 > 

I (ii) V(x t a)= 0, 

I (iii) V(0,y) = 0, 

{ (iv) V(b,y) = V<>{y). 

As in Ex, 3.4j separation of variables yields 

V(x,y) = (Ae kx + Be~ k *) (Csin ky 



+ D cos ky). 


Here (i)=3> D = 0, (iii)=r B — - A, (ti)=> ka is an integer multiple of tt: 


V(x,y) = AC ^' l,rx ^ — e nwat /“^ sin(nny/a) — (2i4C)smh(njrx/a) sin(njry/a). 

But (2AC) is a constant, and the most general linear combination of separable solutions consistent with (i), 
(ii), (iii) is _ 

QO 

V{x, y) — ^ C n sinh(n7rx/o) sin(ri7rp/a). 

n=l 


It remains to determine the coefficients C n so as to fit boundary condition (iv): 


a 

C n sirih(n7r6/o) sin(m ry/a) - V Q (y). Fourier’s trick =$- C n s\nh(nnb/a) —~J V 0 (y) sm(mry/a) dy. 

o 


Therefore 


C " = a smh(ror&/a) / sin(rar! ' /< ‘ ) *>■ 

0 
































(b) C n = 


asinh(7wb/a) 


a 

Vo / sin(mr yja)dy — — 

J a 


2Vq 


sinh(nnb/a) 


( O, 

1 2a 
l hit * 


if n is even, 
if n is odd. 


«'<*.») = ^ E 

7T — 

n=i r 3,5 T ... 


sinh(n7rx/a) sin(n7ry/o) 
n sinh(n7r6/ o} 


Problem 3.15 

Same format as Ex. 3.5, only the boundary conditions are: 


(i) 

V = 0 

when 

x — 0 , 

(b) 

^ = 0 

when 

x — a, 

(iii) 

V = 0 

when 

y ~ o, 

(iv) 

V = 0 

when 

y = o, 

(v) 

V = 0 

when 

z — 0 , 

(vi) 

V = V 0 

when 

z = a. 


This time we want sinusoidal functions in x and y, exponential in z: 

X(x) = Asin(Jbx) + Bcos(Jbx), F(y) = Csin(ly) + D cos(Zy), Z(z) = Ee' / **+ l * z + Ge 
(i)=> B = 0; (ii)=^ k = mr/a\ (iii)=^- D = 0; {iv)=s» l — m7r/a; (v)=> E + G = 0. Therefore 

Z{z) — 2 E sinh(-7r \/n 2 + m?z/a). 


Putting this all together, and combining the constants, we have: 

OO OO 

V(x,y, z) — ^ ^ C n ,m si n(nirx/a) sm(miry/a) sinh( 7 r\/ n 2 + m?z/a ). 

n= 1 m—l 

It remains to evaluate the constants C n ,m, by imposing boundary condition (vi): 

sinh( 7 r-\/n 2 + m 2 )| sm(nnx/a)sm(nnry/a). 

According to Eqs. 3.50 and 3.51: 

, _, / 2 \ 2 f r [ 0 , if n or m is even, > 

C„, m sinh [tts/u 1 + m 2 J = ( -J V 0 I sm(mrxfa)sm(mvy/a)dxdy = <! 16Vq if both are odd I 

o o ' 7 r 2 nm’ t 


V(x,y,z) 


16Vg 


E 


E 


1 

nm 


sin{nnx / a) sin(mnyf a) 


sink (t ry/n^ 4 m 2 zfa) 
sinh (nVn 2 + m 2 ) 


Therefore 
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Problem 3.16 


P ’ W = ri^ (l2 “ 1)3 = 48 ix> 
1 d 


1 £?*/■» ,i 2 . 1 cf 2 


->)’*• -5Br»(^- »’ 


= g £ [<** - *) 2 + 21 <*’ - 1 )' H “ 5 E ^" l > (** - 1 + ^>1 
= SiS [(** " 4 ( 5x * - !)] = 5 [ 2l ( 5lJ - !) + (*“ - !) 10 *] 


8 


= 1 (5x 3 - s + 5x 3 - 5x) = i (I0x 3 - 6x) = 


5 3 3 

—x J -X. 

2 2 


We need to show that P 3 (cos 9) satisfies 

^?l( sin ^) = - i((+1)p ' with(=3 ' 

where P 3 (cos 9) — \ cos (9 (5 cos 2 9 - 3). 

^ [- sin# (5cos 2 0 - 3) 4- cos0(lOcos0(- sin0)] = —^ sin# (5cos 2 9 — 3 + lOcos 2 9) 


3 

= — - sin 9 (5 cos 2 9 — l) 


Q / JD \ *| jr n 

T-(sin0--^) = — — — [sin 2 9 (5 cos 2 9 —l)] = — - [2 sin 0 cos0 (5cos 2 0 — l) + sin 2 0(“lOcos0sin0)] 

uu (tu J 2 du 2 

— — 3sin0cos0 [5cos 2 0 — 1 — 5sin 2 0] , 


1 d 
sin 9 d9 



-3cos0 [5cos 2 -1-5(1- cos 2 0)] = -3cos0 (lOcos 2 0-6} 

-3 • 4 • i cos 9 (5 cos 2 0-3) - -1(1 + 1 )P 3 . qed 
£* 


i i 

j P 1 (x)P 3 (x) dx - J (x)| (5x 3 — 3x) dx = i (x 5 -x 3 ))^ = ^(1 - 1 + 1 - 1 ) = 0. / 
-1 -1 


Problem 3.17 

oo 

(a) Inside: V(t,9) = ^ Ajr*Pj (cos 0) (Eq. 3.66) where 
(=0 


Ai = j V o (9)Pi(cos0)swOd8 (Eq. 3.69). 

o 

In this case Vo(0) = Vo comes outside the integral, so 

JT 

A, = {21 J P t (cos9) sin9 d9. 

0 
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But P o (cos0) — 1, so the integral can be written 

JT 

J P 0 (cos e)P t {cos 9) Sin 6 dd = | J j (Eq. 3.68). 

o 

Therefore 


f 0, ifl^O 1 

1 v«, ifl = 0 /■ 


Plugging this into the general form: 


V(r,8) = Aq r a P 0 {co&d) = V 0 


The potential is constant throughout the sphere. 

00 Bi 

Outside: V(r, 6) = ^ -y^-Pf (cosfl) (Eq. 3.72), where 
(=o r 


7T 

P, = J V Q {e)Pi{cos$)smddd (Eq. 3.73). 

0 

= Ptp-ti+'V* /«(^ > “If®} 


Therefore 

(b) 


^M) = V 0 - 
r 


(i.e. equals 1^ at r = R, then falls off like -). 


f OO 


^Ai r l Pt (cos 6), for r<R (Eq. 3.78) 


V(r,8) = { 


(=o 

00 


y; -^j-P((cos0), for r > R (Eq. 3.79) 


, 


(=0 


where 

and 


= 


2c, 


R ( = R 2,+1 Ai (Eq. 3.81) 


7T 

p._. f co(^)P( (cos $) sin 8 d9 (Eq. 3.84) 
qR J 


2 e 0 R i 


T 

iF^ 0 J Pi{cos6)sln0d$ = ( ^ o/eoi J { t° 0 } 


V(r,») = 


R<r 0 


for r < R 


r2{T o 1 f D 

-—, for r > R 

eo r 


Therefore 
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Note: in terms of the total charge Q — 4nFt 2 oo, 


t 

V(r ,*)= < 




1 Q 

4?reo R' 

l Q 

4ire o f' 


for r <R 

for r > R 


Problem 3.18 


V q {9) = fccos(30) - k [4 cos 3 9 - 3cos 6] - k [aP 3 (cos 0) + /3Pi(cos0}]. 

(I know that any 3 rd order polynomial can be expressed as a linear combination of the first four Legendre 
polynomials; in this case, since the polynomial is odd, I only need Pi and P 3 .) 

5a 


4 cos 3 B - 3 cos 6 = a 


^ (5 cos 3 9 - 3 cos 9) 


+ (3 cos 9 — ~ cos 3 6 + 
z 


f a ) cos ^’ 


so 


Therefore 


Now 


. 5a 8 „ _ 3 . 3 8 . 12 a 12 , 3 

4= T =>a= 5 ; - 3 = ' , -2 a = /J -2'5 =0 "T^ = T“ 3 ”“5- 


V Q (ff) = - [8P 3 (cos0) - 3Pi{cos0)]. 
D 


^TV^i^Pf (cos 0), for r < R (Eq. 3.66) 


V(r,0) = 


- ) i=o 


Y '~P((cos0) ) for r > P (Eq. 3.71) 


1^0 


where 


Ai = 


(21 + 1 ) 

2 R l 


TV 

j Vo($)Pi (cos 9) sin 9d9 (Eq. 3.69) 


(21 + 1) k | s J p 3 (cos 9)Pi (cos 9) sin 9 d9 — 3 J Pi (cos 9) Pi (cos 9) sin 9 d9 

{2i+i) s "} = ih lsSa ~ 3Sn] 


2 R l 

k (21 + 1) 
5 2 W 


{ 


2 2 
8—■■— 6 a -3- 


(21 + 1 ) 

{ -3fc/5fl, !f! = l } ( zero otherwise). 


Therefore 


4k Rk 

v (t,9) = -—tPi(zob6) + —r 3 P 3 (cos0) = 


8(^) 3 P 3 (cos0)-3(^)p 1 (cos6») 


or 


H ) \ [® cos3 ^ ~ 3c°s0] — 3 (-^) cosflj =£- V(r,9) — cos# ^4 (-^) [5 cos 2 9 - 3] — 3 J 



















(for r < R). Meanwhile, B x — AiR 2l+1 (Eq. 3.81—this follows from the continuity of V at R). Therefore 


/ 8kR*/5, if 1 = 8 \ ( .. . . 

1 -3MV5, if I = 1 / (jero otllerwls<! > 


-3 kR 1 1 , 4 8 kR* 1 

k 

{R \ 4 /R\ 2 


V{r,9) = —- ? Pi cob 0) + —- 7 P 3 (cos0) = 

5 r z 5 r 4 

5 

S f — J P a (cos0)-3 f^J Pi(cos0) 

% 


or 



(for r > R). Finally, using Eq. 3*83: 


oo 

<j(0) = e 0 £(21 + lMiP f_1 P(cos0) = e 0 [SAifi + 7A 3 R 2 P 3 ] 
;=o 


£ "[ 3 ( 5jO Pi+7 GflO 

| r 2 p 3 = 

~ [-9Pi(cos0) + 56P 3 (cos0)] 

Oil 


e 0 k 

5R 

“>6 

-9 cosf? 4—— (5cos 3 $ 

£d 

— 3 cos 9) 

= ^ cos 9 [-9 + 28-5 cos 2 9 - 28-3] 

cos 9 [140 cos 2 9 — 93] . 

Qit 



Problem 3.19 

00 21 q- 1 ? 

UseEq. 3.83: a{6) = e 0 ^(2i+l)^ f /? i - 1 P,(cos^). ButEq. 3.69says: A x = / FoWPltcos^sm^. 

f = 0 Q 

Putting them together: 


TO f 

{9) = ^ £(21 + l) 2 C(P(cosf?), with Ci = / PoWPKcosflJsinfldfl. qed 

2R f^ l 


Problem 3.20 

Set V = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the 
potential of a uniformly charged spherical shell: 


V(r,9) = -E 0 (V ~ ^) cos0 + ^ 


Q 


4?reo r 
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Problem 3,21 


P CO rj CO 

W nr,*) = (r > *>, so V(r, 0 ) = £-j£fl(l) = E 3 ?T = £- [v^^+iP-r] 

/=0 i=0 i=0 0 


Since r > ii in this region, y/r 2 + P 2 = r\/l + (Rjr) 2 — r 


H-fil/r) 2 - ^(H/r) 4 + — | T so 


V = 17 fi + lij2 lfl4 _il - (& _ i*l \ 

JW+ 1 2 eo r [ + 2r 2 8r* + '*‘ \~2e 0 \2r 8r 3+ ’")' 

Comparing like powers of r, I see that Bo = ——, Bi = 0, B> — - -..... Therefore 

4e 0 16eo 


V(r,$) = 


0 R 2 \ 1 R 2 „, 

4^1;-^( c ° a *> + 

f) (3cos 2 0 — 1) + ... 


t tR 2 
4 € 0 r 


(for r > R). 


1=0 


(b) V(r,9 ) — ^2 At r l Pi {cos 0) {r < R). In the northern hemispere, 0 < 6 < nj2, 

oo 

y(r,0) = ^A,r i = ^- [y/r 2 +R?-r\. 


i-0 


Since r < R in this region, y/r 2 + R 2 = Ry/l~+\r/R) 2 — R 

00 

^ 2 c 0 


l + ^(r/ J R) 2 -~(r/f?) 4 +,,, 


, Therefore 


(=0 


1 r 2 1 r 4 
2P “ 8 R? 


- — + *■ • — r 

£X _ O' £T 


Comparing like powers: A 0 = -— R, A\ — — -—, A% — -——,, so 

2e 0 2to 2e 0 r£ 


V(r,6) = 


rPi(cos^) + ^PafcosO) + 


£[*- 


(for r < R, northern hemisphere). 


l) 4* 


In the southern hemisphere we’ll have to go for 0 — n, using P;(—1) = (—l) 1 . 

OO _ 

= 5Z(-l)%r' = ~~ [%/r 2 + P 2 - r] . 


1=0 






























j4i = +(a/2eo)j -d-o = j4o, A% = j ^ 2 - So: 


V(r,9) = 


~ f# + rPi (cos 6) + Jft r2p i( cos 9)+ ... 


gR 

2 eo 


[i + (l) cos0+ I (1) (3COS 2 0-1) +...; 


(for r < R, southern hemisphere). 


Problem 3.22 


OO 


V(r,0} = •( 


where Bt = Ai$ 2l+1 (Eq. 3.81) and 


]T A t r l P t {cos 0), (r < R) (Eq. 3.78}, 


i=o 

OO 


£ ^-PKcosfl), (r > *) (Eq. 3.79), 


f=0 


K 

Ai = 2g ^ i _ 1 Ja 0 (0)Pi(cosO)sm6d$ (Eq. 3.84) 


' n/2 


-oa < 


/ 


IT 

Pi (cos 6) sin Odd — J Pi (cos 6) sin Odd ^ (let x — cos 9) 

0 it/2 


2e 0 R‘~' 

7 ~ l J p i(x)dx- J fl(„ dx i . 


0Q 

2e 0 P i - 


-l 


Now Pi(—x) = (—l/Pifa:), since Pt(x) is even, for even l, and odd, for odd l. Therefore 


U U I 

J Pi{x)dx = J P t {-x)d(-x) = (-1)' J P t (x)dx, 

-11 o 


i 

^ = [i-(-D']/*(*)* = 


0 . 


if l is even 1 


l 

R}-i J ^ 1 ^ X ^ X) if i is odd 


and hence 
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So A 0 = A 2 — A 4 = As = 0 , and all we need are A\, A 3 , and A 5 . 


Therefore 


and 


Thus 


i 

J P x (x) dx 

0 

J P 3 (x)dx 

0 

1 

J P 5 (x)dx 


1 

-I 


2 1 
x £ 

x dx — — 

2 


1 

2 ' 


1 

= \f {63a: 5 - 70x 3 + 15®) dx = i - 70— + 15y) 

0 ' 

8 \ 2 2 + 2 J 16 3 35 ^ 16' 


*-;g> ■••-5=(y 


— ; etc. 




VM) = < 


<Tpr 

2 eo 

OqR 2 


P\{cos9) - - Pz{cos9) + - (^) P 5 (cos(9) + ... 

P\ fcos5) - i f ^ P 3 (cos0) + ^ ftpj P 5 (cos0) + .. 


(r < R), 

, ( r>R ). 


I 


Problem 3.23 


(•£) 

Look for solutions of the form V(s,<j>) — £(s)$( 0 ): 


i_a_ / av” 

5 3s 


1 a 2 v _ 

+ s 2 d<f> 2 “°‘ 


1 d f dS\ 1 ^d 2 # rt 
s*ds V*ds J + s 2 S d<p 2 “ °' 


Multiply by s 2 and divide by V = S$: 


s d / dS \ 1 

S $ ds \ S d,s) + $ 


d 2 * 


$ d<f > 2 


= 0 . 


Since the first term involves s only, and the second 0 only, each is a constant: 

1 d 2 * 


s d (dS\ _ 
Sds\ S ds) Cu 


$ dd> 2 


— (? 2 , with C'i + C *2 — 0. 
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Now C 2 must be negative (else we get exponentials for 3>, which do not return to their original value—as 
geometrically they must — when 4> is increased by 2ir). 

Ci — -k 2 . Then — —fc 2 # => $ — A coskfi + B sin k$. 

d<p 

Moreover, since <h(<£ + 2ir) = <1>(<^), k must be an integer: k — 0,1,2,3,... (negative integers are just repeats, 
but k = 0 must be included, since $ = A (a constant) is OK). 


d ( dS\ 
’ds \ ds ) ~ 


= k 2 S can be solved by S = s n , provided n is chosen right: 


s~ ( sns n *) — ns— (s n ) = n 2 ss n 1 = n 2 s n — k 2 S => n — ±k. 
as ds 


Evidently the general solution is 5(s) — Cs k + Ds~ k , unless k = 0, in which case we have only one solution 
to a second-order equation—namely, S — constant. So we must treat k = 0 separately. One solution is a 
constant—but what’s the other? Go back to the differential equation for S, and put in k — 0: 


d ( dS\ n dS 

i— I s~— = 0 => s — = constant = C 

ds \ ds / ds 


dS C ds 

— — — dS = C — =>5=Glns + LJ (another constant). 
as s s 


So the second solution in this case is In s. [How about <£? That too reduces to a single solution, $ = A, in the 
case k = 0. What’s the second solution here? Well, putting k = 0 into the $ equation: 


d 2 $ 

d<p 2 


- 0 


dj> 


— constant = B => <3> = B<j> + A. 


But a term of the form B<$ is unacceptable, since it does not return to its initial value when <j> is augmented 
by 2 tt.] Conclusion: The general solution with cylindrical symmetry is 



Yes: the potential of a line charge goes like In s, which is included. 


Problem 3.24 


J (i) 
l (" 


(i) V — 0, when s = 


R, \ 

'■ s 


ii) V —> — Eqx — -Eqs cos <f>, for s :§> R. 
Evidently no — b^, — — 0, and fij. — — G except for k =1: 

V{s,4>)= ^ais + cos$. 

(i)=> Ci = —a]R 2 ; (ii)-»- ai — — Eq. Therefore 


'■ y. 








1“ / 

1J 


j-/ ‘ 






/ „ £ 0 R 2 \ , 

I —Eqs H-1 cos 0, or 

V ^ / 

V{s,<t>) - - E 0 s 

[(' 

r) 2 - 1 ] 

COS <f>. 





















9V 

ff = - eo 07 
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= — £qEq 


s—R 


(- 5-0 


i s^R 


COS <j>\ — 2 £qEq COS (j). 


Problem 3.25 

OO 

Inside: V(s, 4>) = «o 4- ^ s k (a* cos k(p + bk sin k<j >). (In this region In s and $~ k are no good—they blow 

k= i 

up at s = 0 .) 

oo 1 

Outside; V($,<f>) = So + ^ ^ {c*. cos k<f> + dk sin £</>). (Here In s and s k are no good at s —> oo). 


fc=i 


— —£q ^ 


(dV out 

dV in \ 

V 0 s 

ds J 


(Eq. 2.36). 


3=R 


Thus 


a sin 50 = -eo 


OO * 

Ef 

jt=i k 


(c* cos k<f> + dk sin k<p) - kR k 1 (a* cos k<t> + £>* sin k<j>) 


R k+i 


'} 


Evidently a* = c* = 0; b k = d k = 0 except k = 5; a = 5eo + 72 4 b 5 ^. Also, V is continuous at s - R: 

aoT-ft 6 ^ sin 5<j> = dp + sin 5 <j>. So 00 = ao (might as well choose both zero); R 5 b$ — i? - 5 d s , or d 5 = R l0 ba. 

Combining these results: o = 5eo (R 4 ^ + R 4 b$) — 10 eoR 4 & 5 ; 65 = ■ — ■ — 7 ; dg = ——■ Therefore 


10e o ^ 4 ’ 


10c 0 


V(s,0) 


a sin 5<ft f s s /f2 4 , for s < R t 1 
10 eo 1 R 6 / s5 > for s > R- J 


Problem 3.26 

Monopole term: 


But the t integral is 


Dipole term: 


But the 9 integral is 


Q — J pdr — kR J ^4j-{/2 — 2 r) sin 5 r 2 sin 9 dr d9 d<p. 

R 

j{R- 2r) dr = (Rr - r 2 ) £ = R 2 - R 2 = 0 . So Q = 0. 


J rcosflpdr — kR J (rcos 0 ) 


— (72 — 2 r) sin 9 
r J 


r 2 sin 9 dr dB d(f). 


W 

/ 


sin 2 9 cos 9 d9 — 


sin 3 6 


= -( 0 - 0 )= 0 . 


So the dipole contribution is likewise zero. 
Qmdrupole term: 


Jr 2 ^ cos 2 9 — pdr — -fc/i J Jr 2 (3cos 2 # — l) -^{/2 — 2r)sin0 


r 2 sin 9 dr d9. 




















00 




r integral: 


9 integral: 




& _ IP _ _R*_ 

3 2 ” 6 


I (3cos 2 0 — 1) sin 2 Odd = 2 j sin 2 0d$ - 3 sin 4 0 d$ 

0 3(1—sin 2 fl) —1=2—3 sin 2 $ 0 0 

-*G)-»(t)-'( 1 -S)-§- 


<fi integral: 


The whole integral is: 


2jt 


J d(j> — 2 tt. 

o 

£“(-*) (-i) (2,r) = 


kn 2 R 5 

48 ' 


For point P on the z axis (r —► z in Eq. 3.95} the approximate potential is 

(Quadrupole.) 


V(z) SS 


1 kjr 2 R 5 


47 reo 48z 3 


Problem 3.27 

p = {3qa — qa) z + (—2 qa - 2q(—a)) y = 2?oz. Therefore 


V=i 


1 p r 

47reo r 2 


and p f = 2<pi z-r — 2 qa cos 8> so 


V ^ 


1 2 qa cos 6 

4jreo r 2 


(Dipole.) 


Problem 3.28 

(a) By symmetry, p is clearly in the z direction: p = pz; p = J zpdr => j zada. 

It ^ 

p = j{Rcos8)(kcos8)R 3 sin8d$dtp = 2 ttR 3 k j cos 2 $ sin 8 d8 = 2xR 3 k ^ 


2 ~3,r, / -tM 47 rR 3 k 

= 3^ 3 Ml “ (“1)1 = —3—; 


P = 


47T R 3 k 


z. 


(b) 


V 2 


1 47r/i 3 fc cosf? 
47 T€q 3 r 2 


kR 3 cos 8 


(Dipole.) 
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This is a/so the exact potential. Conclusion: all multiple moments of this distribution (except the dipole) are 
exactly zero. 

Problem 3.29 

Using Eq. 3.94 with r' — d/2: 

*+ r ^ V2 rj 

for , we let 9 —*> 180° + 8, so cos 8 —> - cos 9: 

1 l “ / d \ ” 

^=- r T,{Yr) e,(-cos«). 

n=0 x y 

But P n (-x) — (—l) n P„(x), so 

v =(£ - B = B-A t (I)* = 

Therefore 


2 q 


n=0 


4?reo^ 


£ (I)" 

1=1,3,5,... x / 


P n (co$8). 


29 1 d _ . ... ijdcos# ... T7 - 

Vdip = while V quad - 0. 


K>ct = 


2 q (d\ 
4-kcq r \ 2 r J 


4nf.o r2r M ' 47reot“ 2 

3 n_ j3 


/^(COS#) — 7 ^-“ (5 cos 3 8 - 3 cos#) = 
K 47re 0 Sr 4 2 v ' 


qd 3 1 
4ttco 8r 4 


(5 cos 3 9 — 3 cos#}. 


Problem 3.30 


29 , 

(“) P = 

3r/a z, 




29 , 

(ii) p = 

qaz , 


4tt£o 


2 + *4 

r 1 r* 


iii) V « 


1 

2q 3ga cos 8 


47T«o 

2 

r 



47TC0 


2q qa cos 6 
—- - 

r r 4 






1 

2 q SgasinSsin^ 

29 , 

; (i») P = 

39 a y, 

(iii) V = 

47TCO 

0 

r 


(from Eq. 1.64, y-r — sin#sin0). 


Problem 3.31 

(a) This point is at r = a, # = ^, <f> = 0, so E = 


p 0 = _^(_z); F=?E = 


4-rreoa 3 47reo a 3 


pq 


47rtoa 3 


(b) Here r - a, # — 0, so E — P (2f) -- 2jJ z. 

477eoa J 47reaa J 

„ 2 pq „ 

F = W Z ' 


(c) V = q [V(0,0, a) - V {a,0,0)] - jcos(0) - cos | 

(f)]- 

M 

47reoa 2 



Problem 3.32 

n T/ 1-9 T/ 1 9 a cos 6 

Q - -q, so Knano = 1 — - ; p = qaz, so Vdip = -x — ■ Therefore 


47TC0 t 


4?reo 


^)^(-V^). 


E(r, #) “ 


47reo 


- f + (2 cos # f + sin # #) 





























































Problem 3.33 

p = (p * f) r + (p 6) 0 — p costff -psm9 0 (Fig. 3.36), So 3(p‘f)r - p — Spcosfir — pcosdr H-psintf 0 — 
2p cos 01 +psin00. So Eq, 3.104 = Eq. 3.103. / 

Problem 3,34 

l a 2 (fix d 2 x 

At height x above the plane, the force on q is given by Eq- 3.12: F = — - —- = m—-j— — — A/x 2 , 

*471 EQ lit* Ut 

a 2 

where A = 


Wireom 


But 


dx dv A dx d f l n\ d (A\ 1 * A 
. Multiply by v — — : v— = —= — — =£> -ir = — + constant. 

FJ J eft A x 2 dt dt \2 } dt\x) 2 x 

v — 0 when x — d, so constant = -Aid, and hence v 2 — 2A (- — ~] ; — ~ — V2A\ - - - = 

_ \x dj dt y x d 



l2A jd — x 
~d 


o f _=— t -- 

yfdT-X V d J V d 

d 0 


u 

/ 


This integral can also be integrated directly. Let x = u 2 ; dx — 2udu. 

/ Trb"* “ 2 17 F^ du = 2 1 sta " (73) } 


^3 


— -dsin 1 (1) = — d—. 
Vd 2 


Therefore 


d ird 

1 ~ VMY" 


iTT-iP d 
4 V 


167rtom — 


f 27T 3 d 3 6o m 


Problem 3.35 


+ - 


+ - 


+ - 


-tir 


+ - 


+ - 


The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net 
force of the negative image charges is: 


F = 


Hh 


+ 


i 


4jre<> [ [2(o - x)f [2a + 2(a - x)] [4a + 2(a - x)] J 

X 1 


+ * . . 


(2x) 2 (2a + 2x) 2 (4a + 


h 2x) 2 '} 


4tt6q 4 \ 


1 


+ 


+ 


1 


(a — x} 2 (2a — x) 2 (3a — x) 2 


+ 


1 

“x + 


1 


+ 


x 2 (a + x) 2 (2a 4- x) 2 


+ . 


]} 


When a -* oo (i.e. a 3> x) only the —r term survives: F = - 


Eq. 3.12). When x = a/2, 

F= _I 

4ire 0 4 \ [(a/J 


_2_9l_ 

47T€o (2x) 2 


1 1 
+ /n + TZ—TTCTZ + - ■ * 


/2) 2 (3a/2) 2 (5a/2) 2 


l 1 

+ 


(a/2) 2 (3a/2) 2 


/ (same as for only one plane 


+ (5^2)5 + -]} =0/ 
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Problem 3.36 

Following Prob. 2.47, we place image line charges -A at y — b and +A at y = — b (here y is the horizontal 



^ , f [0/ + Q ) 2 + 

4^o l [(y - a) 2 + 


* 2 ][( y -&) 2 + z 2 ] 


z 2 ][(y + b ) 2 + z 2 } 


}• 


or, using y — s cos z = s sin <p, 


-LiJ 

f (s 2 + a 2 + 2as cos 0)[(as/f?) 2 + R 2 — 2as cos <j>\ } 

h 

47TC0 1 

[ (a 2 + a 2 — 2ascos0)[(as/P) 2 + R 2 + 2as cos 4>] J 


Problem 3.37 


Since the configuration is azimuthally symmetric, V (r, $) = ^ P;(cos 0). 

(a) r >b: Ai = 0 for all /, since V -4 0 at oo. Therefore V (r, 9) — ^ -^-Pj(cos0). 
o < r < b: F{r,0) = ^ |' Cir 1 4- Pi{cos0). r < a: V(r,0) — V 0 . 

We need to determine Bf,Cj,£>[, and Vo- To do this, invoke boundary conditions as follows: (i) V is 

continuous at a, (ii) V is continuous at 6, (iii) A f-J-] = — — cr(9) at b. 

\or) e 0 

m => £ m p, ^ ccse) = £ { Qbf+ m) fi < cos9 )’ w = 0,1,1 + m <u 


a = -<t 2,+i a, < + o, 

Dq = a Vq — g,Cq , 


\ I Qa 1 + -^r =0, if l # 0, 

<*)=>£](<V + “ITT ) P ‘( cose ) = V °> ^ 

V a+ ' [ C 0 a° + ^ = Va, if / = 0; 

Putting (2) into (1) gives Bi — b 2l+l Ct — a? l+1 Ci , l 0, Bo — bCo + a Vo — a Co* Therefore 

a') 


( 2 ) 


Bi = (b 2t+1 - a 2,+1 ) Ci, l / 0, 
Bo — (b — a)Co + oVq. 


(iii) => £ + l)]-tjfl(co.« - Y, (C,lb‘~' + Dl-pn) 


(< + l) 

y+2 




- (Cilb 1 - 1 + D, 


(/+ 1 }\„, „ -k 


^0 
l ^ 1; 


1,1+2 

(* + 1) 

b l + 2 


Pi(cos0) = — P 1 {cos^). So 
) - 0, if 


























or 


-(/ + 1 )B ( - lC,b 2l+1 + (l + 1 )D t =0; (1 + 1 ){B t - D t ) = -lb 2l+ 'C t . 

£i<+2)p+ for! = 1; <7, + ^(B, - £>,) = ft. 


Therefore 


Plug (2) and (P) into (3): 

For / ^ 0 or 1: 

(! + l) [(& 2i+1 - a 2f+1 ) Ci + o 2i+1 C)] +!6 2i+1 C< = 0; {l + l)b 2l+1 Ci+lb 2l+1 C t = 0; (2!+l)Ci = 0 C, - 0. 



Therefore (!') and (2) =$> J5; = Cj = Di = 0 for l > 1 

2 


For 1 = 1: Ci + ^ [{fc 3 - a 3 ) Ci + a 3 Ci] = k; C t + 2Ci = k => Ci =k/ 3e 0 ; 2?i = ~a 3 Ci =► 


D i = -a 3 k/ 3e 0 ; Bi = (t> 3 - a 3 ) Ci => B x = ( b 3 - a 3 ) kj 3e 0 


For l = 0; J3q— Dq ~ 0 => J3q = 2?o ^ (5 — a)Co4flVo — q,Vq-° aCoj so &Cq — 0 Co — Oj Dq — aV^ — Hq. 
Conclusion: 


, , aVn (5 3 — a 3 } A: 

V{r,0) = —- + —- 2 -cos0, 

r 3Heo 


r > 5. 




(bW*) = ^ 


“€o 


aV 0 fc / ^a 3 \ J /Vq k \ 

- 4 -—■ ( 1 4 2— ] cos 9 ~ £q ( —- H—- cos 0 ] - 

a 2 3e 0 \ J \ £ o / 


a < r < b. 


-A cos# 4 Vo 


eo 


(c)^i " [ di da ~ ^-^4ira 2 = 47rae 0 Vb = Qtot- At large r: V — = 

J a. ——— - r 4 tteq r 


_ _ a 

clVq ?_ 1 Q _ 1 47raeoVo _ aVo ^ 


4tt€o 


Problem 3.38 

Q 

Use multipole expansion (Eq. 3.95): pdr -4 A dz — — dz> and r 1 —^ z: 

2a 

oo Q 

V(r) = -r— -i-,- / z n Pjt{cos B) Q-dz. 

4ire o £r' 0 r n+l J 2a 

The integral is 

a 

Q f Q z n + l a Q 2 a" +1 

—.P n (co5#) / z rt d 2 — —P n (cos#) —— — — Pn(cosft) - - for n even* zero for n odd. 

2a J 2 a ti + 1 __ a 2a n + 1 

—a 

Therefore 


v = ^-~ V -i-r (-)”p„(co.« 
4^0 r n + 1 \r J 


n=0,2,4 T L 


. qed 


Problem 3.39 

Use separation of variables in cylindrical coordinates (Prob. 3.23): 

oo 

V(s, 0) = ao + 5 q In s + ^ [s fc (a* cos k<j) 4 5* sin k<j>) 4 sT k {c* cos k<f> 4 d^ sin fc$)] . 

k-\ 
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s < R : V(s,4>) = co$fc0 + bk sin k<p) (Ins and $ k blow up at s = 0); 

s > R : V(s t <f>) — j s~ k (ck cos k4> + dk sinfoji) (In s and s k blow up as s —> oo). 

(We may as well pick constants so F -> 0 as s —^ oo, and hence ao — 0.) Continuity at s — R 
R k {ak cos k(f> + fcfcsinfc^) — y R~ k (ck cosfc^ + c4sinfc0), so c* — R 2k dk, dk — R 2k bk■ Eq. 2.36 says: 


dV 

ds 


ev 

ds 


— - a. Therefore 

R- e o 


y; - ^ (Cfc cos k<j> + dk sin k(f>) - y kR k 1 (a* cos k<t> + bk sin k<j>) = — — cr, 

x( Cq 

Or: 

£ UR*-' (<* cos fc* + »* sin *« = | ?/ o e ° eo (° < l < 2 I) } ' 
Fourier’s trick: multiply by (cos/^) d<j> and integrate from 0 to 2jr, using 

2vr 2 TT 

jsink<j>cost<t>d(j> = 0; j cos k<j> cos l<j>d<j> — | \ j* 


Then 


21R 1 Voj = — 
Co 


2ir 


J COS l(f> d(f> — J cos Icj) d<j> 


Lo 


&G J 

f sin/^> 

sin 1$ 

2?r ) 

.1 

1 1 

0 i 

I 


d( — 0. 


2 " f 0 k ± l ) 

Multiply by (sin l<f>)d<p and integrate, using / sin k<fisml<pd4> = j ^ k — l y 


2ltf- l icbt = — 
to 


f . .... £T 0 f COS 10 * COS ^ I 2 *} (To /fl n , , 

j sml^d^ — j sml<j)d<l> = — <--— H--— > = —(2 — 2cos/rr) 

,0 TT , 0 77 ^ 


/ 0, if 1 is even \ , _ j 0, 

— \ 4(ro//cot if l is odd J ^ ; - \ 2c 


if l is even 1 
}2 e><- 1 ;c ; ;o ^aa j ‘ 


2(To/7reoi 2 /i T , if f is odd 


Conclusion: 


... 2 a 0 R ^ 1 . f (s/i?)* («<*) \ 


Problem 3.40 


Use Eq. 3.95, in the form V(r) — ^ n ’ = J z n \(z) dz. 

"=° -o 

W (o = l/cos (g) * = t [~ s * n (g)] | = ^ [*> (I) - si ” (- 5 )] 


4afc 


. Therefore: 


n 






—(2 

. 

a 


4?reo \ 7 t / r 


(Monopole.) 




























~ a Vy 


h = -*{(£)*■!« (^)-V C0 S (t)}L 

—a 

\{z) = * { © fsin(7r) “ M-*)] - “ C0S ( 7r ) - 7 cos(-tt) J = k~-, 


V(r, 9)^ ~(—) 4 cos9 - 

4 tt£q \ tt / 


(Dipole.) 


(c) 


/o = h = 0. 


—a 


A(^) 


— a 

= 2fc ( — V [acos(?r) + a cos(— 7r)] = — - . 

V7T / 7T^ 





(Quadrupole.) 


Problem 3.41 

(a) The average field due to a point charge q at r is 

Eave “ 



/Edr, 

SO-R 3 ) J 


SO E av e — 


(fTreo# 5 ) 

1 1 f *. 

{|jre 0 ii 3 ) 4^e 0 J Pj i? 


1 _ 1 £ 

where E = ---4, 


4tt€o 


(Here r is the source point, dr is the field point, so * goes from r to dr.) The field at r due to uniform 

1 f i 

charge p over the sphere is E s — -■ — / p-? dr. This time dr is the source point and r is the field point, 

4x^0 J 

so >i goes from dr to r, and hence carries the opposite sign. So with p — —qf the two expressions 

agree; E ave *= E p . 


(b) From Prob. 2.12: 


3co f 


E p = —pi = - 


__Q _£_ = P 

4tTCo R 3 4?T€oi? 3 


(c) If there are many charges inside the sphere, E av e is the sum of the individual averages, and p tot is the 


sum of the individual dipole moments. So E ave = — - 


r- q ed 


4ne 0 R 3 

(d) The same argument, only with q placed at r outside the sphere, gives 

1 (fir R 3 p) 


E a ve — Ep — 


47TC 0 


0 f (field at r due to uniformly charged sphere) — —--^ r 

1 47rep t 1 
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But this is precisely the field produced by q (at r) at the center of the sphere. So the average field (over 
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces 
at the center. And by superposition, this holds for any collection of exterior charges. 


Problem 3.42 

(a) 

Edip = 


P 


4-reo^ 3 


(2 cos 9 f 4- sin 9 0) 

[2 cos 0{sin 9 cos <f> x + sin 8 sin <f>y 4- cos 9i) 


4r^■eoT ,3 

+ sin 0(co$ 9 COS ^ X + cos 9 sin <p y - sin 9 z)] 


P 


Eavfi — 


47reon 3 

(i 7 ^ 3 ) / 


3 sin 9 cos 9 cos + 3 sin 9 cos 9 sin <f>y + (2 cos 2 9 - sin 2 9) z 


~ 3 cos 5 & — \ 


E^ip (It 


= j [3sin0cos0 (cos+ sin0y) + (3cos 2 0 - l) z] r 2 sin9drd9d(j>. 


2ir 2?r 

But/ cos 4>d4> — J sin 4>d4> — 0, so the x and y terms drop out, and f d<j> — 2i r, so 
0 0 0 

R W 

Em = TUm(^rJ 2,r /? dr /(3oo 8 2 9-l) s iu0,tf 


(— COS 3 0+COB &) |J = i —1 + 1 —1=0 


Evidently E ave = 0, ( which contradicts the result of Prob. 3.41. [Note, however, that the r integral 


■!> 


blows up, since lnr —► —oo as r 0. If, as suggested, we truncate the r integral at r — e, then it is finite, and 
the 8 integral gives E ave — 0*] 

(b) We want E within the £-sphere to be a delta function; E == Ai 3 (r), with A selected so that the average 
field is consistent with the general theorem in Prob. 3.41: 


P ^ 

E ™ = (Jiff) J ASHr)dT = wm = '4^5 =*• A = and hence 


E = 


Problem 3.43 

(a )I- j (Wi) • (W 2 )dr. But V • (ViVV 2 ) = (Wi) • (W 2 ) + V 1 (V 2 V 2 ), 


SO 


I - J V ■ (Vi W 2 ) dr- J Vi(V 2 V 2 ) = £ Vi(W a ) -da+^J V lP2 dr. 

But the surface integral is over a huge sphere “at infinity”, where Vi and V 2 —> 0. So I = — f V\p 2 dr. By 

Co J 

the same argument, with 1 and 2 reversed, I — — J V 2 pi dr. So j V\p 2 dr — J V 2 p\ dr. qed 
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CHAPTER 3. SPECIAL TECHNIQUES 


{ Situation (1) : Q a = J a pi dr = Q; Q b = J b pi dr = 0; Vn = V ab . ] 

Situation ( 2 ) :Q 9 = J a p 2 dr = 0; Q b = J b P 2 dr = Q; V 2a = V ba . } 

I fV 1 p 2 dT = V la f a p 2 dr + Vi b f b p 2 dr = V ab Q. ) 

\ J V 2 pi dr = V 2a f a pi dr + V 26 f b Pl dr = V ba Q, ) 

Green’s reciprocity theorem says QV ab = QV ba , so V ab - V ba . qed __ 

Problem 3.44 

(a) Situation (1): actual. Situation (2): right plate at Vo, left plate at V — 0, no charge at 
v=o y=o 

q"|“* ^ | x J Vi />2 dr = Vi t Qi 3 + V XI Q X2 + V rt Q r2 . 

But V (l = V r , = 0 and Q Xi == 0, so J Vip 2 dr = 0. 

J V 2 P 1 dr — V^Qij + 14 2 Qxi + Vrt Qti- 

But V (a — 0 Q Xl = V rj = Vq, Q u = Q 2 , and V X7 - V 0 (x/d). So 0 = V Q {xfd)q + V a Q 2 , and hence 

Q 2 = -qx/d. 


Situation (1): actual. Situation (2): left plate at Vb, right plate at V = 0, no charge at x. 

J V 1 P 2 dr — 0 — J V 2 P 1 dr — V^Qi x + V Xi Q Xl + V r7 Q ri = V 0 Q 1 + qV X3 + 0. 
But V X7 = V 0 (l - |), so 


Q 1 = - 9(1 - x/d). 


(b) Situation (1): actual. Situation (2): inner sphere at Vo, outer sphere at zero, no charge at r. 

J V 1 P 2 dr — V a , Q a7 + V r , Qt 7 + V bl Q b2 . 


But V ai = V 6l = 0, Q ri = 0. So / V a p 2 dr = 0. 

J V^pi dr = V ai Q ai + V rs Q ri + V b2 Q bl = Q a V 0 + qV-r 7 + 0. 

But V Ti is the potential at r in configuration 2: V(r) = A + Bjr , with V(a) = Vo =$■ A + Bja — V 0 , or 
aA + B — aVo, and V(6) = 0 =>• A + B/b = 0, or bA + B = 0. Subtract: (6 — a)A — —aVo => A = 
-aV 0 /(b ~a)-, B{ l --\)=V 0 = B ^ => B = «6V 0 /(6 - a). So V{r) = ^ ( b - - l). Therefore 


«•-*(*-) 










Now let Situation (2) be: inner sphere at zero, outer at Vo, no charge at r. 


I V lP2 dr = 0 = J V 2Pl dr = V a ,Q ai + V r ,Q ri + V h Q bl = 0 + qV rt + Q b V 0 . 

This time \splaystyleV(r) = A + ® with V(a) = 0 A 4- B/a = 0; V(6) = Vq =4* A + Bjb — Vo, so 


1 ' W = (S) (' “ ?)• Thwefore ’ «(T~) ( l - “) +| 2‘ v '“ = °i o* = (' - “)• 


bV 0 


qb 


Problem 3.45 

3 


(a) I Y. | [ < 3 ^ f ; r; ^ f_,rt - (r') 2 


Uj-l 


i—l j—1 
3 




► pdf' 


But ^2 f;r' = f - r' = r' cos 9' — ^2 r>r'; ^ TitjSij = ^ f jij — r f = 1. So 

t=l }=l i,j 

Vqu&d — —-p, J \ (f ,2 cos 2 0' - r' 2 ) pafr' = — J r' 2 P 2 (cos0')pdr' (the n = 2 term in Eq. 3.95). 

(b) Because x 2 = y 2 — (a/2) 2 for all four charges, Q xx = Q yy = [3(a/2) 2 - (\/2a/2) 2 ] (q — q — q + q) — 0. 
Because z = 0 for all four charges, Q zz = -(^/2a/2) 2 (q — q — q + q) = 0 and Q xz — Q yz — Q zx = Q zy = 0. 
This leaves only 


«-=^= 3 [(l) © 5+ (I) (-S) <-«> + (-1) (!) (-*) - (-1) (-1) 4 - 


(c) 


Qij - J [3(r f - di)(rj - dj) - (r - d) 2 5y] pdr (I'll drop the primes, for simplicity.) 

= /[3 r { rj - r 2 <5ij] p dr - 3d* J r jP dr - 3dj J i\pdr + Zd b dj j pdr + 2d ■ J r pdr 5^ 
- d 2 6ij J pdr = Qij - 3(d;Pj + djp*) + 3djdjQ + 2<5jjd ■ p - d 2 SijQ. 


So if p - 0 and Q — 0 then Q- — Qij. qed 

(d) Eq. 3.95 with n — 3: 


V oct - J ( r> ) 3 P 3 (cos $')pdr' ; P 3 (cos0) = \ (5 cos 3 9 - 3 cos 9). 



Define the “octopole moment” as 


Qijk = J {5rlr'4 - (r') 2 (r&* + rfa 4- r^) p(r') dr'. 

















Problem 3*46 


4 7T€ 0 { \H *2/ \*3 *4/ ) 

— y/r 2 + a 2 — 2 ra cos 8 f 
*2 = \/r 2 + a 2 + 2m cos 0, 

~ yjr 2 + b 2 — 2r6cos?, 

^4 — \/ r2 4- + 2r6 cos 8 * 



( 1 1 \ 2 r 

-- — ) ^ — cos? (we want a ^ r, not r a, this time)* 

*2 / a 2 


(i.i) 

V*3 *4 / 


26 

^ — cos? (here we want h <£ r s because 6 — R 2 /a, Eq. 3.16) 

2 i? 2 , 

= —- cose/. 


a r" 


R 


But q ' — - - q (Eq. 3*15), so 


U(r,e)S-l- fc^cosff- -9-^cosff] = -i- (^f) (V-^)cos0. 

4ttcq a a 7 ^ J 4 ttc 0 \a / \ r / 


1 2 a 

Set Eq — - ——— (field in the vicinity of the sphere produced by ±q): 


47reo a 2 


V(r f e) = -E 0 [r 


-?) 


cos? 


(agrees with Eq* 3*76)* 


Problem 3*47 

The boundary conditions are 

(i) V = 0 when y = 0, 

(ii) V — Vq when y — a, 

(iii) V — 0 when x — 6, 

(iv) V “ 0 when x — 

Go back to Eq. 3.26 and examine the case k = 0: dPX/dx 2 — d 2 Yfdy 2 — 0, so X(a:) = ylz-t-i?, y(#) = Cy + D. 
But this configuration is symmetric in x, so A = 0, and hence the k — 0 solution is V(x, y) = Cy + D. Pick 
D — 0, C — Vo/a, and subtract off this part: 

V(x,y) = V 0 ?- + V(x 7 y). 
a 

The remainder {V{x 7 y)) satisfies boundary conditions similar to Ex* 3*4: 

(i) V = 0 when y — 0, 

(ii) V = 0 when y = a, 

(iii) V — -Vo{y/a) when x = 6, 

(iv) V = ’-Voiy/a) when x — —6. J 
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(The point of peeling off Vo(y/a) was to recover (ii), on which the constraint k = nrr/a depends,) 
The solution (following Ex. 3.4) is 

OQ 

V(x,y) = ^ C n coshfoTTz/a) smjnny/a), 

71 — 1 

and it remains to fit condition (iii): 

V(b,y) = y ^Cn cosh(n7r6/a) sin(rc7ry/a) - ~V Q (y/a). 


Invoke Fourier’s trick: 


pa Yq r a 

} C n cosh(mrb/a) j sm(nny/a) s\n(n'ny/a) dy = - -— / y sin(n'iry/a) dy, 

^ Jo a Jo 

& Vo f a 

—C n cosh(mvb/a) =-- / y &m{mryja) dy. 

2 a J 0 


C n = - 


2V 0 


a 2 cosh(nTrf)/ 
2Vp 

a 2 cosh(n7r6/a) 
V{x,y) = 


Sj [(^:) 2 si"("^/«) - (^) cos(^s,/ a ) 

(-) 

\nn / 


cos(n?r) — 


2Vp (~l) n 

nn cosh(ri 7 vb/a)' 


Vo 


- + - v 

a w ^ n cosh(n7rh/a) 


(—l) n cosh(n7rx/a) . , 
--— sm(nny/a) 


Problem 3.48 

(a) Using Prob. 3.14b (with b — a): 


V(x,v) = ^ E 


4Vq v-n sinh{n7nr/a) sinfmry/a) 


n odd 


n sinh(mr) 


, , dV | 4 Vo 

(t y) - -e 0 ^- --co- > —J 

OX 1 1=0 7T V a / 

n odd 

sm(n7ry/a) 


4V 0 


ri7T\ cosh(tt7r:r/a) sin(n7ri//a) 


nsinh(nTr) 


x— 0 


4eoVo 

ft " . 


n odd 


sinh(n7r) 


A = 


f cr(y) dy = ~ ——T f sin(mry/a) dy. 

Jo a n ^mh(nn)J 0 

But [ sm(n7tyfa) dy = —— cos(n7ry/a)|* = —-[1 — cos(nTr)] = —(since n is odd), 
J q nn Tin tiit 

StoVo v- 1 


7 r -2—# nsinh(n7r) 

ti odd 


eoV 0 


In 2. 


n 


[I have not found a way to sum this series analytically. Mathematica gives the numerical value 0.0866434, 
which agrees precisely with In 2/8.] 



























wxxxix imi ij* l/x uuxnu x j_/^xxxifxv^ ujju 


i u 


Using Prob. 3.47 (with b — a/2): 

V[x 9 y) = Vo 


y 2 ^ (—l) n cosh(mrx/a) sm(nny/a) 
a 7T ^ ncosh(rj7r/2) 


, , dV 

"<*> - ~“Si 

— — eo-Vb 

r o/2 


= -€qVo 


v =o 


1 2 ^ 

a + a^ 


1 + 2 /mr\ ( —l) n cosh (nnx/a) cos(n7ry/a) 
a 7t “ V a / ncosh(n7r/2) 


sj—o 


(—l) n cosh(n7Tx/a) 


cosh(7i7r/2) 


eqVo 


1+2 E 


(—1}" cosh(n7ri/a) 
cosh(ra7r/2) 


A = 


r^w*—as 

J-q/ 2 a 

Bi " L 


E / |\ n ro/2 

/ coshfnTrx/a) dx 
w cosh{n7T/2) y_ o/2 

ia/2 


a | f 2a 

cosh(TX 7 rx/a) dx — —sinh(n 7 rx/a) — —$inh(n 7 r/ 2 ). 

a/2 n7T 


£qVq 4a t—v (—l) n tanh(tt7r/2) 

- a H-> -—-—-- 

a I t r “ a 


U a /2 
= —€qVq 


71 7 T 


1+ 4y (-1)™ tanh(n7r/2) 

7T ^ n 

n J 


eoV 0 


7T 


In 2. 


[Again, I have not found a way to sum this series analytically. The numerical value is -0,612111, which agrees 
with the expected value (In 2 — 7t)/4.] 

(b) From Prob. 3.23: 

V(s, 4>) - a 0 + 6 0 In s + ^ ( a k s k + b k J [c k cos (ktfi) + d k sin(*0)]. 

In the interior (s < R } b 0 and b k must be zero (In s and 1/s blow up at the origin). Symmetry =^> d k — 0. So 

CJG 

V(s,<f>) = ao + ^ a k s k eo$(k<j>). 



k^l 


At the surface: 


V(R, 0 = £ .,** COS(W) = { ‘ f th -;t < 
*=0 1 


<p < 7r/4 ( 


Fourier’s trick: multiply by cos (k'4>) and integrate from —v to n: 


[' cosik4,)c<*mdt = V 0 f'*«(JcVW=| %1«(t'*)/*'|^ 4 -(H/*0-n(*'»/4), Ul?*0. 

k=o •'-* J-v/ 4 ^ Vott/ 2 , if k‘ — 0 . 



CO $(k<j>) cos (k‘<f>) d(j> 


0, if k # k' 

2ir, if k = k' = 0, 
jt, if k = k' ^ 0. 


But 
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So 2 jtoo = Vott/2 => oq = Vq/ 4; 7rajt/? fc = (2Vo/k) sin(A7r/4) =?> at — [2VQjitkR k ) sin(A:7r/4) (A: ^ 0); hence 


n*.*) = v 0 


1 2 ^ sin(A:7r/4) ( s\ k 

4 + ?S—r- y 

Jfe=l 


Using Eq. 2.49, and noting that in this case n = — s: 

o(4>) - c o|~| #=R = e ° v °l fl COsm Ln = XX W4) <**(**). 


We want the net (line) charge on the segment opposite to V Q (—n < <f> < -3tt/ 4 and 3 tt/4 < 0 < tt): 


A 


J a(<j))Rd<p 



4cqV(> 

it 


V' ■ n , AX fsin(A:0) 
2_^ sinf/cTT /4> \—r- 


k=l 


Tt 

3n/4 


4^o Vq 

7T 


oc 

Y^sin(fe7f/4) / cos(fc<£)d$ 
4toVo ^ sin(A:7r/4) sin(3fc7r/4) 

7T * k 


k 

sin(fc7r/4) 

sin(3&7r/4) 

product 

1 

lfy /2 

1/ V 2 

1/2 

2 

1 

-1 

-1 

3 

1/V2 

1/^2 

1/2 

4 

0 

0 

0 

5 

-1/V2 

-1/ V 2 

1/2 

6 

-1 

1 

-1 

7 


-1/V5 

1/2 

8 

0 

0 

0 



\ E 

1 

- E 

1 


4eo^o 

5 E 

1 

-5 E 

I 

1 

it 

k 

k 


w 

A 

k 

L 1,3,5... 


2 ,6,10,.. 



„ 1,3,5... 


1,3,5,.. 



Ouch! What went wrong? The problem is that the series ^(l/ft) is divergent, so the “subtraction 11 oo — oo 
is suspect. One way to avoid this is to go back to V{s,0), calculate €o(0V/ds) at s / R, and save the limit 






















A(x) = <7(0, s)Rd<t> = —1^2^ V" lx* 1 sin(A:7r/4) sin(3/rjr/4) 

TT ‘ «^ JK* 


4e 0 F 0 f 1 / x 3 x 5 \ 1 /x 2 x e x 10 \1 

[s ( I+ T + y + -j"U + T + io + -)J 

2e 0 K 0 IV x 3 x 5 \ ( 2 x 6 x 10 \1 

— [( s+ T + T + -)'(* + T + T + -jj* 

But (see math tables) : In ( | + ^ = 

MiS)-H£*)]=-£ h [(£f)(£5)] 


2eoVo 


— In 

(1 + x) 2 l 

A = lim \{x) = 

^In2. 

7TX 

1 + x 2 J 

X—>1 

7T 



Now consider the pendulum: F — —mg z — Tf, where T — m^cos^ — mu 2 /J and (by conservation of 
energy) mgl cos <j> — (1/2 )mv 2 => v 2 = 2glcos<$ (assuming it started from rest at <fi — 90°, as stipulated). But 
cos<£ — — cos 0} so T — mg(— co$$) + (m/l)(—2gl cos 9) — SmgcosO, and hence 

F = -mg(cosd r - sm#<?) + Sro^cosflf = mg(2co$0r + sin 6 0). 

This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on q in the 
field of a dipole, with mg <-* qpjA^e^l 2 . Evidently q also executes semicircular mot ion, as though it were on a 
tether of fixed length t. 
























Chapter 4 

Electrostatic Fields in Matter 


Problem 4.1 

E - Vjx - 500/10 -3 = 5 x 10 5 . Table 4.1: a/47re 0 = 0.66 x lO" 30 , so a = 4 tt(8.85 x 10“ 12 )(0.66 x 10~ 3O > 
7.34 x 10 -41 . p = aE~ed => d~ aE/e = (7.34 x 10“ 41 )(5 x 10 5 )/(1.6 x 10“ 19 ) = 2.29 x 10" 16 m. 

d/R = (2.29 x 10 _ie )/(0.5 x lO" 10 } = 4 6 x IQ" 6 . | To ionize, say d = R. Then R = aE/e = aV/ex => V 


Rex/a = (0.5 x 10- 10 }(1.6 x 10“ 19 )(10“ 3 )/(7.34 x 1(T 41 ) = 10 s V 


Problem 4.2 


First find the field, at radius r, using Gauss’ law: f E-da = d- Q enCt or E = ~\tQenc- 


n r . _ 4xq f r 

Qeac — j pdT — — I 

J 0 tto 3 Jo 


e 2r ^ a r 2 <tr = ~ 


( f 


— -e (r 2 + ar + 




= Q 


1 - e" 2r/a 


('+*+ 4 )]- 


[Note: Q enc (r -4 oo) = g.] So the field of the electron cloud is E e = ^ |^1 - e 2r ^ a ^l + 2- + 2^jj. The 

proton will be shifted from r = 0 to the point d where E e = E (the external field): 




Expanding in powers of (d/a): 

e -2d/a = 

\ a a 2 J 


, f2d\ 1 (2d y 

1—(l-2-+2^ 

V a \a 


2 1 /2d\ 3 

3!(a) + ' 

2 4 fd\ 3 

3 (a) + " 


=i_ 2 f +2 (^) -!(U + 


) ( i+2 ! +2 ^) 

r -r -2^-2^ + 2^+4^ + 4^-2|-4^ + ~ + 


4 /^ 

- f - J + higher order terms. 
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CHAPTER 4. ELECTROSTATIC FIELDS IN MATTER 


1 q (4f\ _ _1_ 4 _ 1. _ 

4weo d 2 \3 a 3 / 47reo 3o 3 J ° - 3 


37reoa 3 


ft — 3 tt£o£i 3 . 


[Not so different from the uniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result predicts 
= |a 3 = | (0.5 x 10 —10 ) 3 = 0.09 x 10 _3O m 3 , compared with an experimental value (Table 4.1) of 


47T£, 


0.66 x 10 _3 ° rn 3 . Ironically the “classical” formula (Eq. 4.2) is slightly closer to the empirical value.] 

Problem 4.3 

p(r) — At. Electric field (by Gauss’s Law); /E-da — E (4irr 2 ) — j- Q wc = ~ Af4nr 2 df, or E = 
1 4ttA J^rr 2 

This “internal” field balances the external field E when nucleus is “off-center” an amount 


4?rr 2 Co 4 4 cq 

d: od 2 /4eo — E d — \/4co E/A. So the induced dipole moment is p = ed = 2e^/c 0 M \f~B> Evidently 


p is proportional to E 1 ^ 2 . 


For Eq, 4,1 to hold in the weak-field limit, E must be proportional to r, for small r, which means that p 
must go to a constant (not zero) at the origin: p( 0) / 0 (nor infinite). 


Problem 4,4 

r 


Field of q: ^ f. Induced dipole moment of atom: p = a E = 


JULf 

Ant^r 2 * 


Field of this dipole, at location of q (6 = tt, in Eq. 3.103): E = —^ ^ ) (to the right). 

47reo r 3 \4?rcor ,J / 


Force on q due to this field: 


F r 3 


(attractive). 


Problem 4.5 

Field of pi at pa (9 = tt/ 2 in Eq. 3.103): E! = 


Pi 


47reof* 3 


9 (points dotun). 


Torque on p^: Ns — x Ej — P 2 E 1 sin90° — P 2 E 1 — 


P 1 P 2 
47reo r 3 


(points into the page). 


Field of p 2 at pi [9 = tt in Eq. 3.103): Ej = 
Torque on pi: Ni = pi x Ej = 


P 2 


(-2f) (points to the right). 


2piP2 


4fT£or 3 


4?reor 3 
(points into the page). 


Problem 4.6 



Use image dipole as shown in Fig. (a). Redraw, placing p* at the origin, Fig. (b). 


E. = 


P 


4tt€o(2z) 3 


(2cos0r + sin 00); p = pcosfl r + p sin 00. 


N — pxE,= 


P 2 


(b) 


47reo(2x) 3 


|(cos 9 r + sin 9 9) x (2 cos 6 r + sin 6 0)J 



47T£o(2z) 3 L 
p 2 sin 9 cos 9 
4nca(2z) 3 


cos 9 sin 9 4> + 2 sin 9 cos 9( — 
(-0) (out of the page). 
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But sin 6 cos 8 = (1/2) sin 20, so 


N = 


p 2 sin 20 
47reo(16z 3 ) 


(out of the page). 


For 0 < 6 < tt/ 2 , N tends to rotate p counterclockwise; for tt/2 < 9 < it, N rotates p clockwise. Thus the 


stable orientation is perpendicular to the surface—either f or 




Problem 4.7 

Say the field is uniform and points in the y direction. First slide p 
in from infinity along the x axis—this takes no work, since F is _L d\. 
(If E is not uniform, slide p in along a trajectory X the field.) Now 
rotate (counterclockwise) into final position. The torque exerted by 

_^ EisN~pxE = pE stnfJz. The torque we exert is N — pE sin 0 

x clockwise, and dd is counterclockwise, so the net work done by us is 
negative : 

U — f^ 2 pE sin 8 dd — pE (— cos 8) |^ 2 = —pE (cos 6 - cos |) = -pE cos 0 = -p*E. qed 
Problem 4.8 




U - -Pi-E 2 , but E 2 - ^^r[ 3 (p 2 -r)r-p 2 ]. So V ~ ^^[pi-p 2 - 3 (pi-r) (p 3 -r)], qed 
Problem 4,9 

(.)F=|p.V)B(E,.4.S);E = Xit= ? ** + ** + **■ 


47 re 0 t' 1 47 reo (x 2 + y 2 + z 2 ) 3 / 2 


d 


d 


= ( 

q f f 1 3 2x 1 T 3 

4weo l Pl [(x 2 + y 2 + 2 2 ) 3 / 2 ” 2 X (x 2 + y 2 + 2 2 ) 5 / 2 j + p " [~2 x '(x* + y 2 + z 2 ) 5 ^ 


Px di +P «d^ +P ’ 


JL 

dz ) 4 7 T< 


47reo (x 2 + y 2 + z 2 ) 3 ! 2 


+ Pz 


2z 


2 X (x 2 + y 1 + 2 2 ) 5 / 2 , 


] } = 4^ = 


47 reo [r 3 


p 3 r(p ■ r) 


F = 


1 7 

4jreo r 3 


[P -3(p f)r). 


(b) E - —^^ {3 [p ■ (—r)] (-f) - p} - ^ (3(p ■ r) f - p]. (This is from Eq. 3.104; the minus signs 

4ntQ r 6 4 w€q r J 

are because r points toward p, in this problem.) 


F — 5 E = 


1 q 
into r 3 


[3(p r ) r - p] 


[Note that the forces are equal and opposite, as you would expect from Newton's third law.] 


Problem 4.10 


(a) <r b = P n = kR; p b = — V-P = -^7 J^(r 2 itr) = -^3 hr 2 = ~3fc. 


(b) For r < R, E = (Prob. 2.12), so E = -(fc/e 0 ) r 


For r > R, same as if all charge at center; but Q to t — (fcfi){4:*rii 2 ) + (—3fc)(4 tt/ 2 3 ) = 0, so E - 0 . 










































p b = 0; cx^ = P*n — ±P (plus sign at one end—the one P points toward ; minus sign at the other—the one 
P points away from). 


(i) L a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and 
charge Pna 2 . See Fig. (a). 


(ii) L a. Then it’s like a circular parallel-plate capacitor. Field is nearly uniform inside; nonuniform “fringing 
field*’ at the edges* See Fig. (b). 


(in) L ss u. See Fig. (c). 





P 


(c) 


Problem 4.12 


V — J = P-1 f -jdrj. But the term in curly brackets is precisely the field of a uniformly 

charged sphere, divided by p. The integral was done explicitly in Prob. 2.7 and 2.8: 


1 

47TCO 



1 (4/3)7 T_R?p . 

47 T 60 r 2 

1 (4/3)tt 
4ireo Ft 3 


(r > R), 

(r < ii). 


So I'M) = 


R 3 


3e 0 r 2 
1 


Pr = 


i? 3 Pcos0 
3 e 0 r 2 


3€q 


P-r — 


Pr cos 0 

3c 0 " 


(r > R), 

(r < R). 


Problem 4.13 


Think of it as two cylinders of opposite uniform charge density ±p * Inside, the field at a distance s from 
the axis of a uniformly charge cylinder is given by Gauss’s law: E2nst = ^pns 2 £ => E = (p/ 2eo)s. For 
two such cylinders, one plus and one minus, the net field (inside) is E = E + + E^ = (pf 2cq) ( 5 + - s_). But 


s+ — s_ = “d, so E = -pd/(2co), where d is the vector from the negative axis to positive axis. In this case 

the total dipole moment of a chunk of length 1 is P (tv a 2 £) — (piv^t) d. So pd — P, and E = — P/(2eo), for 
s < a. 
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Outside, Gauss’s law gives E2irsi = -^pnd 2 £ => E = for one cylinder. For the combination, E — 

E + + E - = If? (if ~ it) > where 


s± 


Si 


5 


2 

± 



sT 


d 

2 ’ 


( s;F l)( s2 + T :F8 ' d ) “?(■**) ( 1±? ^) 

*(■ 

*[(' 


(s-d) 


F — ^ (keeping only 1st order terms in d). 

i)-H^ + !)]=M 2 ^- d ) 


2 1 


B(s >=^^' 2(ps)s - p i- 


for s > a. 


Problem 4.14 


Total charge on the dielectric is Q Ui t = § s at da + f v pt> dr = § s P ■ da — f v V-P dr. But the divergence 
theorem says § s P ■ da = f v V-P dr, so Q enc = 0. qed 


Problem 4.15 


(a) 


1 6 f 2 k\ k / +P -f = kfb (at r = 6), \ 

w = -V.p = -__(r -j »»=P-» = | _p , f = 4 /a ( atr = a ). ) 


Gauss’s law =$■ E = r. For r < a, Q enc = 0, so E = 0. | For r > b, Q enc — 0 (Frob. 4.14), so | E — 0. 


For a < r < i>, Q enc — (-^) (47ra 2 ) + J a r (-=£) 4 tt r 2 dr — —Airka - 47rA;(r — a) = -4 tt hr; so ; E = ~(k/e.or) r. 
(b) /D-da = Qf rnc = 0 => D = 0 everywhere. D = e 0 E + P = 0 => E = (-l/eo)P, so 


E = 0 (for t < a and r > b)] E = — (k/eor) r (for a < r < b). 


Problem 4,16 

(a) Same a s Ep minus the field at the center of a sphere with uniform polarization P. The latter (Eq. 4.14) 

D — CqE — CqEo + jP = Dq — P + jP, so 


is -P/3 cq. So 


E = E 0 + — P. 
3c 0 


D = Dn-|P. 


(b) Same as Eo minus the field of ± charges at the two ends of the “needle”—but these are small, and far 
away, so 


E — Eq. D = cqE = ffiE 0 — Do — P, so 


D — D 0 — P. 


(c) Same as Eo minus the field of a parallel-plate capacitor with upper plate at a = P. The latter is 
-(l/c 0 )P, so 


E-Eo + ^P. 


D cqE = c 0 Eo + P, so D — D 0 . 































Problem 4*17 


S- 



rpl 










P 


(uniform) 




(same as E outside , but lines 
continuous , since V -D — 0) 


Problem 4.18 

(Note: D — 0 inside the 

metal plate.) This is true in both slabs; D points down. 


(a) Apply J D tia “ <2/ enc to the gaussian surface shown. DA = a A 


D = a. 






(b) D = eE => E = a/d in slab 1, E = <r/e 2 in slab 2. But e — eoe r , so ej — 2e 0 ; ea - |e 0 - Fi = a/2e 0l 


£2 = 2a/3tQ. 


(c) P = eoXsE, so P = «oXed/(e 0 e r ) = (XeAr )o\ Xe = e r - 1 => p = (1 “ <v l K Pi = ff/2, P 2 = ct/3. 


(d) V = E\a + E 2 a — (era/6eo)(3 4- 4) = 7cra/6eo 

(e) p b = 0 ; 


a*, = -j -p Y at bottom of slab ( 1 ) — uj 2 , 
at = -Pi at top of slab ( 1 ) = -a/2; 


at — +P 2 at bottom of slab ( 2 ) — a/3, 
at — —P 2 at top of slab (2) = -a/3. 


, . . J total surface charge above: a — (a/2) = a/ 2 , 

' n S a \ total surface charge below: (a/2) - (a/3) + (a/3) - a = -a/2, 

total surface charge above: a - (a/2) + (a/2) — (a/3) = 2a/3 
total surface charge below: (a/3) — a — —2a/3, 


In slab 2; 


■} 


-£?! = —./ 

1 2e 0 

E 2 = / 

3eo 


Problem 4.19 


© 


]+ ff 

- -of2 

- + ff /2 

- -<t/3 

- /3 


With no dielectric, Co = Atojd (Eq. 2.54). 

In configuration (a), with +a on upper plate, —a on lower, D — a between the plates. 
E — er/eo (in air) and E = a/e (in dielectric). SoF=^| + ^| = 5 ^ (l + ^). 


C fl 



fp A 


d 


/ 2 1 — 

c a 

2e r 

Vl + l/trj/ 

Co 

1 + e r 


In configuration (b), with potential difference V: E — V/d , so a — e Q E — e 0 V/d (in air). 
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P = eaXeE — toXeV/d (in dielectric), so ab = -toXeV/d (at top surface of dielectric). 


fftot = eo V/d = Qf + at = af — toXeV/d, so oj — £qV( 1 + Xe)/d — to £ r V/d 
^ „ Q 1 ( A A\ _ A f V V \ _At 0 fl + € r \ 
^ C ‘ = V = V r? +, 7 , 2j = 2V ( £ V +C °T r ) ~ ~i 


on top plate above dielectric). 


a 

Co 


1 + Cr 


9 Ch C„ _ ! + {,- 


[Which is greater? ^ - r; 
If the x axis points down'. 


(l+tr) a -4er l+2t r +4^-4< r (l-t r ) 


1 + f- 


2(1+Er) 


= -S r S r* = > °- So > c..] 



E 

D 

P 

(T6 (top surface) 

<7/ (top plate) 

(a) air 

^ V - 

£qV * 

0 

0 

2e, v 

(£ r + l) d X 

(£. + l) d X 

<*r + l) 

(a) dielectric 

2 V A 

(<r + l) d 

2e r cnV - 
Pr+O d X 

2(<r-l) EflV A 

(<r+l) d X 

tnV 

Pr + 1) d 

— 

(b) air 

— X 
x 


0 

0 

'(/ (left) 

(b) dielectric 

V *• 

£ lull v 

tr d X 

(e r -l)^x 

t 

1 

% 

tu 

I 

(right) 


Problem 4.20 


/D-da = Q/ eiK =» DArer 2 - p|7rr 3 => D — |pr => E = (prj 3e)r, for r < jF2; Dinr 2 = p|7rii 3 
pfl 3 /3r 2 =f> B = (pif 3 /3e 0 r 2 ) f, for r > R. 


=> D = 


1 / 




(i+‘V 

/co 3e 0 r 

oo 3c 3 cq 3e 2 

3eo \ 2 e, / 


Problem 4.21 

Let Q be the charge on a length £ of the inner conductor. 

Q „ Q 


D * da = D 2 rrs^ = Q => D = 


2i:st 


B = 


27T60 St 


(a < s < b), E — 


Q 


2 nest 


(b < r < c). 


- - -jf--r(&)?+jr(&)?-&ho*?-©] 


c 


Q. 


Sttco 


ln(6/u) + (l/e r ) ln(c/6) 


Problem 4.22 

Same method as Ex. 
the boundary conditions 


Laplace’s 

equation for V\ n (s 

,(p) (s < a) 

(i) Pm 

= v out 

at s — 

(?) ^ 


at s — 

(iii) VJj U t 

—> —EqS cos <p 

for 5 a. 



From Prob. 3.23 (invoking boundary condition (iii)): 

OO OO 

V in {s , <t>) — ^ cos k<f> + 6 jfe sin <£) = cos $ + ^ cos k<f> + d* sin fe0). 


k=l 


k=i 

















































(I eliminated the constant terms by setting V = 0 on the y z plane.) Condition (i) says 


a k (a* cos k(p 4- h * sin k$) = — Eqs cos 0 + ^ a~ h (c* cos fc0 + d* sin fc 0 ), 

while (ii) says 

€ r ^ ka k ~ l (ak cos &0 + sin k<f>) = — JSq cqs 0 — fca”* _1 {cfc cos A:0 + sin fc0). 
Evidently 6^ = d* = 0 for all A;, = c* = 0 unless k = 1, whereas for fc = l t 

aai = —Eoa + a _1 cj, e r oi — — Eq - a~ 2 c \. 

Solving for oi, 

So i/ / j.\ jl So 

°1 = ~ ^ , SO Vi n (s, 0 ) — — “—; S COS 0 = — 77—--7^7 IE 


(1 + Xe/%) 


QY\ 

and hence Ej n (s, 0 ) = — Q m x = 

ax 


Eq 


(1 + W2)' 


(1+W2)™"" (l + Xe/2) * 

As in the spherical case {Ex. 4 + 7), the field inside is uniform. 


Problem 4.23 


P 0 = € 0 Xe E 0 ; Ei = -i-Po = ~^E 0 ; P! = eoX.Ej = -^E 0 ; E 2 = -^Pi = ^E 0 ; 


Evidently E n — ^r) Eq t so 

E — Eq -f Ei + E 2 + ■ * * — 
The geometric series can be summed explicitly; 

00 


00 ' 

E (-!) 

n —0 


En 


so 


n =0 


E = 


1 


(1 + Xe/3) 


Eq, 


which agrees with Eq, 4.49. [Curiously, this method formally requires that x« < 3 (else the infinite series 
diverges), yet the result is subject to no such restriction, since we can also get it by the method of Ex. 4.7.] 

Problem 4.24 
Potentials: 

' V out (r,0) - -E 0 rcosB + £ j£h-fl(cos0), (r > 6 ); 

< Prnedfr.#) = £ + p+r) Pi(cosf?), (a < r < fc); 

k Viu(r,9) = 0 , (r<a). 

Boundary Conditions: 

(i) Pout = Ptied i (r = b); 

(ii) -- eo 2 ^, (r = 6); 

(HI) l^med = 0> (? ®)' 
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0 ) 

OO 

(Hi) 

for/*!: 


-E 0 bcos0 + ^2 ^~P;(cos 8) = ^ ^Atb 1 + y—j P,(cos0); 




Aia 1 + 


lA t b 1 - 1 - 0 + 1 ) 


Bi 

b i+2 


Pj(cos (9) - -E 0 cos9 - £(/ + l)j^fl(coefl); 


6 ,+2 ' 


Bi 


«■ 


i+i 


= 0 =+ B( = -a 2(+1 A(. 


(i) 


j£f = - Vt^) => ft = A, (6 a+ ' - a ™); 


e r +0 + 1) 


a 2l+ 5 


6<+ 2 


= -0 + 1 ) 


b l + 2 


Bi — —e rJ 4; 


(rh) 


& 2,+t + a 2,+1 


A, - ^ == 0 . 


For ( = 1 : 


(i) -E 0 b+^- = A l b-^- => jBj -E 0 b 3 = A^-a 3 ); 


(ii) 


£ r ^Ai + 2^-^ = -Eo ~ 2 ^ =► -2Bi - E 0 b 3 = ( 6 3 + 2 a 3 ) . 

So -3£b & 3 = Ai [ 2 ( 6 3 -a 3 ) + e r ( 6 3 + 2 a 3 )]; A x = 

-ZEq 


-3 E q 


V med (r,0) - 2 [i _ (a/ 6 ) 3 ] + e r [l + 2 (a/ 6 ) 3 ] 

E (r,9) = - W m ed = 


2[1 — (a/ 6 ) 3 ] + c r [l + 2 (a/ 6 ) 3 ] 

( r _^_) c ° s 0 , 


3 £ 0 


2[1 - (a/ 6 ) 3 ] + e r [l + 2 (a/ 6 ) 3 ] 


{( 1 + ^-) c°s0f- (1-^3) sin^ej. 


Problem 4.25 

There are four charges involved; (i) q, (ii) polarization charge surrounding q, (iii) surface charge (o b ) on 
the top surface of the lower dielectric, (iv) surface charge ( a ' b ) on the lower surface of the upper dielectric. 
In view of Eq. 4.39, the bound charge (ii) is q p — —g(Xe/(l + ;4)> so the total (point) charge at ( 0 , 0 , d) is 
qi = q + q p = 9/(1 + Xe) = s/4- in Ex - 4.8, 


(a) o b = £ 0 Xe 

-1 qd/e' T o b 


47T£o ( r 2 +( p)§ 2 e 0 

_ 

2 eo 

(b) fffc = tox'e 

1 qdj 4 o b 

< 

4tT £ 0 ( r 2 + ( p)i 2 £o 

2 eo 

, a' b \ first divide by Xe and x' e (respectively) ani 

5* _ 

Ob _ 1 qd/e ; 

<4 - 

Xe 

Xe 2n(r 2 + d?)* 


(here o b = P*n = +P Z = £ 0 XeE z ); 
(here a b = -P z = -tox' e E z }. 


£fr 1 gd/4 

Xe 27T (r 2 + d 2)! 

































°b 


-1 gd /4 

An ( r 2 +< fS)l 


Xet 1 + X*) ~ y(Xe+Xe). SO 


-1 gtj _ Xe 

4,r (r 2 + d 2 )*! 1 + (Xe + Xe)/2]’ 


-1 <jd _1_ 1 g<*/4 1 , _ 1 <l d _ grXe/4 

4tT ( r 2 + d 2 )l [1 4* (X* + Xe)/2] 2 tT ( r 2 + rf 2 ) § J ’ ‘ * 4lT ( r 2 + rf 2 ) I [1 + (x e + X')/2]’ 


The to fa/ bound surface charge is Ot = Ob + <4 = ~ ^ 7' [i+u^+x )/ 2 ) (which vanishes, as it should, when 

Xe ~ Xe) ■ The total bound charge is (compare Eq. 4.51): 


(Xe - Xek 

24(l + (x e + x0/2] 



and hence 



(for z > 0 ). 


Meanwhile, since ~ + qt = m 7 


1 + 


e r - tr 

4 + e r 


2g 


4 + «r ’ 


V(r) = 


[2g/(4 + «r)] 


47 TC 0 + Tp + (z — (f ) 2 


(for z < 0 ). 


Problem 4.26 


From Ex. 4.5: 


f o, (r < a) 

D = { Q . . 

1 r, (r > a) 


4?rr 2 


E = 


Q 


4tti 


w 


r, 


47reor 2 


(r<a) ^ 
{a < r <b) 

(r > b ) 




■ i/ 


1 Q 2 I 1 
D-Edr - --3—4 t r 



2 (An) 2 

Q 2 f i fi n , M _ 

8jre 0 \(1 + Xe) V“ 6/ * J 


1 1 2 j 

——r dr + 


_1 /■ oc J L 

co A r 2 


t/r > = 


QM l + J. f-i 

87T | e \ r / Co 


8ttco( 1 + Xe) 


(« + ir) 
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Problem 4.27 

Using Eq. 4.55: W = ^ f E 2 dr. Prom Ex. 4.2 and Eq. 3.103, 


E = 


Z* P± 

3e 


g 

FPP 

3f 0 r 3 


(r<R) 


so 


( 2 cos 0 r + sin# 0 ), (r > i?) 


2 ' 2itP 2 R 3 


*»■ -n&i 

3 2 

W r> R — ) J —jr {4: cos 2 9 + sin 2 8) r 2 sm 8 dr d9 d<fr 


/*" (1 + 3 cos 2 8) sin 0 d8 f I dr = ^ (_ cos *_ cos3 
18e 0 Jq Jr r 4 9e 0 


^lo ( 3 t-3 ) 


R 


7T (R 3 P) 2 / 4 \ 4t tR?P 2 
9e 0 V^R 3 ; ” 27eo 


= 


27rJf? 3 F 2 

9eo 


This is the correct electrostatic energy of the configuration, but it is not the “total work necessary to assemble 
the system,” because it leaves out the mechanical energy involved in polarizing the molecules. 

Using Eq. 4.58: W — | / D*E dr. For r < i?, D — €qE, so this contribution is the same as before. 
For r < R, D = c 0 E + P = -|P + P — |P = —2e 0 E, so |D*E = —2^E 2 , and this contribution is 

(- 2 ) (ff y ) = — i exactly cancelling the exterior term. Conclusion: 


now 


Wtot - 0 . 


This is not 


surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem 
there is no free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as 
the “work necessary to assemble the configuration”—the latter would depend entirely on how you assemble it. 

Problem 4.28 

First find the capacitance, as a function of A: 

Air part: E = ^ =* V - ^ ln(6/o), 

OH part: D = => E = & => V = ln( 6 /a), 

Q = X'h + A(£ - A) = e r AA - A A + Xt = A[(e r - 1 )A + £] = X(x e h + t), where l is the total height. 


— = —; A' — —A = e r A. 
to e to 


r _Q_ Mx.h + e) . _. (x.fc + 0 

C ~ V “ 2 Aln(t/a) 4 “ 0 In (d/a) ' 


The net upward force is given by Eq. 4.64: F — ^V 2 ~ ■- ~V 2 ] 

The gravitational force down is F = mg — pn(b 2 — a 2 )gh. J 


A = 


toXeV 2 


p(b 2 — a 2 )gln(b/a) 


























rraoiem 


(a) Eq. 4.5 F 2 = (ps ■ V) Ei = p 3 — (Ej); 


Eq. 3.103 => Ei = 


Pi 


9 = - 


Pi 


47reor 3 4?r eoy^ 

Pip2 


z. Therefore 


Z , 



Pi, 

^ 

| P 2 

X 

♦’ '1 

Ei 


F'2 — 


irrto 


d 

dy 


(?) 


3pip2 - 

z = ••——- z, or 
47r£oy 4 


Z 



P2 

y 

x -* 

Pi 



r 3piP2 . 

h 1 -T Z 

47re 0 r* 


(upward). 


To calculate Fj, put p 2 at the origin, pointing in the z direction; then pj 
is at —rz f and it points in the -y direction. So Fi — (pj-VJEs = 

—pi",K7 ; need E 2 as a function of x, y , and z , 

x—y—0, z— — r 


From Eq. 3.104: — 

P2 r = -P2V- 

E 2 =- 

dE 2 


dy 
1 1 

4tt£ 0 r 3 


3 (p 2 ■ r)r 


- P 


, where r = xx + yy + zz, P 2 = —pay, and hence 


P2 

-3i/(xx + yy + zz) + (x 2 + y 2 + z 2 ) y’ 

P2 

-3 xyx + (x 2 — 2y 2 + z 2 )y - 3yzz 

4ire 0 

( x 2 + y 2 + x 2 ) 5 / 2 

4ire 0 

(x 2 + y 2 + z 2 ) 5 ' 2 


dHj2 


dy 


dy 


( 0 , 0 ) 


- j-| ^y[~3xyx + (x 2 - 2 y 2 + z 2 )y - Syzz] + ~(~Zxx~ 4yy - 3xz) J; 
z; Fi = -pi 


_P2 

4ire 

P 2 -3x 
4tt£o r 5 


p2 3r 
k 47r€o r 5 


0 “ 


3piP2 

47reor 4 


These results are consistent with Newton’s third law: F! = —F 2 . 

(b) From page 165, N 2 — (p 2 x Ej) + (r x F 2 ) + The first term was calculated in Prob. 4.5; the second we 
get from (a), using r = ry: 


* * E ‘ = 


f 3pip2 A 

3piP2 


., 2piP2 * 

\47rcor 4 / 

47reor 3 

;; so 

2 4ire 0 r 3 * 


This is equal and opposite to the torque on pi due to p 2 , with respect to the center of pi (see Prob. 4.5). 

Problem 4*30 

Net force is 


to the right (see diagram). Note that the field lines must bulge to the right, as shown, because 


E is perpendicular to the surface of each conductor. 



E 
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Problem 4,31 

P = fcr = fc(a: x + yy + zi) 


Pb = -V-P = -k( 1 + 1 + 1) = 


-3k. 


Total volume bound charge: Q vo y — —3 ka 3 . 


<?b = P-n. At top surface, n = i, z — a/2; so o b = fco/2. Clearly, cr b = ka/2 


on all six surfaces. 


Total surface bound charge: Q SUI ( — 6(fca/2)a 2 = 3 ka 3 . Total bound charge is zero. / 


Problem 4.32 


/ 


D-da - Q fm =► D = 


4irr 2 


pt = -VP — — - 


?Xe 


4ir(l + Xe) 

Qsurf = Ofr(4 7tR?) ~ 


K) = 


1 + Xe 


.I D _ 

Q 

f 

P = toXeE = 

?Xe f 

6 

47tc 0 (1 + Xe) r 2 ’ 

4tt(1 4- Xe) r 2 * 

„ Xe 


(Eq. 1.99); ctj = P-f = 

9Xe 

U + X« 

4tt( 1 +Xe)i? 2 ’ 


The compensating negative charge is at the center: 


J />biT = - r M’-,j s z {t)iT = _ q _ 


Xe 


+ Xe 


Problem 4,33 

E® is continuous (Eq* 4/29); D± is continuous (Eq, 4,26, with Uf = 0). So £ ai =-E Xit D Pi — D V2 
tiE Vl = e 2 E ys , and hence 


tan ^2 ^ E X2 /E y2 __ _ ^2 » 

tan^i -Ean/Eyi ~~ ” ci' q ' 

I{ 1 is air and 2 is dielectric, tan# 2 /tanf?i — e 2 /eo > 1, and the field lines bend away from the normal* This is 
the opposite of light rays, so a convex "lens" would defocus the field lines* 

Problem 4,34 


In view of Eq. 4.39, the net dipole moment at the center is p' = p — = 


i+x* F H-x- ^ 

potential produced by p (at the center) and a & (at i?). Use separation of variables: 


i n i 


p* We want the 


Outside: V (r, 9} — ^ Pi (cos 9) 


(Eq. 3.72) 


i-o 


1 COS & ^ 

Inside: V(r,6) = ^rr + £ A l r ‘ p l( cosd ) (Eqs. 3.66,3.102) 


47rco c r r J 


V continuous at R => 


I 


;=o 


Wi = A < Rl ' 


or B { ~ R 2l+1 At (l / 1) 


dV 

dr 


R+ 


dV_ 

dr 


R 2 4ir e Q €rR 2+AlR ' ° T B '~*^ + AlRZ 

Bi 




R- 


- -E(«+ + 4 ^^ - = -£•» 


1 D , 1 , 5F 

- - —P r = (toXeE-r) = Xe 

€q Co c?r 
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CHAPTER 4. ELECTROSTATIC FIELDS IN MATTER 


-(( + ~ W *" 1 = XelAtR 1 ’ 1 (l ? 1 ); or - (21 + l)A,tf- J = X MR l ~* =t> A, = 0 (t? 1 ). 

_Bi 12 p ( 1 2p \ „ p A\T‘ 

° r ^ l: _2 ^ + 4^e^ _ 1 Y 7 1 + 47T€ 0 e r 2 

P ^ ™ +Xe 

z 

p 


47reo (-t 4t rcoe r 2 

1 2x e p „ 1 2(e r - l)p ^ P L | 2(c F -1) 1 p 3e r 

4jre 0 JJ 3 e r (3 + Xe) 4^0 i? 3 e r (e r + 2 ) ’ 1 47reoCr , (tr + 2) 47reoe r e r + 2 


47reo e r 

Aiii 3 1 XeP . Aii? 3 _ A,ii 3 „ _ 1 XeP 

— , - = - ~ A -- - + Xe TJ =* — (3 + Xe) = ---• 

2 iireQ t T 2 2 47reo £r 


1 XeP , .. Alii 3 

+ Xe ~p—\ 


=* Ai = 




„ ,,, 1 p cos# 1 pr cos 0 2 (e r — 1 ) 

Meanwhile, for r < R, V(r , B) - --' / ■ o \ 

47Tto CrT* 47TCQ ii J £ r (c r + 2) 


1 p cos 6 
47reor 2 e r 

1 + 2 j 

fe r -n t 3 j 
Ur+ 2 J R 3 \ 

(r < R). 


Problem 4.35 


Given two solutions, V\ {and Ei = -Wj, Di = cEi) and V 2 (E2 = —VI 4 , D2 = eE2), define V3 = V 2 ~Vi 
(E3 — E2 — Ei, D 3 — D2 — Di). 

f v V-(P 3 D 3 ) dr = f s V 3 D 3 ■ da = 0, (V 3 = 0 on S), so J(W 3 ) • D 3 dr + f P 3 (V.D 3 ) dr = 0. 

But V-D 3 = V D 2 — V-Di = pf — pf — 0, and VV 3 — VV 2 — VVl — —E 2 + Ei — —E 3 , so J E 3 ■ D 3 dT — 0. 
But D 3 = D -2 - Di = eE 2 - eEi = eE 3 , so / e(E 3 ) 2 dr — 0. But e > 0, so E 3 = 0, so V 2 - 14 — constant. But 
at surface, V 2 = Vi, so V 2 = V\ everywhere, qed 

Problem 4.36 



R 


R 


R 

(a) Proposed potential: 

^—- 

II 

"» 11 

If so, then 

e= -vv = v 0 -f, 

r-t 

in which case 

P = eoXePo-j r, 

T l 


R 


in the region z < 0. (P — 0 for z > 0, of course.) Then 07 , — €oXeVo^{r*n) — 

H 


foXe^O 

R ' 


(Note: n points out 


of dielectric => n = -f.) This at, is on the surface at r = R. The flat surface 2 = 0 carries no bound charge, 
since n = z J_ r. Nor is there any volume bound charge (Eq. 4.39)- If V is to have the required spherical 
symmetry, the net charge must be uniform: 

cr tot 4TrR 2 = Qtot = 4tt€ 0 RVo (since V 0 = <? t ot/4ir e Q R), so <r t ot = e 0 Vb/ii. Therefore 


(eoVb/ii), on northern hemisphere 
(eoVo/ii}(l + Xe), on southern hemisphere 

(b) By construction, <r t ot = <Jb + of — toVb/ii is uniform (on the northern hemisphere < 7 $ = 0, a/ — eoVb/H; 
on the southern hemisphere er& = —eaXe^o/R, so <7/ = eV^/R). The potential of a uniformly cliarged sphere is 




v _ Qtot _ <7tot(47rfl 2 ) 
47rEor 4treor 


e 0 V 0 R 2 R 

— -= Vq~. 

R eor r 


(c) Since everything is consistent, and the boundary conditions (V = Vq at r = f?, V -> 0 at 00 ) are met, 
Prob. 4.35 guarantees that this is the solution. 
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(d) Figure (b) works the same way, but Fig. (a) does not: on the flat surface, P is not perpendicular to n, 
so we’d get bound charge on this surface, spoiling the symmetry. 

Problem 4.37 

Eext =-s. Since the sphere is tiny, this is essentially constant, and hence P — ——E ext (Ex. 4.7). 

1 + yJS 


2tT£qS 


= I i {^) sdr = {t 




+ Xe/3 

-x. / A 2 \ I 4 

1 + Xe/3 \47T 2 eo j s ? 3 


+ Xe/3 


+ Xe/3 


irR 2 s — 


/ Xe ■) 

1 x2jiS s 

\3 + Xe/ 

TTfQ^ 3 


Problem 4.38 

The density of atoms is N = • The macroscopic field E is E se | f + E e ) S e> where E se |f is the average 

field over the sphere due to the atom itself. 

p = aE c ] sc ^ P — A ctE C isc- 

[ Actually, it is the field at the center, not the average over the sphere, that belongs here, but the two are in 
fact equal, as we found in Prob. 3.41d.] Now 


E se |f = 


1 P 

4treo f? 3 


(Eq. 3.105), so 


So 


and hence 


Solving for a: 


E ~ 47re 0 & Eelse + Eelse “ ( a 4ne 0 R 3 ) Eelse “ l 1 3c 0 ) Eelse ‘ 

-E = CoXeE, 


p - 


Na 


Na 


(1 - iVa/3e 0 ) 

Na/e o 

Xe ~ (1 — ATa/3eo) 

Na Na 


Xe n Xe — 


eo 


(i + y) - X«, 


or 


a — 




Xe Xe o * i 3^0 

*(i+W3) = k'W+xJ' »■** = *-*. ““ = y 


(HI)- 


qed 


Problem 4.39 

For an ideal gas, N = Avagadro’s number/22.4 liters = (6.02 x 10 23 )/(22.4 x 10~ 3 ) — 2.7 x 10 25 . Na/e o — 
(2.7 x I0 25 )(47reo x 10 _3O )j8/eo = 3.4 x IQ -4 /?, where 0 is the number listed in Table 4.1. 

H: 0 = 0.667, Na/t 0 = (3.4 x 10 _4 )(0.67) = 2.3 x 10 " 4 , = 2.5 x 10“ 4 

He: 0 = 0.205, Na/e 0 = (3.4 x 10 “ 4 )( 0 . 21 ) - 7.1 x 10 ” 5 , x e = 6.5 x 10" 5 

Ne: 0 = 0.396, Na/e 0 = (3.4 x 10-“)(0.40) = 1.4 x 10” 4 , x e = 1-3 x 10 " 4 

An 0 = 1.64, Na/e 0 - (3.4 x 10“ 4 )(1.64) = 5.6 x 10“ 4 , = 5.2 x 10 ' 4 


> agreement is quite good. 


























k 


- kT-pE 


e pE/kT + e - P E/kT- 
e pE/kT __ e -pE/'kT 


= kT - pE coth 





P = JV{p); p ” (p COS0)E = <P ■ E)(E/£) = ~(u)(E/E)-, P = Np-^ = 

Let y - P/Np . x = pE/kT. Then y = cothx-l/x. Asx 0, y = (* + § " fj -) “£ = f ”fs + -* 

0, so the graph starts at the origin, with an initial slope of 1/3. As x —*■ oo, y —> coth(oo) — 1 , so the graph 
goes asymptotically to y — 1 (see Figure). 


Np \ 

^coth | 

(pE\ 

KkT) 

-SI- 



For water at 20° = 293 K, p = 6.1 x 10 -3W C m; tv = 


N = (6.0 x 10 s3 ) x (i) x (10 e ) = 0.33 x 10 !B ; x. = = HH Table 4 2 S*™ “ 


experimental value of 79, so it’s pretty far off. 

For water vapor at 100° — 373K, treated as an ideal gas, = (22.4 x 10 3 ) x (|||) — 2.85 x 10 2 


nr 


N - 


6.0 x 10 23 
2.85 x 10 -2 


= 2.11 x 10 25 ; 


(2.11 x 10 25 )(6.1 x IQ- 30 ) 2 
Xe _ (3)(8.85 x 10- 12 )(1.38 x 10- 23 )(373) 


5.7 x 10“ 3 . 


Table 4.2 gives 5.9 x 10~ 3 , so this time the agreement is quite good. 


























Chapter 5 

Magnetostatics 


Problem 5.1 

Since v x B points upward, and that is also the direction of the force, q must be positive. To find R, in 
terms of a and d, use the Pythagorean theorem: 


(R - df +a 2 =R 2 => R 2 - 2Rd + d 2 + a 2 - R 2 R = 


a 2 + d 2 
2d 


The cyclotron formula then gives 


p = qBR — 


qB 


(a 2 + d 2 ) 
2d ' 


Rl 


\R 

a 


Problem 5.2 

The general solution is (Eq. 5.6): 


y{t) — Ci cos(ud) + Ca sin(ud) + — t + C 3 ; z(t ) - C% cos(wt) — Ci sin(wt) + C\. 

JD 


(a) y(Q) — 2 ( 0 ) — 0; y(0) = E(B\ 2 ( 0 ) = 0. Use these to determine Cj, C 2 , C 3 , and C\. 

#) = 0 => Ci + C 3 = 0; y{ 0) = uC 2 + E/B = E/B => C 2 = 0; 2 ( 0 ) = 0 =* C 2 + C 4 = 0 =► C 4 = 0; 
i(0) = 0 =S> Ci =0, and hence also C 3 = 0. So 


y(t) = Et/B; z(t) = 0 . Does this make sense? The magnetic 


force is q(v x B) = —q(E/B)B z = — qE, which exactly cancels the electric force; since there is no net force, 
the particle moves in a straight line at constant speed. / 

(b) Assuming it starts from the origin, so C 3 — -Ci, C 4 — -C 2 , we have 2 ( 0 ) = 0 => Ci — 0 ^ C 3 = 0 ; 

m = = c 12^Sb_Z " C4i ~ ~2^B 5inM) + 

E 


2(£) = "2 S C0SM) + 


2uB > 


or 


V (0 - [2 ut ~ sin(ad)]; z(t) = 


2wt >B 


[1 - cos(ud)]. 


Let 0 = E/2u>B. 


Then y(t) - 0[2u>t - sin(wt)]; z(t) — 0 [1 — cos(tid)]; (y — 2(3u>t) — -/?sin(uit), (z - 0) — ~0cos(u>t) 

(jf - 2dust) 2 -f (2 — 0) 2 = 0 2 . This is a circle of radius j3 whose center moves to the right at constant speed: 
}/o = 2j 3u)t\ zq - 0. 


(c) 2(0) = y{0) = | => —Cioj = | =* C L = -C 3 = C 2 u + ~ = | 


C 2 = C A = 0. 
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Ej EE E 

y[t) = cosM) + g‘ + jg; *«) = ^sin(u(). 


s,{ ‘ )= ^ ll+u " 


cos(a;i)]; z(i) = —— sin(wt). 


Let (J = Ej<jjB ; then [y — ,0(1 + wt)] = —/3cos(tJt), 2 
of radius & whose center is at yo = + wt), zo = 0. 



j0sin(tjf); [y — /?(1 + u>t)] 2 + z 2 — 0*. This is a circle 



Problem 5.3 

(a) Ftom Eq. 5.2, F = g[E + (v x B)] = 0 => E = vB -> 


(b) From Eq. 5.3, mv — qBR =£• — = — 


E 

B 2 R' 



Problem 5.4 

Suppose I flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward 
the left) cancels the force on the right side (toward the right); the force on the top is laB = Iak(a/2) = 
Ika 2 / 2 , (pointing upward), and the force on the bottom is laB — ~Ika ?/2 (also upward). So the net force is 


F = 


Ika 2 z. 


Problem 5.5 

(a) 


I< = 


2 na’ 


because the length-perpendicular-to-flow is the circumference. 


(b) J — — => / = / Jda — a J ^sdsd(f> = 2^ar J ds = 2 iraa =$■ a = J ~ 


2 itas 


Problem 5.6 


(a) v ~ ur, so | K = aurr. ] (b) v = wrsin0<£ => J = pur sin 8 <p, where p = Qj (4/3) irR 3 . 


Problem 5.7 

~ = ~ [ prdr = f (~ tdr — — f (V * J)rdr (by the continuity equation). Now product rule #5 
dt dt J v J \dtj J 

says V ■ (arJ) = x(V ■ J) + J - (Vr). But Vi = x, so V ■ (xJ) = x(V ■ J) 4- J x . Thus / v (V ■ J)xdr = 

I V ■ (xJ) dr — I J x dr, The first term is f s xJ • da (by the divergence theorem), and since J is entirely 
Jv Jv 

inside V, it is zero on the surface S. Therefore / v (V ■ J)xdr = — J v Jx dr, or, combining this with the y and 
z components, / v (V * J)rdr = — j v 3 dr. Or, referring back to the first line, — = / J dr. qed 


Problem 5.8 

(a) Use Eq. 5.35, with z — R,Q 2 ~ ~$\ = 45°, and four sides: B — 

t r 

(b) z = R, 82 — , and n sides: B — 

n 


Wot . , , , 
^smWn). 


7 tR 
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(c) For small #, sin# « 9. So as n -J- oo,B 


nfi 0 I /tt\ 

Mof 

2nR Vn/ 

2 R 


(same as Eq. 5.38, with z — 0). 


Problem 5.9 

(a) The straight segments produce no field at P. The two quarter-circles give D — 

MoT 


8 \a b) 


(out). 


(b) The two half-lines are the same as one infinite line: 




: the half-circle contributes ——. 
2t tR 4 R 


So B = 


(into the page). 


4R V 7T / 



Problem 5.10 




(a) The forces on the two sides cancel. At the bottom, B = => F — ~ r ;^y~ (up). At the 


top, B — ——-—- => F — (down). The net force is 

F 27r(s + o) 2 tt(s + £i) 


Mo 


I 2 a 2 


2jr s(s + a) 


- (Jr, - ^ /2Q 

V2tts 
(up). 


MoT 


(b) The force on the bottom is the same as before, Mo I 2 j2it (up). On the left side, B = ~— z; 

2 i-n-y 

dF - I(d\ x B) — 7(da;x + dyy + dz 2) x (z ) = (—dxy + dyx). But the x component cancels the 

\2ny J 2Try 

HOP /*<»/v<3+«/2) l 


corresponding term from the right side, and F y = - ■ 


2 7T 


rwv 

A/V3 


- dx. Here j/ = i/3z, so 

y 



Problem 5.11 

Use Eq. 5.38 for a ring of width dz y with / —► nl dz: 
fionl f - a—_But z = acot#, 

J (a 2 + z 2 ) 3/a 

1 sin 3 9 


B = 


2 ./ (a 2 

a 


So dz = —-^rr d#, and 


So 


B — 


sin 2 9 ’ ” ( a 2 + z 2 fP 

/.loni f a 2 sin 3 9 



/a 2 sin 3 # . Mo«J f . a a fionl _ ,d 2 

J a 3 sin 2 # V ’ 2 J 2 


Mo nl 


(cos #2 — COS#i). 


For an infinite solenoid, #2 = 0, #1 = n, so (cos #2 — cos#i) = 1 — (—1) — 2, and B = fionl. / 



















































Problem 5.12 

„ ^2^2 

Magnetic attraction per unit length (Eqs. 5.37 and 5.13): f m — ———. 

27T d 

Electric field of one wire (Eq. 2.9): B = - -. Electric repulsion per unit length on the other wire: 

1 X 2 1 

f e = r - r- They balance when fi^v 2 — — , or 

Into d e 0 


v = 


V" £ o ho 


Putting in the numbers, 


v — 


^/(8.85 x 10 _12 )(4 tt x 10" 7 ) 


3.00 x 10 K m/s. This is precisely the speed of light(!), so in fact you could 


never get the wires going fast enough; the electric force always dominates. 

Problem 5.13 


B = 


0, 


(a) <j> B • d\ — B 2ns = Pole nc =$• 

(b) J = ks; I — / J da — j ks(27rs)ds — 

Jo Jo 

2itks^ 


for s < a; 


VqI 2 f 
-— for s > a. 

Ires 

2nka 3 3/ 

3 ^ k ~ W‘ 


= I— r, for s < a; I cnc — I, for s > a. So 


hnc = / J da — k$(2ns) ds - 

_ Jo Jo 


' Po Is 


B - < 



2its 


Problem 5.14 

By the right-hand-rule, the field points in the —y direction for z > 0, and in the +y direction for z < 0. 
At z = 0, B — 0. Use the amperian loop shown: 

<j> B • dl = Bl = MoJcnc = (IqIzJ =» B - -fjpJjry (-a < z < a). If z > a, / enc = p, Q laJ, 


so 


f — pioJay, for * > +a; 1 
\ +fi 0 Jay, for z > —a. J 


£ 

-- amperian loop 


*(l~ 

, 1 





* y 

"- , 




l 


Problem 5.15 

The field inside a solenoid is fi 0 nl, and outside it i s zero. The outer solen oid’s field points to the left (-z), 
whereas the inner one points to the right (+z). So: (i) 


B — noI(ni ~ n 2 ) z, 

(ii) 

B — — p,oIn 2 z, 

(iii) 

b = o.; 


Problem 5.16 

From Ex. 5.8, the top plate produces a field p 0 K/2 (aiming out of the page, for points above it, and into 
the page, for points below). The bottom plate produces a field pqK/2 (aiming into the page, for points above 
it, and out of the page, for points below). Above and below both plates the two fields cancel; between the plates 
they add up to (ioK, pointing in. 


(a) B — p.Q<jv (in) betweem the plates, j B — 0 elsewhere. 


(b) The Lorentz force law says F = J(K x B) da, so the force per unit area is f = K x B. Here K — av, 


to the right, and B (the field of the lower plate) is poav/2, into the page. So f m — p 0 a 2 v 2 /2 (up). 
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(c) The electric field of the lower plate is a/2eo; the electric force per unit area on the upper plate is 
/ c = ct 2 /2c 0 (down). They balance if n 0 v 2 = l/e 0 , or v - l/V^o/io = c (the speed of light), as in Prob. 5.12. 


Problem 5.17 

We might as well orient the axes so the field point r lies on the y axis: r — (Q,i/,0). Consider a source point 
at {x',y',z') on loop #1: 

a . — —x' x + {y - y') y — z' z; dl' = dx' x + dy' y; 


<U' X A — 

dBi = 


x y z 
dx' dy 1 0 
-x' ( y-y ') -z' 


= ( -z' dy ') x + (z‘ dx 1 ) y + [(y - y') dx' + x' dy'} z. 
Hol dl' x A no I {-z‘ dy') x + ( z ' dx') y + [(y - y') dx' + x' dy 1 ] z 


47T a 3 


4tt 


Now consider the symmetrically placed source element on 
loop #2, at (re', y', — z'). Since z' changes sign, while every¬ 
thing else is the same, the x and y components from dBi and 

dB 2 cancel, leaving only a z component. qed 
With this, Ampere’s law yields immediately: 


E {x'Y + iy-y'y + W) 2 ] 

z 


3/2 


fponlz, 

inside the solenoid; 

l 0 ’ 

outside 


(the same as for a circular solenoid—Ex. 5.9). 

For the toroid, N 12ns — n (the number of turns per unit 
length), so Eq. 5.58 yields B = //on/ inside, and zero outside, 
consistent with the solenoid. [Note: N/2ns = n applies only 
if the toroid is large in circumference, so that s is essentially 
constant over the cross-section.] 



Problem 5.18 


It doesn’t matter. According to Theorem 2, in Sect. 1.6,2, / J ■ da is independent of surface, for any given 


boundary line, provided that J is divergenceless, which it is, for steady currents (Eq. 5.31). 


Problem 5.19 . 

, , charge charge atoms moles grams , n / 1 \ , 

(a) P = = ~dr ■ “ <«>(*) [m ) {d) ' 


volume atom mole gram volume 


where 


e 

N 

M 

d 


charge of electron 
Avogadro's number 
atomic mass of copper 
density of copper 


1.6 x lCr 19 C, 
6.0 x 10 23 mole, 
64gm/mole, 
9.0gm/cm 3 . 


p= (1.6 x 10" 19 )(6.0 x 10 23 ) = 1.4 x 10 4 C/cm 


(b) J - = pv=> v = 


ns 


ns 2 p 


tt( 2.5 x 10-S)(1.4 x 10 4 ) 


9.1 x 10 _3 cm/s, or about 33 cm/hr. This 


is astonishingly small—literally slower than a snail’s pace. 

Mr r ... , Mo fhh) (toxlO- 1 ) 

(c) From Eq. 5.37, f m =- J - ^ 


2 x 10 -7 N/crn, 











































11 2nt„d' U 2ie„ V i ) u ! 2jrc<, ^ d j \v* J 2* d ) 

c=l/v^ = 3.00x10*m/s. Here A = £ = (fy£^) =' 


where 


1.1 x 10 25 . 


f f = (1.1 x 10 25 )(2 x 1Q“ 7 ) = [2x~10 18 N/crn 


Problem 5.20 

Ampere’s law says V x B — /ioJ- Together with the continuity equation (5.29) this gives V - (V xB) = 
jx 0 V ■ J — — tiadp/dti which is inconsistent with div(curl)=0 unless p is constant (magnetostatics). The other 
Maxwell equations are OK; VxE-0^V-(V xE) =0 (/), and as for the two divergence equations, there 
is no relevant vanishing second derivative (the other one is curl (grad), which doesn't involve the divergence). 

Problem 5.21 

A t this stage I'd e xpect no changes in Gauss's law or Ampere's law. The divergence of B would take the 
form V B = aop m , where p m is the density of magnetic charge, and is some constant (analogous to to 

and fiQ ). The curl of E becomes V x E = j3oJ my where J m is the magnetic current density (representing the 


flow of magnetic charge), and 0o is another constant. Presumably magnetic charge is conserved, so p m and J m 
satisfy a continuity equation: V ■ J m = —dp m /dt. 

As for the Lorentz force law, one might guess something of the form g m [B + (v x E)] (where q m is the 
magnetic charge). But this is dimensionally impossible, since E has the same units as vB* Evidently we 
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is 


,.2 _ 


1/eoW 


F =q e [E + (v x B)] + q rn 


B^-(vxE) 


In this form the magnetic analog to Coulomb's 


law reads F — — ^ mi ^ ma r, so to determine ao we would first introduce (arbitrarily) a unit of magnetic charge, 
4tt t z 

then measure the force between unit charges at a given separation. [For further details, and an explanation of 
the minus sign in the force law, see Prob + 7.35.] 


Problem 5.22 




a = — [ii dz= MLz r 

4 W 4 An J Z1 
= ^j[m (, + Vz' + «“)]!” = 


JL 


^ln 

z 2 + v/t^) 2 + S 2 

z 

4w 

_Zi + v/(z,) 2 + s 2 


3 A, 


B = 


Po-f 
4 tt 

HO IS Z2 - \/ (^2) 2 + <S 2 


1 


1 


__ _ 

& s 4lr 22 + \/(^2) 2 + S 2 y/(z2p + S 2 Z\ + y/(Zi) 2 + S 2 \/{Z\ ) 2 + S 2 


4> 


1 


zi - \/(Zl) 2 + S 2 1 


4tt [ ( z 2 ) 2 - [(Z 2) 2 + « 2 ] i/(^ 2 ) 2 + s 2 z 2 - [(^i) 2 + a 2 ] y/( Zl y + s 2 
Hols /_ J_\ 

V * !2 ) 




4tt 

or, since sin#i — 


N 

w 

1 

_L 

i 

b 

_i 

1 

^ “ 4tts 

^2 

Zl 

.VC^) 2 + 52 \/(zi) 2 + 5 2 

V(z 2 ) 2 + $ 2 

V(z,) 2 + s 2 J 




5i 


s/iziWT^ 


and sin $2 — 


*2 




- {sinf? 2 - sin ) 0 
4irs 


(as in Eq. 5.35). 
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Problem 5.23 


A* = fc =► B = V xA = ~(sk)z = ~t, J = — (V x B) = — (-']} 0 = 

sds s /i 0 po L 9s \ s J J 


1 

' d (k 

\i i 

k 

Ha 

ds \s 

)J* = 

2 4>- 


Problem 5.24 

V ■ A = — rV • (r x B) = — -z [B ■ (V x r) — r ■ (V x B)] = 0, since V x B = 0 (B is uniform) and 

V x r - 0 (Prob. 1.62). V x A = —~V x (r x B) = — i [(B ■ V)r - (r ■ V)B + r(V ■ B) — B(V • r)]. But 

dx du dz 

(r * V)B — 0 and V-B = 0 (since B is uniform), and V ♦ r = — + -—b — =1 + 1 + 1 = 3, Finally, 

ax ay dz 


va uy 

<9 d \ 

Sa;— + By — + B 2 — J (xx+yy+zi) = B x x+B y y+ B; z = B. So V x A = --(B-3B) = 
qed 

Problem 5.25 

(a) A points in the same direction as I, and is a function only of s (the distance from the wire). In cylindrical 

coordinates, then, A = A(a)z, so B = V x A = ~0 — t~~~ 4> (the field of an infinite wire). Therefore 

as 2tts 


dA fiol 

ds 2ns' and 


A(r) = -^ln(s/a)z 


look fishy). V ■ A = 


~&Al 

dz 


(the constant a is arbitrary; yon could use 1, but then the units 


= 0. ✓ V x A = - 


ds 2ns v 


(b) Here Ampere’s law gives ^ B ■ dl = B2ns — Ha Lnc — fi 0 J rrs 2 — t*o—^ns 2 — 


Hals 2 

R 2 


_ LI q Is * Uq I S A j Hq I * *y »2\ * tt , , f t 

B = — <p> = —— —^ => A = ~~— =-z{s — b ) z, Here b is again arbitrary, except that since A 

lit Os In n, AttK* 

must be continuous at R f — In (R/a) = — .^°.L (R 2 — t 2 ), which means that we must pick a and b such that 

2tt 4 ttR* 





for s < R; 

I’ll use a — b — R. Then 

A - i 


for s > R. J 


Problem 5,26 

K = K x => B = y (plus for z < 0, minus for z > 0) + 


A is parallel to K, and depends only on z, so A = A(z) x 

x y z 

B - V x A — d/dx d/dy d/dz 
A(z) 0 0 


dA m „ 

- 7h y ~ ~2~ y ' 


* i I * 

A = — -~\z\x 


will do the job—or this plus any constant. 



Problem 5.27 

(a)V A=^ J V• ^ —^ dr'. = i(V • J) + J ■ V . But the first term is zero, because J(r') 

is a function of the source coordinates, not the JieU coordinates. And since n.— r — r', V = — V' So 
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V ^ — — J-V' . But V'- , and V'-J = 0 in magnetostatics (Eq. 5-31). So 

V ' — -V' ■ (~ j , and hence, by the divergence theorem, V-A — ~~ j V' • (7 J dr 1 — <j> A da', 

where the integral is now over the surface surrounding all the currents. But J — 0 on this surface, so V-A — 0. / 

(b) VxA=g|vx(0dr' = gy |i(V x J) - J x V Q] dr'. But V x J = 0 (since J is not 

a function of r), and V [ - ] = — A (Eq. 1.101), so V x A = - dr' — B. / 

\*t J An J n? 

(c) A — J V 2 di"'. But V 2 _ JV 2 (once again, J is a constant , as far as differenti¬ 
ation with respect to r is concerned), and V 2 (i) — ~An8 z {^i) (Eq. 1.102). 

So V 2 A = ^ J J(r') [—4;r<5 3 (*)] dr 1 - ~pqJ{t). / 

Problem 5.28 

fiol - j> B -dl= -J VU-dl--[U(b) — (7(a)] (by the gradient theorem), so t/(b) ^ (7(a). qed 

would do the job, in the sense that 


U=- 


2t t 


For an infinite straight wire, B — 0. 

2t ts 

— V(7 — V( 0 ) — ^—-“7 0 = B. But when <fi advances by 2 tt, this function does not return to its initial 

2tt 2tt s a<p 

value; it works (say) for 0 < <j> < 2tt, but at 2 tt it “jumps” back to zero. 

Problem 5.29 

Use Eq. 5.67, with R f and a —> pdf: 


A = 


pourp sin 8 




-l A- , 

P dr H-- —r sin 


/ R 




rdf 

po up 


B = 


V x A = 

Po^p 


PoUp 


f 1 a f . a . JR 2 r*\ 

\r sin 8 d9 [ \ 3 5 / 

\(K? r*\ (& 2r 2 \ . . 

KT-yj cosSr -(T-xj smefl 


rsln 9 l T'y) 1 

1 d r 102 .2 


r dr 


. But p = 


r 2 sin 0 

Q 




(4/3)tt R s ’ 


so 


PqujQ 

[0 _*!)„, 

4 ttR 

A s n 2 J v 


6r 2 

W 2 


) 


sin 00 


Problem 5.30 

dW z 


(a) 


dx 

dW, 


~ F v ^> W z {x,y,z) ~ - J - * ^(ai'.y.z) dad + Ci(y,2). 


0® 


y 


- F z => Wy(x, yi z) = + fZ F z (x',y,z)dx' + c 2 (y,z). 


These satisfy (ii) and (iii), for any Ci and C 2 ; it remains to choose these functions so as to satisfy (i): 
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L 


l 


•BJ^y^ dx , + ac, _ rHJQub# _ BG, _ FAx y z) But ?F E + af k+a _F ± = 0 ^ 

Jo 


dy 


dy 


dz 


*&*** + %-%-**.* + Now J 


dz ^ * dx dy dz 

x dF x (x',y, z) , 


dx' 

dC\ dC‘2 rJ/ 

-q^- —— F x (0,y, z). We may as well pick C 2 ~ 0, Ci(y,z ) j F x (0,y', z) dy’, and we’re done, with 

r =0; W y = [ F z {x',y,z)dxW z = T F x (0,y' ) z)dy'- f* F v (x‘,y,z)dx‘. 

JO Jo Jo 


dx' 


dx - F x (x,y,z) - (0 } 2 /, z), so 




dy dz 

r, (0 [ 

Jo dy J 0 

But. V ■ F = 0, so the x term is 


dF t (x',y,z) 


dz 

rX 


x + [0 + Fj,(a:,Sf,z)]y -t- [F z {x,y,z) - 0]z. 

— dx’] = F x (0, y ,z) +F x (x,y,z) - F x (Q,y,z), 


so V x W — F. / 

9W X t dW y 0W 2 
H— 1 - 4- 


v-w - 

in general. 


dx dy dz 


f BF x [x',y,: 

F ' (0 ' a ’ 2) + i 1 - ax' 

= o+ rarj^l r w.y.,.,) 

Jo dy Jo dz J Q dz 


f x x 2 r y t x n 2 

(c) Wy= x' dx' = —; W 2 - j y’ dy’ - zdx ' = — - 

Jo * JO Jo * 


zx. 



V x W = 

x y z 

d/dx dfdy dfdz 

1 \ 1 / 


0 x 2 (2 {y 2 /2 — zx) 


— yx + zy + xz - F. / 


Problem 5.31 

(a) At the surface of the solenoid, B a b 0 ve = 0) Bbdow = fJ-onl z = iiqK z; n — s; $0 K x n = -Jfz. 
Evidently Eq. 5.74 holds. / 

(b) In Eq. 5.67, both expressions reduce to (yoR 2 tJcrj3) slnOtfi at the surface, so Eq. 5.75 is satisfied. 


3A 

dr 


R+ 


(iqR 4 ljo ( 2sin0 

—r~ {-— 1 * 


! ) 


it 


2fioRua , 2 dA 

— lm# * 


UnRoJcr 

—-— sin 9 <j>. So the left side of 


R- 


Eq. 5.76 is — pipRuo sin# (j>. Meanwhile K = o\ — <r(u) x r} = < 7 w/isin 9 0, so the right side of Eq. 5.76 is 
~ PqovjR sin 8 4>, and the equation is satisfied. 

Problem 5.32 

dJK, d Pl 

Because A above = Abeiow at every point on the surface, it follows that -7— and -7— are the same above 

ox dy 

and below; any discontinuity is confined to the normal derivative. 


B o _ / dAy m bw™ ( dA yhxioyf 

above ”* J^below — ( “ T g~^ ” 


)* + Br 


bovc below 


dz 


> 


But Eq. 5.74 says this equals 


d 4 d 4 d 4 d 4 

yoK(-y). So ^ boyr = ^ bc ‘° w , and — 4 Bbt> y?. — -— % - bel °" = —pioK. Thus the normal derivative of the com- 
oz dz dz dz 


ponent of A parallel to K suffers a discontinuity —y^K, or, more compactly: 


<9A a bove ^ Abeiow 


dn 


dn 


=-pi oK. 


Problem 5.33 

(Same idea as Prob. 3.33.) Write m = {m ■ f)f + (m ■ 0)0 — rn cos#r — msin69 (Fig. 5.54). Then 
3(m ■ r) r - m = 3m cos 6 f — m cos 6 r + m sin 9 0 — 2m cos 9 f + m sin 9 9, and Eq. 5.87 Eq. 5.86. qed 






















































UHAETEK 5. MAGNETOSTATICS 




Problem 5.34 


(b) B 


I a - 

IttR 2 z. | 


Mo IkR 2 . 
4tt r 3 

^2 cos 8 f + sin 8 0 j 

|. 


(c) On the 2 axis, 8 — 0, r = 2 , f = z (for z > 0), so 


n Po/fi 2 . 


(for 2 < 0 , 8 — 7 r, f = -z, so the field 


is the same, with \z\ 3 in place of z z ). The exact answer (Eq« 5*38) reduces (for s > fl) to B « m IR 2 /2\z\ 3 , 
so they agree. 

Problem 5.35 


For a ring, m = I nr 2 . Here / -4 avdr — auirdr, so m — f R nr 2 (ru>r dr — nauiR 4 / 4 


Problem 5.36 

The total charge on the shaded ring is dq — a(2nR sin 8)Rd8. 
The time for one revolution is dt — 2 tt/u>. So the current 

in the ring is / = ^7 = auR 2 sin 8 dO. The area of the ring 
dt 

is 7 r(/?sin 0) 2 , so the magnetic moment of the ring is dm = 
(crufR 2 sin9 dd)nR 2 sin 2 8, and the total dipole moment of the 
shell is 

m — ounR A J* sin 3 8 d8 = (4/3)awnR i , or 


m 


— ~au>R 4 z. 


The dipole term in the multipole expansion for A is there- 

, , Vo^n 4 sin& 2 fi 0 au/R 4 sin 8 - 

fore A d ip = — —ctujR —<p = - 5 —-—=- 0 , which is 

4n 3 r z 3 r* 

also the exact potential (Eq. 5.67); evidently a spinning sphere 

produces a perfect dipole field, with no higher multipole con¬ 
tributions;_ 

Problem 5.37 

The field of one side is given by Eq. 5.35, with s 
+ (tu/2) 2 and sin 82 = — $inf?i — 


B = 


Mo-f 


w 


4tt y /z* + (w 2 /4) s /z*+M/2) 


y/z*+w*/2* 

, To pick off the vertical 

M2) 


component, multiply by sin <fi — v .j. ; for all four 

\A 2 + (u// 2) 2 


sides, multiply by 4: 


B - 


M of 


ur 


2n (% 2 + w 2 /4) \f? + ur 2 /2 


z. 


For 

for 


j 2 _____ 

Z ^ W, B zz —— z. The field of a dipole m — Iw 2 , 

2 nz 3 ^ - 

points on the z axis (Eq. 5.86, with r -A z, r —► z, 8 = 0) is 

27rr 




Problem 5.38 

The mobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up 
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on 
a mobile charge q balances the magnetic attraction: F — g[E + (v x B}] = 0 => E = — (v x B). Say the current 
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is in the z direction: J = p-v z (where and v are both negative). 


/ 


B - dl = B 2tts = Jns 2 => B = ^ op ~ vs 


/ 


E ■ da = E 2nsl — / (/j + + p_)7rs 2 / => E — /— (p + + p~)s s. 
eo 2to 


~(p + + p-)s s 


[<•»>*(“?=*)] 


yP_U 2 SS => p+ + = p_(e 0 /iov 2 ) = /?- 



Evidently p+ — — p- 




or p„ — - 7 2 p +1 In this naive model, the mobile negative charges fill a 


smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v c , the effect 

is extremely small. 


Problem 5,39 


(a) If positive charges flow to the right , they are deflected down, and the bottom plate acquires a positive 
charge. 

(b) qvB — qE => E = vB => V = Et = vBt , with the bottom at higher potential. 

(c) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative 
charge. The potential difference is still the same, but this time the top plate is at the higher potential. 


Problem 5.40 

From Eq. 5.17, F — //(dl x B). But B is constant, in this case, so it comes outside the integral: F — 
J (/dl) x B, and / dl — w, the vector displacement from the point at which the wire first enters the field to 
the point where it leaves. Since w and B are perpendicular, F = IBw } and F is perpendicular to w„ 


Problem 5,41 

The angular momentum acquired by the particle as it moves out from the center to the edge is 


L = J ~dt — J Ndt = J (r x F) dt = j rx q(v x B) dt = q J r x (dl x B) ~ q J (r B) dl - j B(r - dl) . 


But r is perpendicular to B, so r * B — 0, and r - dl = r * dr = \d {r ■ r) — jdfr 2 ) = r dr = (l/27r)(27rr dr), 

where $ = J B da is the total flux. 


SoL 


= _JL / B 2nr dr = — / 

2tt J q 2n J 


B da. It follows that 


L = 

2 tr ' 


In particular, if $ = 0, then L = 0, and the charge emerges with zero angular momentum, which means it is 
going along a radial line. qed 


Problem 5.42 

FYom Eq. 5.24, F = |(Kx B av(3 ) da. Here K = crv, v = uHsin# 0, da = R 2 sin OdO d<p, and 
Save - 5 (B; n + B out ). From Eq, 5.68, 
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Bin — -HuoRujt, — -//o<7i?u(cos0f — sin 69). From Eq. 5.67, 

y O 


B 


out 


„ . _ {y,oR A ua sin0 -\ 

“ v * A -'**[ L s-7r*)- 


B, 


K x B ave 


\ /io^tucr 

1 8 | 

7 sin 2 0 N 

1 r-H 

) ~ 3 

rsin 0 90 

(. r 3 ) 

r 9r 


(2cos0r + sin0 6) = (2 cos0r + sin00) (since r — R). 

^™^(4cosf?r — sin 0 0). 

(auRsinO) 0 x (4cos0f - sin 00)j = ^(<7u//?) 2 (4cos0 9 + sin0f)sin0. 


Picking out the z component of 9 (namely, - sin#) and of r (namely, cos0), we have 
(K x B ave ) 2 — ~~-(au>R) 2 sin 2 9 cos0, so 


p _ Mo 

f --~t 




sin 3 9 cos 9 d&d4 >= — — {a urR 2 ) 2 2 p 


m 


jr/2 


. or 


F = -^(<njR 2 )H. 


Problem 5*43 


(a)F = M= 9 f (vxB) = ?^t(vx f)i 


4t r r 2 


^ Mo gegm / ^ 

a = ---(v X r). 


4 tt mr 3 


(c) — m(v x v) + m(r x a) 


1 d_ 

2 dt 

M09e<7m d (T 


(b) Because a _L v, a ■ v = 0. But a - v = - — (v ■ v) = - —(u 2 ) = u —. So — = 0. qed 

2 at 2 dt dt dt 


4n dt 


Mo9e Qm 
4n 


H 


^[r'v - (r ' v)r] - ^ + ~(y/i ^r) 


(;)- 

}■ 


0 + 


1 d_ 

! dt 
MOgegm 
4irr 3 


dv 


dv 


[r x (v x r] - 


Mflgegro 

4tt 


Mogegra 

in 


V (r-v) V , f 2(r -v) 

-- r -4* „- 

t r r 2r r 


( v r rfr\ 
t r 2 dt) 


- 0 . ✓ 


(d) (i) Q 0 = Q {z ■ 0) — m(r x v) - 0 - — (f * 0). But z ■ 0 = f - 0 = 0, so (r x v) - 0 = 0. But 


<il 


4tt 


r = rr, and v = — = rr + r99 + r sin000 (where dots denote differentiation with respect to time), so 


r x v — 


r 9 0 

r 0 0 

r r9 r sin i 


= (~r 2 sin 00) 9 + (r 2 0) 0 


Therefore (r x v) ■ 0 = r 2 0 = 0, so 0 is constant. qed 


(ii) Q * f = Q (z ■ f) — m(r x v) r 


Mo e 9 m 

4?r 


(f * f). But z * f = cos $, and (rxv)ir^(rxv)'f = 0, 


so 


Q cos 9 “ — ^ Qgfg m ^ o r Q = — . And since 9 is constant, so too is Q. qed 


4tt 


4tt cos 9 


(iii) Q 0 = Q(z-ff) = m(rxv)-0“ Mo gegm ^ But £.0 - — ginfl, f 0 = 0, and (r x v) -0 = -r 2 sinfl^ 


4tt 

(from (i)), so -Qsinf? — —mr 2 sin 9$ => <j> = 


Q 


mr 2 r 2 


— —, with 


^ _ Q _ ^ Mogegm 


m 


4?rm cos 9 


(e) v 2 — r 2 + r 2 0 2 -f r 2 sin 2 00 2 t but ^ — 0 and 4> “ so r 2 = u 2 - r 1 sin 2 9^-r ~ v 2 - 
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dr \ 2 _ r 2 _ 
d<j>) ~ 02 “ 


v 2 — (ksinO/r) 2 


(k 2 /r 4 ) 




dr 

dj> 


= r \f{ 


vr\* 


k ) 


sin 2 9. 


«/ 


dr 


/ / \ UTT 

*-(k^Te )’ sec|w "'* o)sinS! = k^Te’ 


or 


cos[(d> — 0o) sin 8 ] 1 


where A — — 


jUo$e?m tan 6 


4tt mv 


Problem 5.44 


Put the field point on the x axis, so r = (s,0,0). Then 

B = ~ f (K * ^ da; da - Rd<f>dz\ K = K 4> = 
Air J 

K{- sin^x + cos^y);4 = (s - Rcos<p) x ~ Rsin<t>y - z z. 

x y z 

K x « — K — sin <f> cos <fr 0 

(s-Rco$4>) (~Rsm<p) (-z) 

K [{-z cos 4>) x 4- (~z sin (j>) y + (R - s cos 4>) z]; 

* 2 — z 2 +R 2 +s 2 — 2Rs cos 4>. The x and y components integrate 
to zero (z integrand is odd, as in Prob. 5.17). 


- 


I^KR 

4tt 

/iqKR 
4i r 


(R — s cos 4>) 


/ 

j (R — s cos 0) | J 


(z 2 + R 2 +s 2 ~2Rs cos d>) 3/2 


dtp dz 


dz 


{z 2 +(py/ 2 


} 


where dr = R +s — 2i?scosd>. Now 


f 


dz 



2 z 


(z 2 +(P) 3 / 2 <PVz 2 + d? 


oo 2 

o d 2 


PLqKR 
2tt 

PqK 
4n 


r {r -^=s I '* 2 - s!>+<k2+s2 - 2&cos0)i • 

2?r d$ 


ca 2 - s 2 ) / 

JO 


(7? 2 + s 2 - 2i?s cos 0) 


/■Sir 

+ / d<i> 
Jo 


r d A = 2 r_ 

/ 0 a + icos^ J 0 a 


d<p 


4 , 

tan 


+ 6 cos 0 Va 2 - 6 2 

-l 


\/a 2 — b 2 


tan' 


\/q 2 - 6 2 tan(7r/2) 


\/o 2 - b 2 tan(d>/2) 
a “P 6 

4 


a + i> 


= ^_ - f — 'j = —. Here a — R 2 + s ' 2 , 

^/a 2 -b 2 V2 / y^a 2 -l 2 


6 = -2/to, so a 2 - & 2 = fl 4 + 2KV + s 4 - 4flV = H 4 - 2flV + s 4 = (fl 2 - s 2 ) 2 ; - & = |il 2 - d 2 |. 


B z = 


fioK f (fi 2 -s 2 ) 
4 tt [ |J? 2 - s 2 | 

fk> K 


27t 4- 2tt 




/iJ 2 -s 2 A 

(|i7 2 -s 2 | +1 J ‘ 


}M)K 


Inside the solenoid, s < R, so B z = —^—(1 + 1) — Outside the solenoid, s > 71, so B z — - ( 1 + 1) — 0. 


Here K - nl , so B - (inside), and O(outside) (as we found more easily using Ampere’s law, in Ex. 5.9). 
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CHAPTER S. MAGNETOSTATICS 


Problem 5.45 

Let the source point be r' = i?cos0x — Rsnuf>y t and 
the field point be r — R cos Ox + Hsinfly; then — 
R [(cos 0 — cos 0) x + (sin 9 + sin <f>) y] and dl = R sin 0 d0 x + 
R cos 4>d<f>y — R d0(sin 0x + cos 0y). 


x y z 

dl x 4 = R 2 d0 sin 0 cos 0 0 

(cos 0 — cos 0) (sin 9 + sin 0) 0 

— R 1 (sin 0 sin 6 + sin 2 0 - cos 9 cos 0 + cos 2 0) d0 2 
— R 2 ( 1 + sin 0 sin 0 - cos 6 cos 0) d0z = R 2 [1 — cos(0 + 0)] d0z. 

M f dl x 4 _ ftp/ 2 * r [1 - COS(fl + 0)] _ AlpJfl 2 

4tt y 4?r Z 7 o [2tf 2 - 2.R 2 cos(0 + 0}] 3/2 47r(2/? 2 ) 3 / 2 “ j a ^/l - cos(0 + <£) 



f 

J 0 


cf0 


mo/ 


f 


d<p 


Mo/ 


7o \/2sin[{0 + 0)/2] lfiTri? 


2 { 21n tan (^)]} 


Mo/ 

8iri? 


In 


tan (^) 
tan (f) 


Problem 5.46 

(a) From Eq. 5.38, 


Mo/a 2 J 

r i , 1 i 

>■ 

—S“1 

{[R 2 + (d/2 + z) 2 ] 3/2 [. R 2 + (d/2 - z) 2 ] 3/2 J 


dff _ f (~3/2)2(d/2 + z) {-3/2)2(d/2-z)(-l) l 

<9* 2 1 [R 2 + (d/2 + z) 2 ] 5/2 + [/i 2 + (d/2 - z) 2 ] 5/2 J 

3 HqIR 2 \ -(d/2 + z) (d/2 - *) 


a b 

dz i=0 

(b) Differentiating again: 
d 2 B 3fi 0 IR 2 


2 \[R 2 + (d/2 + z) 2 f /2 [JZ* + (d/2 - z) 2 ] 5/2 

3/ip/H 2 / -d/2 , d/2 


}- 


{ 


[E 2 + (d/2) 2 ] 5/2 [. R 2 + (d/2) 2 ] s/2 


= 0 . / 


&r 2 


{ 


+ 


-(d/2 + z)(— 5/2)2(d/2 + z) 


2 l [Jp + (d/2 + z) 2 ] s/2 [R? + (d/2 + z) 2 ] 7/2 


-1 


(d/2 — z)(-5/2)2(d/2 - a)(—1) 


8 2 B 


dz 2 


[il 2 + (d/2 - z) 2 ) s/2 
3 }iqIR 2 f —2 


2=0 


{, 


+ 


[. R 2 + (d/2 - z) 2 ] 7/2 
2(5/2)2(d/2) 2 2 


}• 


2 I [fl 2 + (d/2) 2 ] 5/2 [R 2 + (d/2) 2 ] 7/2 J [J? 2 + (d/2) 2 ] 7/2 


}- 


Z}ioIR 2 


(-«*-T + x) 


5(0) = 


f/Z 2 + (d/2} 2 ] 7/2 

Mo/a 2 / 1 


(d 2 -;? 2 ). Zero if d = a, 


in which case 


[/i 2 + (fl/2) 2 ] 3/2 + [. R 2 + (a/2) 2 ] 3/2 J (5A 2 /4) 3 / 2 


8/iod 

5 3 / 2 tf' 
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Problem 5.47 

(a) The total charge on the shaded ring is dq — cr(27rr) dr. The 
time for one revolution is dt — 2tt/oj. So the current in the ring 

JT 

is / — — = our dr. Prom Eq, 5.38, the magnetic field of this 


ring (for points on the axis} is dB = ^-aur 

4- 


(r 2 z- 


:)3/2 


dr z, 


and the total field of the disk is 



B 


flQOU 

2 


PqOU) 

~4~ 



r 3 dr 

( r 2 + -2)3/2 
udu 

(ti + Z 2 ) 3 / 2 


z. 


Let u = r 2 , so da — 2r dr. Then 


f 


R 2 


r(fl J + 2 2*) _ 1 

2 . 

4 [ 

\y/u + Z 2 J _ 

0 

2 

y/R 2 + Z 2 \ 



(b) Slice the sphere into slabs of thickness i, and use (a). Here 
£= jd(Bcos0)| = R$m8dQ\ 

u —¥ pt = pR$in8d8\R -4 Bsinfl; z -»■ z — Bcosfl. First 
rewrite the term in square brackets: 


r ( R 2 + 2z a ) _ 9 1 _ 2(B 2 + z 2 ) R 2 
. v'B 2 + z 2 ~~ Vi? 2 + z 2 VB 2 + z 2 


= 2 


^B 2 + z 2 - 


B a /2 

VB 2 + z 2 



But B 2 "j” z 2 —^ B 2 sin 2 £? (z 2 — 2Bz cos Q 4” B 2 cos 2 -— B 2 -I- 

z 2 - 2Bzcos£?. So 



B, = 


f\n6de 

Jo 


\/B 2 + Z 2 - 2Bz COS 0 - ^ r — (z — B COS 0) 


\/B 2 + z 2 — 2Bz cos 8 


Let u = cosfl, so du = - sin 8 d$\ 8 : 0 -» tt => u : 1 -+ -1; sin 2 0 = 1 — a 2 
PopRu I | \/B 2 + z 2 - 2Rzu - ~ ^L - z + Bu 




\/B 2 + z 2 — 2Bz-u 


du 


T B 2 

— /i-— (J2 ~ ^3) — 74 + ^5 


7i 


/ I 1 

yjR 2j rz 2 - 2Rzudu = — —— (R 2 + z 2 — 2 Rzu) 3/ 

Sitz 

- - [(B 2 + z 2 - 2 Bz) 3/2 - (B 2 + z 2 + 2 Bz) 3/2 ] =-^L[(z- B) 3 - (z + B) 3 ] 

= --i- (z 3 - 3 z 2 B + 3zB 2 - B 3 - z 3 - 3z 2 B - 3zB 2 - B a ) = ^-(3z 2 + B 2 }. 

0±tZ &Z 


-i: 


Tmrh^m dn = -i v ' fl2+22 - 2 H- 1 = ~k ^® - <*+*»=f • 





























































-I. 


u* 


-l y/E? 4- Z 2 - 2 Rzv 

1 

' 60 R 3 z 3 


du 


[ 8 (i ? 2 + z 2 ) 2 + 4 (R 2 + z 2 )2Rzu + 3(2 Rz) 2 u 2 } y/R 2 + z 2 - 2 Rzu 


1 

-1 


- ^ { [ 8 (ii 2 + z 2 ) 2 + 8 Rz(R 2 + z 2 ) + 12R 2 z 2 ] (z - R) 

- [ 8 (R 2 + z 2 ) 2 - 8 Rz(R 2 + z 2 ) + 12 R 2 z 2 ] (z + R )} 

{z [l 6 i?z (£ 2 + z 2 )] - R [16(J? 2 + z 2 ) 2 + 24RV]} 


60R 3 z 3 


1 16 R ( R 2 z 2 + z* -R* - 2 R 2 z 2 - z 4 - ~R 2 z 2 j 


60R 3 z 3 

4 

15R 2 z 3 


0 

^R 2 z 2 - fi 4 ^ = ^Jl 2 + ;|z 2 ^ • h = z J du = 2 z; I 5 — R J udu = 0 . 


B z ~ fioRpu 


2 /« 2 . p 2 >j R 2 2 R 2 4 

fc (3 * +R )--2z + TTs? 


„ ( n 2R 2 R 2 2R 4 R 2 n 
= fioRpu f 2 z + —-— 4- ttt-z + -2z 


= HoPUJ 


2R 5 

15z 3 


But p = 


* 15z 3 3z 

Q 


) 


2 z 


(4/3)t tR 3 


, so 


poQuR 2 „ 

R = _ ia^5“ z - 


Problem 5,48 

0 * ——k — —i?cos0x + (y — R$in{f))y + zx. (For simplicity I’ll drop the prime on <f>.) 


B 


IK 111 0.40 

tol f 
4i r j 


i 2 — R z cos 2 4> + y 2 — 2 Ry sin 4> + R 2 sin 2 (j> + z 2 = R 2 + y 2 + z 2 - 2Ry sin <f>. The source coordinates (x 1 , y'^z 1 ) 
satisfy x 1 = Rcos</> =£■ dx' — —Rsintpdfr, y' — Rsin<j> ^ dy' — Rcos^d^jz 1 — 0 dz' = 0. So cfl 1 ~ 
-jRsin <}>d<px + RcQ&<j>d<f>y. 

x y z 

— (. Rz cos 4> d<f>) x + (Rz sin <f>d<f>) y + (—Ry sin <fi d<j> + R 2 d<f>) z. 


dl' x ft — 


- R sin 4> dtp R cos 4> d<f> 0 
—Rcos 0 (y — Rsin 0 ) z 


B x - 


poIRz 


r2ir 

J 0 


cos 4 > d<f> 


fioIRz 1 


4tt Jq 4 - z 2 — 2 R$f sin ^ 7 r Ry ^/Ji 2 "+"y 2 "+"z 2- -- ~ 2 Rysh\$ 


2 rr 


= 0 , 


since sin = 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms 
of elementary functions. 


B x =0; By — 


(iqIRz 


p2 if 

J 0 


sin <f> d<j> 


4™ Jo (R 2 +y 2 + z 2 — 2 Ry sin <f>) 


3/2 


\B Z = 


JO 


(Ft — y sin 0 ) 


fioIR 

Jo ( R 2 + y 1 + z 2 — 2 Ry sin 0 ) 


3/2 ’ 


Problem 5.49 

FVom the Biot-Savart law, the field of loop #1 is B = the force on loop #2 is 

4tt 


= / 2 jfdl 2 xB = ^/ a / 2 jf 


rfl-2 X (till X 4) 


. Now dl 2 x (dli xi) = dli(dl 2 ■■») — i(dli • dla)) so 






































105 


F =■ - v* hh {//<“»> - h * i / 


The first term is what we want. It remains to show that the second term is zero: 

*= (x 2 — 2 i) x + (p2 - Vl) y + (%2 — 2l) ft, SO V 2 (l/ J i) = [(®2 — Xl) 2 + (j /2 ~ Vl) ? + (^2 “ ^l) 2 ] ^ * 


+ ~ [(x 2 - $i) 2 + {y 2 - Vl) 2 + (^2 * 2l) 2 ] y + ^ [(®2 - Si) 2 + (j /2 - 1/1 ) 2 + (*2 - -Zl) 2 ] 


- 1/2 z 


(x 2 - Xi) A (V2 - Vl) - (*» - *l) ft _ * _ * 

* x o y "5 z 


2 in Sect. 1.3.3). qed 


C?2r s L ' i 

3 - So j> ^ -d3 2 = - j> V 2 Q) -dla = 0 (by Corollary 


Problem 5.50 


Poisson’s equation (Eq. 2.24) says V 2 V -- p. For dielectrics (with no free charge), pb — -V • P 

^1 /'P(r')'4 

(Eq. 4.12), and the resulting potential is V (r) = — — - J — - dr 1 . In genera/, p = CqV ■ E (Gauss’s law), 

1 f E(r') * 4 

so the analogy is P -> -cqB, and hence F(r) = — dr'. qed 

[There are many other ways to obtain this result. For example, using Eq. 1.100: 

V ' (j) = ~ V '' “ 47T<5 3 (*) - 4vr£ 3 (r - r'), 

V(r) - J V(r')a 3 (r - r') dr‘ = -A f VW)V' • (±) dr 1 = A / * . [V'V(r')] dr 1 - A f V(r')± ■ da' 

(Eq. 1.59). But V'V(r') = -E(r'), and the surface integral -¥ 0 at oo, so F(r) = — — / —^— dr', as 
before. You can also check the result, by computing its gradient—but it’s not easy.]__ 


Problem 5.51 



w> B = %f, * B < Ar > = * A = * * /’ A i dA = -f^ (r x *>■ But r herc is the 

vector from the origin—in cylindrical coordinates r = ss + zz. So A = |-s(s x <p) 4- x(z x 0)J, and 

(s x <p) = z, (z x 0) = —s. So 


* Pof/ „ 

A = 7- - 2S-SZ. 

2tts ^ 


The examples in (e) and (d) happen to be divergenceless, but this is not the case in general. For (letting 
L = Jj AB(Ar) dX, for short) V • A = V • (r x L) = -[L • (V x r) - r ■ (V x L)j = r • (V x L), and 

V x L = /J A[V x B(Ar)] dA = /„ l A 2 [Va x B(Ar)] dA - p 0 fi A 2 J(Ar) dA, so V ■ A = /r 0 r ■ fj A 2 J(Ar) dX, and 
it vanishes in regions where J = 0 (which is why the examples in (c) and (d) were divergenceless). To construct 
an explicit counterexample, we need the field at a point where J ^ 0 say, inside a wire with uniform current. 
























Here Ampere’s law gives B2ns — Holenc — HoJ^s 2 B — s 0 , so 


A = — t x J A ^ As 0 dA = — f -^-s(r x 0 ) = ^- (zs - sz). 


V-A = 


|lo/ r i9 / h, 2\1 VO- 7 f l r> \ VoJz , n 

-r\-s¥ s (8Z)+ Tz { - $ >] = -T \s 2sz ) = — °- 


Conclusion : 


(ii) does noi automatically yield V ■ A = 0, 


Problem 5.52 

{a) Exploit the analogy with the electrical case: 


E = 


1 ^(p-fjr-p] (Eq. 3.104) = — W, with V = 7 ——^-^- (Eq. 3.102). 


4tT€o T 3 
P 0 1 


4?reo r 2 


B - g — [3(m f)f-m] (Eq. 5.87) = -VU, (Eq. 5.65). 


Evidently the prescription is p/e 0 -> p 0 m : 


C7(r) = 


po m r 
4 tt r 2 


(b) Comparing Eqs. 5.67 and 5.85, the di pole moment of the she 
in Prob. 5.36). Using the result of (a), then, 


C/(r)= 


paucrJ ? 4 cos 9 


1 is m = {Ait(Z)woR 4 z (which we also got 
for r > R. 


Inside the shell, the field is uniform 
as well pick the constant to be zero, so 


Eq. 5.38): B = |po< 7 wi?z, SO U( r) — — fpoaWJz + constant. We may 


[/(r) = —^iiQiruRrcosQ 


for r < R. 


[Notice that f/(r) is not continuous at the surface (r — R 


: U m {R) = —^fiocruR 2 cos9 / £/o U t(7i) = 


^fiocruR 2 cos&. As I warned you on p. 236: if you insist on using magnetic scalar potentials, keep away from 
places where there is current!] 

(c) 


B = 


HquQ \( 3r 2 \ ( 6 r 2 \ . 

L(' “ 5^3J C ° sSr “ C 1 “ S ‘ 


sin 98 


„ rr au „ 1 au * 1 du 

- —VU - ——— f — - —— 0 — --—— 

dr r 09 r sin 9 30 


0 . 


&U 
30 
13U 
r d9 


0=>U(r,8,<ft) = U(r,9). 
I (j.quQ' 


\ 4 Wt ) (' ~ f£) =* ' /(r ' 8) = - (iSf) (‘ - S) r “ S( + /(r) ' 

du I (iqljQ \ / 3r 2 \ 

dr V 4?rii ) V 5i ? 2 / 


coe«=>V(r,S) = -(^ 


)(- 


A 


5 R 2 ) 


cos 9 + g{9). 


Equating the two expressions: 


/ PqcjQ 
l 4ir R 


)(-£) 


r cos<? + f(r) — - 


I po ojQ 
^ 4ttH 


) ( 1 -^) rc “ < ’ + » (,) - 


or 


(^f) r3cos8+/(r)=i ' w ' 
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But there is no way to write r 3 cos 8 as the sum of a function of 6 and a function of r, so we’re stuck. The 
reason is that you can’t have a scalar magnetic potential in a region where the current is nonzero. 

Problem 5.53 


(a) V • B = 0, V x B = jioJ, and V • A = 0, V x A = B => A = £2. [ - dr\ 

4tt / 4_ 

V • A = 0, V x A = B, and V • W = 0 (we’ll choose it so), V x W = A =$• 


so 


W 


= ~ f-dr'. 

Air J 4 


(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so I’ll 
try something of the form W = ar(r ■ B) + /3r 2 B, and see if I can pick the constants a and 0 in such a way 
that V ■ W = 0 and V x W = A. 

V ■ W = a [(r ■ B)(V ■ r) + r - V(r - B)] + 0 [r 2 (V • B) + B V(r 2 )] .Vr = ^ + ^ + |^ = l + l + l = 3; 

V(r • B) — r x (V x B) + B x (V x r) + (r ■ V)B 4- (B • V)r; but B is constant, so all derivatives of B vanish, 
and V x r = 0 (Prob. 1.62), so 

( d & 8 \ 

Bx dx + By dy +B *dzJ + + ~ B x* + B v$ + = B ; 

( Q Q 9 \ 

x— + y — + z— J (x 2 + y 2 + z 2 ) =2xx + 2yy + 2zz = 2r. So 

V ■ W — q [3(r ■ B) + (r • B)] + 0 [0 + 2(r • B)] = 2(r ■ B)(2q + 0), which is zero if 2a + 0 - 0. 

V x W = a [(r - B)( V x r) - r x V(r • B)] + 0 [r 2 ( V xB)-Bx V(r 2 )] = a|0*(rxB)] + D[0 - 2 (B x r)] 

= -(r x B)(a — 20) — — i(r x B) (Prob. 5.24). So we want a — 20 = 1/2. Evidently a — 2(— 2a) = 5o = 1/2, 

A 


or q = 1 /10; 0 = -2a = -1/5. Conclusion: 


W = ^ [r(r • B) - 2r 2 B]. 


(c) V x W = A => /(V x W) ■ da = f A ■ da. Or / W ■ d\ = 
f A ■ da. Integrate around the amperian loop shown, taking 
W to point parallel to the axis, and choosing W — 0 on the 
axis: 

-l VI ~ J Isds = j!f °^ (using Eq. 5.70 for A), 


(But this is certainly not unique.) 


w - i 


m, 


For s > R, ~Wl - 


(s < R) 

fiQTlIR^ 




HonIR?l , HonIR 2 l^ 

- 1 -+-o- ln(s/R); 


W = _ Mon/R 2 + 21n(s/i?) j 4 


(« > R). 


Problem 5.54 

Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that 
V * [U x (V x V)] = (V x V) • (V x U) - U • [V x (V x V)]: 

j V - (U x (V x V)] dr = J {(V x V) • (V x U) - U • [V x (V x V)]} dr = j [U x {V x V)] - da. 

As always, suppose we have two solutions, B! (and Ai) and B 2 (and A 2 ). Define B 3 = B 2 — Bj (and 
Aj 5 A 2 — Ai), so that V x A 3 = B 3 and V x B 3 = V x Bj - V x Bj - ^ 0 J — ju 0 J — 0. Set U ■- V — A :J 
in the above identity: 






























I {(V X A 3 ) ■ (V X Aa) - A 3 • [V x (V x A 3 )]} dr = J {(B 3 ) ■ (B s ) - A 3 ■ [V x B 3 ]} dr = J (B 3 ) 2 dr 

— j; [Aa x (V x Aa)] • da — ^"(A 3 x B 3 ) ■ da. But either A is specified (in which case A 3 = 0), or else B is 
specified (in which case B 3 = 0), at the surface. In either case f (A 3 x B 3 ) ■ da — 0. So J (j0 3 ) 2 dr — 0, and 


hence Bi = B^. qed 



(a) I = -—a = nR 2 ] m = Q^-ttR 2 z = z. L — RMv = MuR 2 ; L = MljR 2 z. 

v ' {2ir/u) 2 tt ’2a- 2 


m Q ljR 2 Q 

T ” 2M “ 2M 


m = 1 

( Q > 

{2MJ 

(L, 

and the gyromagnetic ratio is 

f . 

y 2 M 


(b) Because p is independent o/ R, the same ratio applies to all “donuts”, and hence to the entire sphere 
(or any other figure of revolution): 


9 = 


Q 


2 M 


_ e n _ eh _ (1.60 x 10" 19 }(1.G5 x 10~ 34 ) 

(c) m - 2m 2 - 4m - 4(9.ii x io-3i) 


4.61 x 10 -24 Am 2 . 


Problem 5.57 


(a) B ave — 


AttR 3 

3/io 


f 


(3/4)ttH 3 
x da = 


/ 


B dr = 
3 fio 


4ttR 3 


/(V* 


A) dr “ 


/'-{/: 




4tt 

, ^ ~ ~ ~ da l dr'. Note that J depends on the 

(4tv) 2 R 3 J [J v ) 

source point r', not on the field point r* To do the surface 

integral, choose the (x,y>z) coor dinates so that r f lies on the z 

axis (see diagram). Then * — y/R 2 + (z') 2 ^- 2 Rz* cos & , while 

da — R 2 sin8 d& d<j>T . By symmetry, the x and y components 

must integrate to zero; since the z component of f is cos $, we 

have 
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fl d * = if 


cos 6 


R 2 sin Gd6d4> = 2 ttR 2 z 


^R 2 + {z') 2 - 2Rz‘ cos 0 
Let u = cos 6 , so du — - sin 9 d 8 . 

u 


f 


cos 6 sin 0 


yJWTJpf — 2 Rz' cos 6 


d&. 


— 2nR 2 z 


L 


^/W + (z') 2 - 2 RzJu 


-i 


2irR? z 
3(Rz r ) 


^ { [R 2 + (z'f + Rz'} y/& + (*T - 2JB? - [tf 2 + <^0 2 - V / ^ + (^') 2 + 2^'} 


2tt 


L3(2') : 


s {[fl» + M 2 + &'] |J? - **1 - [tf + ( 2 ') s - RA (R + *')} 


4ir 4ir . 

T* I = T r ’ 


(r' < R)\ 


1 


47rH 3 . 4t r fl 3 , 

5(?F z = TPF r ' (r > ' R) - J 


For now we want r* < ii, so B ave — - FT f xr< ) ^ T ' = ~ j xr ^ ^ r "‘ Now m — 5 f(r X J) dr 


2m 

(Eq. 5.91), so B ave = ^^ 3 - 9 ed 
(b) This time r 1 > R> so B ave = - 


(4tt ) 2 R 3 3 

from the source point to the center (■* = —r'). Thus B avE = B ceri . qed 


(4t r) 2 J? 3 3 

3^° 4tt^ 3 J x dT ' = JT J ~~fT~ dr', where * now goes 


Problem 5*58 

tTT ^ 

(a) Problem 5.51 gives the dipole moment of a shell: m — ena/i 4 z. Let R —t r,a —> pdr, and integrate: 


in 


4fr „ f R 4 47T 17 s _ „ , 

= —wpz / r dr = —up—z. But p = 

3 Jo 3 d 


<3 


(4/3)ttJ ? 3 


, so 


m = z. 

o 


(b) B ave — 


po 2m 
47T i? 3 


Po 2(Jw . 

47rTR” Z ' 


, v . _ po rn sin e * 

(c) A -4^— ,i = _ 

(d) Use Eq. 5.67, with R 


Po Qwft 2 sin0 j 
4?r 5 r 2 


f, cr 


pdr, and integrate: 


p o upsin0 j f fl j pow 3Q sin 0 ft 5 
A = -- j- <p r dr = 

3 r 2 Jo 


3 4tvR 3 r 2 5 




po Qu/i 2 sin 6 7 


4tt 


<». 


This is identical to (c); evidently the field is pure dipole, for points outside the sphere. 


(e) According to Prob. 5.29, the field is B = 


4ttjR 


. 

1 3r2 ^l 


5i7 2 J 


0 - 


5R 2 J 


sin 6 0 


The average 
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CHAPTER 5. MAGNETOSTATICS 


obviously points in the z direction, so take the z component of r (cos 0) and 0 (— sin 8): 

O 




0 -®)- 


sin 2 8 


r 2 sin 8 dr d 8 d<fi 


4itR ( 4/3 )irR 3 

SfiotvQ „ r\fr 3 3 R 5 \ 2 /R 3 6 U 5 \ . 2fl l . 

( 4 t rR 2 ) 2 J 0 [\ 3 5 5 R 2 / \3 55 R 2 / J 

R 3 [ cos 2 8 + ~ sin 2 0^1 sin $d$ = ~r [ {7 + 9 cos 2 6 ) sin 9 d 9 

Jo \75 75 J 8 ttR 75 J Q K ' 

_ (—7 cos 0 - 3 cos 3 0 ) 

200 ttH v ’ 


3 fiQUjQ 
8 ttR 4 
Mo 


Mo^Q _ (^3 (same as (b ^ / 


200 t rR 


10tt R 


Problem 5.59 

The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard 
Eq. 5.87 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a 
delta-function, A5 3 {r), with A selected so as to make the average field consistent with Prob. 5.57: 


Bavp ■— 


, * 3 [ A5 3 {r)dr — - - -; A — =+ A = The added term is 

(4/3) 7 rR? J AirR A 4tt R 3 3 


^ma 3 (r). 


Problem 5.60 

(a) / dl J dr> so 



(b) A, non — 




J dr = (Prob, 5,7), where p is the total electric dipole moment. In magne- 


47 rr J 4 ?rr dt 

t ostaticSy p is constant, so dpjdt — 0, and hence A mon — 0. qed 
(c) rn — /a — ^/^(r x dl) —y m = ^ /(r x J) dr. qed 


Problem 5,61 

For a dipole at the origin and a field point in the xz plane {4> — 0), we have 


B _ ^^(2cosi?f + sin 00) = — ^[2 cos0(sin 0x + cos0z) + sin0(cos0x — sin0z)l 
4?rr 4 tt 1 

_ jig m ^ ^^ + ^ cos 2 0 - sin 2 8) zl. 

4 7T r 3 


Here we have a stack of such dipoles, running from z = 
—T /2 to z — +L/ 2 . Put the field point at s on the x 
axis. The x components cancel (because of symmetrical¬ 
ly placed dipoles above and below z = 0), leaving B = 


4tt 


2Mz 


L 


L/2 (3 cos 2 8- 1) 


dz, where M. is the dipole mo¬ 


ment per unit length: m — IttR 2 — (avh)irR 2 — auRnR 2 h 


M = ^ = nauR 3 . Now sin 8 — 


sin 3 8 


so 


z — 


-s cot 8 


dz = 


sin 2 6 


d 8 . Therefore 

































Magnetostatic Fields in Matter 


Problem 6.1 


N — m 2 X B*; Bi = 7 - [3(mi • r)r - ; f = y; mj = miz; m 2 = m 2 y. Bi = - ~ ^-z. 

47r r a 4 tt r J 


N - - 


Mo W11712 
4x r 3 


(yxz) 


downward 


(- 2 ). 


Mo m\mi 

4jt r 3 


x. Here mi — ttc 2 /, m 2 = b 2 I. So 


N= - 


mo W 2 > 
4 r 3 X 


Final orientation 


Problem 6.2 

dF = J dl X B; dN = r X dF = / r X (dl X B). Now (Prob. 1.6): r X (dl X B) + dl X (B x r) + B X 
(r x dl) = 0. But d[r X (rX B)j = dr X (r x B) + r X (dr X B) (since B is constant), and dr = dl, so 
dl x (B x r) = r x (dl x B) — d[r x (r x B)]. Hence 2r x (dl x B) = d[r x (r x B)] - B x (r x dl). 
dN = {d[r X (r X B)] - B X (r X dl)}. N = \l {/d[r X (r X B)] — B x §{t X dl)}. But the first term 
is zero {jd{-• •) = 0), and the second integral is 2a (Eq. 1.107). So N = -/(B x a) = m x B. qed 



According to Eq. 6.2, F = 2ttIRBcosB. But B = 
a Ptmrfp-mi ], md Bco$d = B ■ y, so Bco$0 = 
P pr [3(nii • f)(f - y) - (in, ■ y)]- But nu ■ y = 0 and 
r ■ y — sin<f>, while mi • r — mi cos#. BcosB — 
|^^3mi sin <p cos <p. 


F ~ sin^cos ej). Now sin^ — — , cos$ = \fV 2 — i? 2 /r, so F = Z^niilR 2 • 


But IR 2 7 r — m 2 , so F = ^mim 2 ^,7^ . while for a dipole, R <£ r, so 


(b) F = V(m 2 ■ B) = (m 2 • V)B = (m 2 £) [{£ js ( 3(mi • i)i - m L )] - £ (£), 

2 mi o 1 


_ 3/j 0 mim 2 
2tt r 4 


or, since z = r: 


3uo mjm 2 „ 

___ ^ 

2 7r r 4 
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Problem 6.4 


dF - I {(dyy ) x B(0,y,0) + (dzi ) X B(0,£,;r) - (dy y) x B{0 ,y,e) - (dzz) x 3(0,0,*)} 

- I {-{dyy) x [B(0, y, e) — B(0, y, 0)] +{dz z) x [B(0,e,*) - B(0,0,z)]} 

1 „- * v-„- 'i 


~ t dz 


~ € m 

~ C dy 


{ S * ^ " } * If} ■ [ Note that Sdv “ 6 HL,0 “ d J* f j 0A , « « W 




lo,o,* ~ * W 

0,0,0 


F — m< 


x y 

0 0 

8B r QB y 

dy dy 


Z 

i 

SR* 

dy 


x y z 
0 10 
BB^ 8^ BBj_ 

dz dz 


} =m { 


dB. „8R, .SB, ,8B X 

y -to- x ^i- x -ar- z -a7 


} 


= m 


\dB x „ dB x _dB z 
x—-by—-b z 


dx 


dy 


dz 


( dB 
using V-B = 0 to write + 

dy 


dB z 

dz 


dBx 

dx 


)■ 


But m * B = mB x (since m — mx, here), so V(m • B) — mV(fi r ) = m -b ^*-y + ■ 

Therefore F — V(m ■ B). qed 

Problem 6.5 


(a) B — y, 0 J Q xy (Prob. 5.14). 


m • B = 0, so Eq. 6.3 says F — 0 


(b) m - B = m Q fj,oJ 0 x, so F = m 0 ^o«/ox- 


z 


(c) Use product rule #4: V(p • E) 

= p x (V x E) + E x (V x p) + (p ■ V)E + (E • V)p. 

But p does not depend on (x,y,z), so the second 
and fourth terms vanish, and V x E = 0 , so the 
first term is zero. Hence V(p • E) = (p ■ V)E. qed 

This argument does not apply to the magnetic analog, 
since V x B ^ 0. In fact, V(m ■ B) = (m* V)B + /i 0 (m x J). 

(m ■ V)B Q - mo^(B) - m 0 /Woy> (m • V)Ba = m 0 ^(fioJoxy) = 0. 



Problem 6.6 

Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to 
be paramagnetic. The rest (having an even number) should be diamagnetic. 


Problem 6.7 

J<, — V X M = 0; K f , — M X n = M<p. 

The field is that of a surface current K& — M 0 , 
but that’s just a solenoid, so the field 


M 


-n 


outside is zero, and inside B — Moreover, it points upward (in the drawing), so B = ,u 0 M, 
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Problem 6.8 

V X M — J* — - —(s ks 2 )z — ~(Sks 2 )z — 3ksz, Kj = M x n = ks 2 (<fi x s) = —kR 2 z. 

$ds $ 

So the bound current flows up the cylinder, and returns down the surface. [Incidentally, the total current should 
be zero ... is it? Yes, for fJtda — f^(3ks)(2nsds) — 2itkR?, while fKbdl = (—kR 2 )(2nR) — —2itkR 2 '.} 
Since these currents have cylindrical symmetry, we can get the field by Ampere’s law: 


B ■ 2ns — fiolcnc = po / Jbda = 2nkp,os A =$> B = /j,cks 2 <j> j = poM, 

Jo 1 - 


Outside the cylinder / en c 


= 0, so B — 0. 


Problem 6.9 



K b = M X n = M4>. 
(Essentially a long solenoid) 




(Essentially a physical dipole) 


(Intermediate case) 

[The external fields are the same as in the electrical 
case; the internal fields (inside the bar) are completely 
different—in fact, opposite ih direction.] 


Problem 6,10 

Kf, — M, so the field inside a complete ring would be fioM. The field of a square loop, at the center, is 
given by Prob. 5.8: B sq — \/2 iiq! jnR. Here I — Mw , and jR = a/2, so 


, _ VZfioMw _ 2\Z2/j,oMw 

sq jr(a/2) Tra 


net field in gap : 


B — /xqM 














































Problem 6.11 


As in Sec. 4,2.3, we want the average of B = B out + B;„, where B 0ut is due to molecules outside a small 
sphere around point P, and B;„ is due to molecules inside the sphere. The average of B out is same as field at 
center (Prob. 5.57b), and for this it is OK to use Eq. 6.10, since the center is “far” from all the molecules in 
question: 


A 


out 


Mo f 
4rr j 

outside 


Mxi 


dT 


The average of Bj n is ^ (7P 1 )—Eq- 5.89—where m = |7rA 3 M. Thus the average B, n is 2p 0 M/3. But what is 
left out of the integral A 0l ,t is the contribution of a uniformly magnetized sphere, to wit: 2/aoM/3 (Eq. 6.16), 
and this is precisely what Bj n puts back in. So we’ll get the correct macroscopic field using Eq. 6.10. qed 


Problem 6.12 

(a) M — fesz; Jj - VxM = - k<f> ; K 6 — M X n — kR(j>. 

B is in the z direction (this is essentially a superposition of solenoids). So 
B = 0 outside. Use the ainperian loop shown (shaded)—inner side at radius s\ 


/B • ril = Bl = Mo-fenc = Mo [/ Jb da + K b l\ = jUo [-Ai(^ — $) + kRt] = fj^kls. 


B — fiaks'2 inside. 



(b) By symmetry, H points in the z direction. That same amperian loop gives /H • dl = HI = fio If tBC = 0, 
since there is no free current here. So H = 0 , and hence B = poM. Outside M — 0, so B = 0; inside 
M — ksi , so B = fioksz. 


Problem 6.13 

(a) The field of a magnetized sphere is |poM (Eq. 6.16), so 


B = B 0 - ~poM, 


with the sphere removed. 


In the cavity, H — j^B, so H = ~ (Bo - fpoM) — Ho + M — |M 


H = H 0 + ^M. 

O 


(b) 




The field inside a long solenoid is fioK. Here K — M, so the field of the bound current on 
the inside surface of the cavity is iiqM, pointing down. Therefore 


B = Bq — /^oM; 


H = —(Bo - i*o M) = —Bo - M => H = H 0 . 
^0 ^0 - 


(c) 



This time the bound currents are small, and far away from the center, so 


B ^ B 


0) 


while H = -f-Bo = Ho + M => H = H 0 + M. 




[Comment: In the wafer, B is the field in the medium; in the needle> H is the H in the medium; in the 
sphere (intermediate case) both B and H are modified,] 
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Problem 6.14 


M: 


; B is the same as the field of a short solenoid; H = - 7 -B — M. 



Problem 6,15 

"Potentials 

J VMM) = EAr'P,(cosfl), (r < P); 

\W out (r,6) = D^rP,(cos(?), (r > P). 

Boundary Conditions: 

( fi) W in (R,d)=W oat (R,6), 

1 (ii) - S ^r\ R + Q %*\ R = M ± =Mz r = Mcos*. 

(The continuity of W follows from the gradient theorem: PP(b) — W^(a) = VW ■ d\ = — H - dl; 
if the two points are infinitesimally separated, this last integral 0*} 

f 0) => t =* B t = R 2l+1 Ai, 

1 (») =» £(f + l)whPi(cosO) + Y lA[R l ~ 2 Pi(cos 9) = M cos*. 

Combining these: 

£(2/ + l)P l -MjPj(costf) = M cos 8, so At = 0 (l ? 1), and 3^ = M =* A x = y. 


Thus W m (r,9) = ~r cos 9 = ^-z, and hence H in = -W in = -~z = -Im, so 

o o o o 


B = Mo(H + M) = fi 0 + m) = 




/ 
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Problem 6.16 

fH ■ dl = 7 /enc =/, soH= B = fl o(l + Xm)H - 



M = XmH = 

2t is ^ 

= M X n — 

1 

f 2772 * at s = a; 

at r = &. 



Total enclosed current, for an amperian loop between the cylinders: 

7 + -2tTO = (1 + Xrn)I i SO £ B ■ dl = I-Iq Lnc = w(l 1 Xm)7 ^ B = 

2na J 


+ /■ 

---0. / 

2ws 


Problem 6.17 

From Eq. 6.20: ■ dl = H(2irs) — 7/ eBe — 




(s < a); 
(s > a). 


H= i ds». (•<») \ 

i A. <*><■)/■ 


so B — fiH = 


( ^ 0(1 + *™)^ 

J 2wd^ 1 

(s < a); 

1 HoZ 

l, 2tts j 

(s > a}. 


J& = XmJ/ (Eq. 6.33), and J f - so 

7 Xml 
Jb ~ 0 

'nor 

(same direction as 7), 

Kj = M x n = y m H x n => 

„ _ Xml 
6 2im 

(opposite direction to 7). 

7 6 = Ji(^a 2 ) + K b (2ita) = x m 7 ~ Xml - 

[~p] (as it should be, of course). 


Problem 6.18 

By the method of Prob, 6.15: 

For large r, we want B(r, 9) —► Bo = Boi, so H = —> -^Boz, and hence W -* —-EBqz - 

-—Bnrcosd. 
no u 

“Potentials”: 

f W in (r,8) = ^A^Pii cos<?), (r<l?); 

1 = -^B o rcos0 + 2 $rPt(cos9), (r > R). 

Boundary Conditions: 

(i) W :n (R,«) = W oat (R,«l 

. (u) l«+^!«=o- 

(The latter follows from Eq. 6.26.) 


u 

{ 


(ii) => no 


i-B o cos0 + Y(l + l)-^P ; (cos^)l + /iTlAtR'-'Pticos$) - 0. 
/Jo ii 


For / / 1, (i) =1 > Bi~ 7t 2 * + Mi, so [no(l + 1) + pi] AiR 1 - 1 = 0, and hence At = 0. 

For l = l, (i) => AiR = -^-B 0 R + B\/R 2 , and (ii) =>• B 0 + 2fioBi/R z + hM = 0, so A\ — ~3Bq/(2ho + n)- 


W in (r,9) = - 


t*Q 

3B 0 


(2{io + h) 


r cos 8 = - 


b=hH = 


3Bqz 
(2ho + H) 

3/iBq 


Hit. = -VW'ln = 


3B 0 


z = 


3B 0 


(2^o + p) (2po + h) 


(2po + h) 


(r 


+ 


Xm \ 


+ Xm/3/ 
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By the method of Prob. 4.23: 

Step 1: B 0 magnetizes the sphere: M 0 = ^ m H 0 = This magnetization sets up a field within 

the sphere given by Eq. 6.16: 

B) = |poM 0 = \ B 0 = ^kB 0 (where k = y*2a_). 

3 3 1 + x-m 3 * m 


Step 2 \ Bj magnetizes the sphere an additional amount Mi = —Bi. This sets up an additional field in 
the sphere: 



The total field is: 


B — Bo + Bi + B 2 + ■ ■ • — Bq + (2k/3)Bo + (2/t/3)^Bo + ■ ■ • — [l + (2 k/ 3) + (2re/3)^ + * ■ * ] Bp 


Bo 

(1 - 2k/3) ' 


1 __3_ 

1 — 2k/3 3 “ 2^ni/(l "t" \'ro) 


3 + 3Xm 

3 + 3\'m - 2 Xm 


3(1 + Xm) 
3 A- Xm 



Problem 6.19 


Am — — |~B; M — — — ~^B, where V is the volume per electron. M = X' m H (Eq. 6.29) 

= ( Ec l- 6.30). So Xm ~ [ATote: Xm < 1, SO I won’t worry about the (1 + Xm) 

term; for the same reason we need not distinguish B from B e i se , as we did in deriving the Clausius-Mossotti 
equation in Prob. 4.38.] Let’s say V — |?rr 3 . Then Xm — — ^ I’ll use 1 A— IO " 10 m for r. 


Then Xm = -(10 7 ) ( 


3(1.6xlQ~ 19 ) 2 
4 (9. lx 10 —3 1 ) (1 (J - 1 0 j 


-2 x 10 -5 , 


which is not bad—Table 6.1 says x™ “ — 1 x 10 5 , 


However, I used only one electron per atom (copper has 29) and a very crude value for r. Since the orbital 
radius is smaller for the inner electrons, they count for less (Am ~ r 2 ). I have also neglected competing 
paramagnetic effects. But never mind ... this is in the right ball park, 


Problem 6.20 


Place the object in a region of zero magnetic field, and heat it above the Curie point—or simply drop it on 
a hard surface. If it’s delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it 
back and forth many times; each time you reverse the direction, reduce the field slightly. 

Problem 6.21 


(a) Identical to Prob. 4.7, only starting with Eqs. 6.1 and 6.3 instead of Eqs. 4.4 and 4.5. 

(b) Identical to Prob. 4.8, but starting with Eq. 5.87 instead of 3.104. 

(c) U — — [3 cos 9 1 cos 82 ~ cos (#2 - 0i)] m i m 2- Or, using cos(02 — #i) — cos#i cos 62 — sinfli sinf? 2 , 

U = ^(sin $1 sin 82 - 2 cqs#i cos 0 2 ). 

Ait r 6 ___ 

Stable position occurs at minimum energy: = 0 


= fl T,T ( cos 0 i sin 82 + 2sin 81 cos#2) = 0 => 2 sin#i cos $2 — — cos 61 sin#2; 
= astziifps (sin 81 cos 82 + 2 cos(?i sin #2) = 0 =*► 2 sin#i cos 62 = —4 cos 8\ sin 0 2 - 


























Thus sin 61 cos 62 — sin 62 cos 9\ = 0. 


Either sin $1 — sin 62 — 0 : 
cos 9i = cos 62 — 0 : 


or 


p J 

^ A 


11 

or t 4- 

® 

© 


Which of these is the stable minimum? Certainly not © or©—for these ra 2 is not parallel to Bi, whereas we 
know m 2 will line up along Bi. It remains to compare( 1 ) (with 61 = 9 2 = 0) and© (with 6\ = tr/2, 62 = -tt/2): 
[/ 1 — U -2 — a 12 (-1)- Ui is the lower energy, hence the more stable configuration. 


Conclusion: They line up parallel, along the line joining them: 


(d) They’d line up the same way: 


Problem 6.22 

F = I jd\ x B = 7 rf l) x B 0 + I jd\ x [(r ■ V 0 )B 0 ] - I (j> dl^ x ((r 0 ■ V 0 )B 0 ] = I j d\ x [(r ■ V 0 )B a ] 
(because § d\ — 0). Now 

(dl x Bo)^ = Y2 £ ijkdlj(B 0 )*, and (r • V 0 ) = J^Vo),, so 

j y k l 


- 1^2 e m f r ' dl i [(Vo)i(5o)fc] | Lemma 1 : <h n dlj = ^ {proof below). j> 

j.k,t U J 1 ^ m J 

= I 'y " Cjjjtefjm.a m (Vo)((5o)fc \ Lemma 2 : ^ — fiu$km (proof below). 

^ j 

= / (<Si((5itm “ $im<5fc<) <lrn(^o)j(-Bo))t = L ^ [a t (Vo)i(Bo)*; - Oi(Vo)/: (#())*] 


kj t m 


= /[(Vo)i(a ■ Bq) - Ui(Vo ■ B 0 )] ■ 


But Vo ■ B 0 = 0 (Eq. 5.48), and m = 7a (Eq, 5.84), so F = V 0 (m ■ B 0 ) (the subscript just reminds us to take 
the derivatives at the point where m is located), qed 


Proof of Lemma 1: 

Eq. 1.108 says § (c ■ r) tfl = a x c = -c x a. The jth component is § c v r v dlj — - £ pm e jp m c p a m . Pick 
c p — dpi (i.e. 1 for the Ith component, zero for the others). Then <f r t dlj — - qed 

Proof of Lemma 2: 

e ljk e i]m = 0 unl ess ijk and Ijrn are both permutations of 123. In particular, i must either be l or m, and A: 
must be the other, so 

^ ' CijjfcCljm — + Bdim&kl ■ 

3 

To determine the constant A, pick i ~ l = 1, k = m - 3; the only contribution comes from j = 2: 

€ 123 e 123 — I — A61 1 (S33 + B613&21 = A =$ A = 1 . 


To determine J3, pick i=m=l,fc — 1 = 3: 

C123C321 = — 1 = ^13^31 + 5^1^33 = B => D = — 1. 


^ijk r,j tii “ qed 

j 


So 
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Problem 6.23 


(a) The electric field inside a uniformly polarized sphere, E — — (Eq. 4.14) translates to H = — g^(/ioM) — 
= ^o(H-j-M). So the magnetic field inside a uniformly magnetized sphere is B = /io(— |M+M) = 


2 ™ 


(same as Eq. 6.16). 


(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E — 1+x ^ 3 Eo 
(Eq. 4.49). Now Xe translates to Xm> for then Eq. 4.30 (P — cox^E) goes to poM — poXmH, or M — XmH 
(Eq. 6.29). So Eq. 4.49 => H = t+x ^y 3 Ho. But B = po{l + Xm)H, and Bo = po^o (Eqs. 6.31 and 6.32), 
so the magnetic field inside a sphere of linear magnetic material in an otherwise uniform magnetic field is 
B 


1 


Bo 


Po(l + Xm ) (1 + Xm/3) p0 


, or 


= (r 


+ 


Xm \ 

+ Xm/3/ 


(as in Prob. 6.18). 


(c) The average electric field over a sphere, due to charges within, is E ave = - 5 — Let’s pretend the charges 
are all due to the frozen-in polarization of some medium (whatever p might be, we can solve V*P = —p to find 
the appropriate P). In this case there are no free charges, and p = JPdr, so E ave = — 4 ^ 7 ^ /P dr, which 
translates to 

H ™ = = ~4nR? m ' 

But B = p 0 (H + M), so B ave - jjy + poM ave , and M ave = j—j, so 


Bave — 


Po 2m 
4ff tf 5 "’ 


in agreement 


with Eq. 5.89. (We must assume for this argument that all the currents are bound, but again it doesn’t really 
matter, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H. 
Goedecke, Am. J. Phys. 66 , 1010 (1998).) 


Problem 6.24 

Eq-2.15: E = f>{jk;f v £idT'} 

Eq- 4.9 : V = P •{ds/v£*'}_ 

Eq. 6-11 : A = WeoM X ( jJj;/ v ^ ir') 

Bin 
Boat 


(for uniform charge density); 
(for uniform polarization); 
(for uniform magnetization). 


For a uniformly charged sphere (radius R ): 

So the scalar potential of a uniformly polarized sphere 



(Prob. 2 . 12 ), 


(Ex. 2.2). 

( v m = 


{ v out = 

5fe5r(P-f). 

. r A in 

- ffl(Mxr), 

MS: 1 A 

[ A out 

= f^(Mx 


(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5-11), 


Problem 6.25 

(a) Bi = (Eq. 5.86, with 0 = 0). So m 2 *Bi = - 

{-mdgz): 


F = V(m-B) (Eq. 6.3) => F = £ [- 


a° m 

2 tt IT 


Z = 


z. This is the magnetic force upward (on the upper magnet); it balances the gravitational force downward 


3po m 2 
2 rrz 4 


— mag = 0 



’3p 0 m 2 ' 

1/4 

z — 

_2rm d g 

* 1 
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(b) The middle magnet is repelled upward by lower magnet and downward by upper magnet: 


3/zom 2 3/xo m 2 

2nx 4 27ry 4 ” md9 ~ ' 


The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet: 


3^om 2 3 /iq m 2 

2wy* 2n{x + y) 4 md ® 


Subtracting: 2^! [j* _ A, - £ + -m d g+m d g = 0, or + = 0, so: 2 = ^ + ^ pry7 . 

Let a = xfy\ then 2 — 


_ i 


+ Matheinatica gives the numerical solution a — x/y — 0,850115 . 


Problem 6,26 

At the interface, the perpendicular component of B is continuous (Eq, 6,26), and the parallel component of 
H is continuous (Eq* 6,25 with Kf =0). So B^~ = B^t Hf = hJJ, But B — /zH (Eq. 6.31), so — ^b|. 

Now tan 9\ = b\/B^, and tan $2 — b\ j , so 


tan 02 _ b\ B± b| fjr^ 
tanfli ” bJ ” fl} ~~ fii 

(the same form, though for different reasons, as Eq. 4.68). 

Problem 6,27 

In view of Eq* 6.33, there is a bound dipole at the center: = x m m. So the net dipole moment at the 

center is mc en ter = m + m*, = (1 + Xm) ra = ~fr m This produces a field given by Eq. 5.87: 


n 1 

Bcenter = [ 3 (m • f)f - ml • 

dipole 4 tt r 3 J 

This accounts for the first term in the field. The remainder must be due to the bound surface current (K&) at 
r = R (since there can be no volume bound current, according to Eq. 6.33), Let us make an educated guess 
(based either on the answer provided or on the analogous electrical Prob. 4.34) that the field due to the surface 
bound current is (for interior points) of the form B sur f ace = Am (he* a constant, proportional to m). In that 

current 

case the magnetization will be: 

M = XmH - —B = ^4E3(m-f>f-m] + Am. 

H 4t rr t* 

This will produce bound currents = VxM — 0, as it should, for 0 < r < R (no need to calculate this 
curl—the second term is constant , and the first is essentially the field of a dipole, which we know is curl-less, 
except at r = 0 ), and 

K 6 = M(A) X f = ^~ 3 {-m X r) + ^—(m X f) = * m m + f) &ind & 

But this is exactly the surface current produced by a spinning sphere: K = av = au>R sin 6 tp, with (erwR) 
Xm m — 4 ^s) ■ So the field it produces (for points inside) is (Eq. 5.68): 

2 2 

Bsurface = ~flo(<7U)R) = rMoXm™ 

current a o 


V 

(1 4?ri? 3 ) 





















^‘surface — « ** \ywrif — 71JX j ^surface I — 

current O o \ 2 /^q current / fiQ 


Att R 3 (2{i 0 + (J,) 


Mo(2mo + m) 


So the total dipole moment is: 


M m 

mtot -- —m H-m 

Mo Mo 


(Mo ~ M) 

( 2 mo + m) 


3pm 

(2mo + m) 


and hence the field (for r > R) is 


B 


Mo 

A-k 


3 m 

2/io “I" M 



m • r)r — rn]. 


Problem 6.28 

The problem is that the field inside a cavity is not the same as the field in the material itself. 


(a) Ampere type. The field deep inside the magnet is that of a long solenoid, Bo ~ /i 0 M. From Prob. 6.13: 

{ Sphere : B = Bo — |moM = jMoM; 

Needle : B = Bo — MoM = 0; 

Wafer : B = moM. 


(b) Gilbert type. This is analogous to the electric case. The field at the center is approximately that midway 
between two distant point charges, Bq « 0. From Prob. 4.16 (with E -$■ B, l/e 0 —► Mo. P -> M): 

' Sphere : B = B 0 + = |moM; 

i Needle : B = Bq = 0; 

[ Wafer : B = Bq + MoM = MoM. 


In the cavities , then, the fields arc the same for the two models, and this will be no test at all. 
with $1 M from the Office of Alternative Medicine, 


Fund it 


Yes. 













Electrodynamics 


Problem 7.1 


(a) Let Q be the charge on the inner shell. Then E = in the space between them, and (V a - V*) = 


= fi-ia-o ft,-da = c^- =— 4 ’ r ‘° (V ° y = 
J J Co Co (l/o — 1/*) 


4tTCT 


(Va ~ Vb) 

(1/a — l/b) 


(b)R = 


V b 


1 

( l M 

47 TCT 

U *>)' 


(c) For large b (b » a), the second term is negligible, and R = l j Anna. Essentially all of the resistance is in 
the region right around the inner sphere. Successive shells, as you go out, contribute less and less, because the 


cross-sectional area (4trr 2 ) gets larger and larger. For the two submerged spheres, R ~ 
the current leaves the first, one R as it converges on the second). Therefore I — V/R = \ 2ircraV, 


2 _ 

4 -71-0-a 


l 


2n& a 


(one R as 


Problem 7.2 

(a) V — QjC — IR. Because positive / means the charge on the capacitor is decreasing , 
~ = -I = so Q(t) = Q 0 e~*' RC . But Q 0 = Q( 0) = CVo , so ~Q(t) = CV 0 e~^ RC 


RC 

dQ 

dt 


Hence I{t) = —— = CV^—e 

HO 


-t/RC _ 


Yl P -t/RC 

R 


(b) W ~ \cVq . The energy delivered to the resistor 

vj_(_Re 

R \ 2 


0 -2 t/RC 


1 


poo pQO t /2 too 

is / Pdt - I 2 Rdt = ~ / e~ n / RC dt — 
Jo Jo R Jo 


- 


/ 


(c) Vo = QfC + IR. This time positive I means Q is increasin'?: ~ — I = ~^(CV 0 - £) => ^ — 

dt RC Q — CVo 

dt => ln{<? - CVo) = + constant => Q(t) = CVo + ke~ t/RC . But Q(0 ) = 0 =*■ k — -CVo, so 


RC 


Q(t) = CV a (l 


,-t/RC> 


/W-f-ow 


( _L c -*/J*cA = 

Yip-t/nc 

\RC ) 

R 
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T/2 1/2 > , ,oo I/ 2 r- 

(d) Energy from battery: j V 0 Idt — ~ j e~^ RC dt = y—RCe^ R °J = -^-BC = C% 2 
Since I(t) is the same as in (a), the energy delivered to the resistor is again 


kCV 2 . 


2 '-' r q . The final energy in 


the capacitor is also 
to the resistor. 


icv 0 \ 


so 


half the energy from the battery goes to the capacitor, and the other half 


Problem 7.3 


(a) I — /J * da, where the integral is taken over a surface enclosing the positively charged conductor. But 
J = crB, and Gauss's law says /E * da — so I — a JE * da = f^Q. But Q — CV t and V — /ii, so 


/ - *-CIR t or 
€0 1 


R = 


£o_ 

aC' 


qed 


dt 

time constant is r = RC = 


(b) Q = CV = CIR =» *£ = -I = -4*Q => Q{t) = Qoe~ t/RC , or, since V = QfC, V{t) = V 0 e~^ RC . The 


e 0 /a. 


Problem 7.4 

I — J{s ) 2itsL 


-s: 


E-dl= - 


J(s) = I/2nsL. E — Jja — //2ttsctL = I/2itkL . 
/ 


2iekL 


(a - 6). So 


R = 


2 t :kL 


Problem 7.5 

£ 


I = 


r + R 


; P = I 2 R = 


£ 2 R 


. dP 

" i in — ^ 


2 R 


(i r + R ) 2 ’ dR |> + B) 2 (r + f?) 3 


= 0 r + R — 2 R =>■ 


R = r. 


Problem 7.6 

£ - f E • dl = 


zero 


for all electrostatic fields. It looks as though £ — $ E • dl = (er/c Q )/i, as would indeed 


be the case if the field were really just a/e q inside and zero outside. But in fact there is always a “fringing 
field" at the edges (Fig. 4.31), and this is evidently just right to kill off the contribution from the left end of 
the loop. The current is | zero. | 


Problem 7.7 


(a) £ = -* = -Bif = -BIv; £ = IR =► 


I - 


Blv 
R ' 


(Never mind the minus sign—it just tells you the 


direction of flow: (v X B) is upward, in the bar, so downward through the resistor.) 
(b) F = IIB = 


B 2 l 2 v 

to the 

left. 

R ’ 




. . „ dv B 2 l 2 

(c) F — ma = m— — —— 

Oft -/x 


dv , B 2 l 2 , 

— = - (-)u => 

dt v Rm > 


v — VQe rn! 


(d) The energy goes into heat in the resistor. The power delivered to resistor is / 2 JR, so 

B 2 l 2 


m i 2 n sW p - 

~dt R R?- R ~ ~R~ ° 


, where a = ——; —— — 


mR 5 


2^-2 act 

— amv^e . 


The total energy delivered to the resistor is W — amv 2 / e 2at dt — amv q 

Jo 


dt 

-2 at 


—2a 


2 1 1 2 
= arnv o ^ = 2 mv °* 


/ 















































Problem 7.8 






(a) The field of long wire is B — so $ = J B • da = ~~ J -(ads) 


figla 

2 tt 


In 


(^) 


f HQlad^fs + a\ 

(b)£ = -* =_ irs ln i"—J> 


, ds no-fa 

and — = v, so - —— 
dt 2 tt 


/ 1 ds _ 1 ds\ 

\s + a dt s dt J 


fioIa 2 v 
2tts(s + o ) 


The field points out of the page, so the force on a charge in the nearby side of t he square is to the right In 


the far side it’s also to the right, but here the field is weaker, so the current flows counterclockwise 


(c) This time the flux is constant, so £ = 0. 


Problem 7.9 

Since V’B = 0, Theorem 2(c) (Sect. 1 . 6 . 2 ) guarantees that /B-da is the same for all surfaces with a given 
boundary line.____ 

Problem 7.10 

$ = B * a = Bo 2 cos 9 
Here 6 — ut, so 
£ — —^ = -Ba 2 (— sinwt)u;; 


£ — Bum 2 smut. 



(view from above) 


Problem 7.11 

£ — Blv — IR I = => upward magnetic force = IIB = ^~v. This opposes the gravitational force 

downward: 


B 2 l 2 dv dv B 2 l 2 g 

mg — — ^—v = m —; — = g - av, where a = —- . g — avt = 0 =>• vt = — = 


R 


dt dt 


mR 


a 


mgR 
BH 2 ' 


dv 1 

--= dt => — — ln(g — an) = t + const. => g — av = Ae~ at \ at t = 0, v = 0, so A = g. 

g — av a 


av = g( 1 - e -Qf ); v = *-(1 - e^ at ) - v t (l - e~ at ). 

a 


At 90% of terminal velocity, v/vt = 0 9 = 1 — e at => e ai — 1 — 0.9 = 0 . 1 ; ln(O.l) = —at; In 10 = at; 
t = l In 10 , or 


vt 


* 90 % = — In 10 . 
9 


Now the numbers: m = AgAl, where t) is the mass density of aluminum, A is the cross-sectional area, and 
i is the length of a side. R — 41/Ae, where a is the conductivity of aluminum. So 


4r}Alg4l 16 T)9 1 $9VP , 

= = ^ = “ d < 


r p- 2.8 x 10 -*fim 
g — 9.8 m/s 2 
t) — 2.7 x 10 3 kg/m 3 
B = IT 


So V( = (16)(9-8)(2.7xlQ 3 )(2.8x 10~ s ) = 12 cm/g . tgQ% = Llgfl ln (l 0 ) = 


If the loop were cut, it would fall freely, with acceleration g. 
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CHAPTER. 7. ELECTRODYNAMICS 


Problem 7.12 


— n 



7 TOT 


4 


Bo cos(w t ); £ = — 


dt 


7r a 


Bqlu sin(ut). 



TTO?U* 

4 R 


Bq sinftut). 


Problem 7.13 



^kta 5 . 


Problem 7.14 



Suppose the current (/) in the magnet flows counterclockwise (viewed from 
above), as shown, so its field, near the ends, points upward. A ring of 
pipe below the magnet experiences an increasing upward flux, as the magnet 
approaches, and hence (by Lena’s law) a current (find) will be induced in it 
such as to produce a downward flux. Thus I nu i must flow clockwise , w'hich is 
opposite to the current in the magnet. Since opposite currents repel, the force 
on the magnet is upward. Meanwhile, a ring above the magnet experiences 
a decreasing (upward) flux, so its induced current is paralled to I, and it 
attracts the magnet upward. And the flux through rings next to the magnet 
is constant, so no current is induced in them. Conclusion: the delay is due 
to forces exerted on the magnet by induced eddy currents in the pipe. 


Problem 7.15 

In the quasistatic approximation, B ~ 
Inside: for an 11 am peri an loop” of radius s < a, 


( ponli, (s < a); 

1 0 , (« > a). 


$ = Bits 2 


Pq nlns 2 ; <j> 


E ■ dl = E 2 ns = 


d£ 

dt 


2 dl 

-ponTTS —; 


2 dr 


Outside: for an “amperian loop” of radius s >a: 


$ = i?7ra 2 — p^nlna 2 ; 


2 dl 

E2ns — —ponna—; 


E = — 


pond 2 dl * 
2s dt 


Problem 7.16 

(a) The magnetic field (in the quasistatic approximation) is “circumferential”. This is analogous to the current 


in a solenoid, and hence the field is longitudinal. 


(b) Use the “amperian loop” shown. 

Outside, B = 0, so here E = 0 (like B outside a solenoid). 
so/E.rfi=H=-f = -{ipi-d*=-ij:&id* 

■ ■ E=-&% !n(f). But % =-/pmiimi, 


SO 


E = 


PoIqw 

2 tt 


sin(u;t) In z. 


(r 


i 



H 
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Problem 7.17 

(a) The field inside the solenoid is B = pan I. So $ = i:a 2 ponI => £ = ~ira 2 fion(dI/dt). 
In magnitude, then, £ ~ na 2 ponk. Now £ = I r R , so 


B is to the right and increasing, so the field of the 


no? flank 


1 resistor — 


R 


oop is to the left, so the current is counterclockwise, or 


to the right, through the resistor. 


dQ 


1 d$ 


(b) A 4* — 2'kcl 2 fiQnI\ I — —- — — — — — — 


dt R 


R dt 


AQ — — A4>, in magnitude. So 
ft 


AQ = 


2na 2 panl 
R ' 


Problem 7.18 


-/> 


*=' 


f 2a ds _ 

Ja « 


ds pala\n2 D _ ^ D _ d4> 

" 27r ’ £ = IioopR= -dt R= ~d^ = 


fioa In 2 dl 
2 tt dt 


^ /ioaln2 

dQ = —MC dI =*■ 


<3 = 


7/.toaln2 
2 jri? ' 


The field of the wire, at the square loop, is out o/ the page, and decreasing, so the field of the ind uced 
current must point out of page, within the loop, and hence the induced current flows counterclockwise. 


Problem 7.19 

In the quasistatic approximation, B — { (* ns ’?f toro *^)’ 

’ ' n (outside toroid) 


f M. 

li°n, B = ( 0 * 
(Eq. 5.58). The flux around the toroid is therefore 


fioNI 


27 t J a s 2ir V a / 27 to dt 27ra dt 


/ioIVhtUj. d$ _ d/ _ /roWhrufc 


2 tto 


The electric field is the same as the magnetic field of a circular current (Eq. 5.38): 


B = 


Pal 


2 (a a +z 2 ) 3 / 2 * 


with (Eq. 7.18) 

I -y - 


J_d$ 
(iq dt 


Nhwk 

2na 


So E 


_P o / 
2 ^ 


Nhwk\ 


2 na J (a 2 +z 2 ) 3 / 2 


z = 


pa Nhwka 
4tt (a 3 + -z 2 ) 3 / 2 


Problem 7.20 

(a) From Eq. 5.38, the field (on the axis) is B = ^a^jg ra z, so the flux through the little loop (area 7 ra 2 ) 


$ = 


pan I a 2 b 2 

2(f> 2 + 2f 2 ) 3 / 2 " 


(b) The field (Eq. 5.86) is B — (2 cos 0 r 4 -sin 0 0), where m — IVa 2 . Integrating over the spherical “cap" 

(bounded by the big loop and centered at the little loop): 


$ 


-I 


B • da = 


po lira 2 
47r r 3 


J (2 cos 0 ) (r 2 sin 0 df? d$) = 2 tt J cos 0 sin 5 d# 
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CHAPTER 7. ELECTRODYNAMICS 


tioliro? sin 2 0 

§ 

fiQTrIa 2 b 2 

r 2 

0 

2(6 2 + 2 2 ) 3 / 2 ’ 


the same as in (a)!! 


(c) Dividing off I (4>i — Muh, $2 — M21J1): 


Afia — M-n — 


flQTUl 2 b 2 
2(f>3 +2 2)3/2' 


Problem 7.21 


- rf* 

t = —r- — —M — = 
df dt 


-Mk. 



It’s hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances, 
I’ll find the flux through the little loop when a current I Rows in the big loop: = ML The field of one long 
wire is B = ^ ^ads — In 2, so the total flux is 


* o* /xo/oln2 ji 0 uln2 

$ _ 2$i - -- => M = —- => 


7T 


£- 


j-iQka In 2 


7T 


in magnitude. 


Direction: The net flux (through the big loop), due to I in the little loop, is into the page. (Why? Field 
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses 
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing, so the induced 


current in the big loop is such that its field points out of the page: it flows counterclockwise 


Problem 7.22 

D ~ pan I => <J?j = /iQnlnR 2 (flux through a single turn). In a length l there are nl such turns, so the 
total flux is $ = fi 0 n 2 nti 2 lL The self-inductance is given by = LI, so the self-inductance per unit length is 


£ = pLQn 2 rR 2 . 




Problem 7.23 

The field of one wire is B x = so $ = 2 ‘ ^ ■ t J ~ In (^). The t in the numerator i 

e 

negligible (compared to d), but in the denominator we cannot let c ->■ 0, else the flux is infinite. 

. Evidently the size of the wire itself is critical in determining L. 


is 


L — In (d/e) 

71 


Problem 7.24 

(a) I11 the quasistatic approximation B = 0. So 

Z7T S i£7T 

This is the flux through one turn; the total flux is N times $1: $ = 


f b ~hds = 

h & 

Pq Nh 


jiglh 
2 it 


ln(t>/a). 


2t r 


ln(&/a)/o cos(ut). So 


£ = 


dd» 

dt 


^ Nh ln(b/a)I 0 usm{ujt) - ( 47r * 10 J ) In ( 2 )( 0 .5)(2jr60)sin(ad) 


2 tt 


2.61 x 10 4 sin(wi) 


5.22 x 10 7 sin(wt) 


2?r 

£ 2.61 x 10 -4 

(in volts), where u — 27T60 — 377/s. I r — — = ——-—sin(ud) 

It ouU 

(amperes). 


(b) £ b ~ where (Eq. 7.27) L = «^ln(6/o) = (*»* 10 ~ T X toB) U° 2 ? l n (2) = 1.39 x 10“ 3 (henries). 

Uv 


Therefore £ b - -(1.39 x 10“ 3 )(5.22 x 10 -7 w) cosM) = -2.74 x 10 _7 cos(wt) (volts) 
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2 74 x 10 -7 i- 

Ratio of amplitudes: ——- ---- - — 1.05 x 10“ 3 

2.61 x IQ-* L 


iioN 2 bjj , 


Problem 7.25 


With / positive clockwise, £ — —L4[ — QjC^ where Q is the charge on the capacitor; I = 


so 


= ~-£cQ = -w 2 Q, where w = The general solution is Q{t) = Acosud + Bsinud. At t — 0, 


Q - CV , so A = CF; /(f) — ^ - —Aw smut + Busmwt. At t = 0, / = 0, so B = 0, and 
I(t) = -CVu sin ut — 



If you put in a resistor, the oscillation is “damped”. This time — ^ +1R, so + R^- + = 0. 

For an analysis of this case, see Purcell’s Electricity and Magnetism, (Ch. 8 ) or any book on oscillations and 
waves._ 

Problem 7.26 

(a) W = \LI 2 . L = /ionVtf 2 * (Prob. 7.22) W ~ ^Hon 2 nR 2 lI 2 


(b) W = |/(A ■ I)dl. A = (itonI/2)R<f), at the surface (Eq. 5.70 or 5.71). So Wi — ^ lis ~d.RI ■ 2i tR, for one 
turn. There are nl such turns in length f, so W — ^to n^itR^U 2 . / 

(c) W = ^ fB 2 dr. B = pquI, inside, and zero outside; Jdr — irR 2 l, so W = ^A-z^n 2 / 2 ^// 2 ! = 
^liQn 2 TrR 2 lI 2 . / 

(d) W — ^ [JB 2 dr — Ax B) * da]. This time JB 2 dr — fiQn 2 I 2 ir(R 2 — a 2 )l. Meanwhile, 

A X B = 0 outside (at s — b ). Inside, A = (at s — o), while B — fiQnl z. 

A x B = ^tiln 2 I 2 a(<p x z) <s 

t points tnuiard (“out" of the volume) / * 

/(A X B)*da = /( \^n 2 1 2 as) - [ad<j)dz{— s)] = — ^on 2 / 2 a 2 27rf. -1-- z 


W = ^ [/i 2 ra 2 / 2 7r(I? 2 — a 2 )i + ^ 2 ra 2 / 2 7ra 2 f] = |/i 0 n 2 / 2 T? 2 7ri. / 




Problem 7.27 


B = 


2 t rs 




a**- = JL & 2 ’ 1 n 


L = ^-n 2 /iln ( b/a ) 
2 tt 


2po 4 tt 2 
(same as Eq, 7.27). 


J~hrd4>ds — ^°„ n / ■ h2n In 


8 tt 2 


(-:)■ 


—fion 2 I 2 h\n(b/a). 
4 7T 


Problem 7.28 


/. 


Hols 


B • dl — B( 2 tts) — /ro/enc — fiQl(s f R ) B — ^2 ■ 

„, = j_ i B 2 ir= jLA!L /\ s ™ = *'w 

2pLo J 2hq 4tt 2 R 4 J 0 4nR 4 4 lo 


Mo* 


1 


- / 2 - -LI 2 . 

167T 2 


So 


L = jjp/, and C = Ljl — | /io/8?r, | independent of 


B! 


Problem 7.29 

(a) Initial current: Iq — £o/R. So -L^j- = IR ~ — -y-I => I = Ioe~ Ri ^ L , or 

dt dt L 


(b) P = I 2 R = (£o/R) 2 e- 2m ' L R = £le~ 2m ' L = 

ii at 

c2 
^0 


£□ p -Rt/L 


m = ^ 


W 


=ir— 1 ( 4 —) 


= f (0 + £/2fl) = 
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(c) W 0 = \L% = £ (£o/Kf . / _ 

Problem 7.30 

(a) Bi — 4 ^ “jA[3(ai ■ i)i — ai], since mi -- Rai. The flux through loop 2 is then 
$2 — Bi ■ *2 — 7~"vM3(ai ■‘i)(a 2 -i) — ai - 82 ] = MR. 

47r 

. {This is the work done per unit time against the mutual emf in 
Ii is constant) MR — M R R, where I 2 is the final current in loop 2 : 


Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole 
moments were fixed, and we did not worry about the energy necessary to sustain the currents themselves—only 
the energy required to move them into position and rotate them into their final orientations. But in this 
problem we are including it all , and it is a curious fact that this merely changes the sign of the answer. For 
commentary on this subtle issue see R. H. Young, Am. J. Phys. 66 , 1043 (1998), and the references cited 
there._ 

Problem 7.31 

The displacement current density (Sect. 7.3,2) is = Co ~ ^ ~ z. Drawing an “amperian loop” at 
radius s, 


(b)£ l = -M<%, ^1, =-£!/,= MR 

loop 1 —hence the minus sign.) So (since 

W = -p^r[3(mi ■'i)(m2 -*) - mi * m 2 ]. 

47TV 


M = ^^j[3(ai • <i)(a 2 • i) — a! ■ a 2 ). 


/ 


B • cfl 


B • 2ns = MoRw 




Mo 7 s 2 
27T.9Q 2 ’ 


B - 


Mo/s 

2 jro 2 


0. 


Problem 7.32 


(a) E = .. <t) _ m . 

Co TTU 

It 

7T0 2 ’ 

It . 
neoa 2 Z 




(b) /d en£ - d d ns 2 = eo^TTS 2 = 

(c) A surface current flows radial 

a 2 ' 

f s 2 

f B ■ dl = MoRw c =► R 27ts = Mo/-^ => B = 

l^I 1 

2 na‘ s ' p - 


y outward over the left plate; let /(s) be the total current crossing a circle 


of radius s. The charge density (at time t) is 


<r(t) = 


-/(»)]* 


Since we are told this is independent of s, it must be that I - I(s) — 0s 2 , for some constant 0. But 1(a) — 0, 
so 0a 2 = I, or 0 = Ija 2 . Therefore I(s) = /(I — s 2 /a 2 ). 


B2ns - Mo/enc = Mo[/ - /(s)] - Mo : 


B = 


Mo 

27m 2 


s4>. 


/ 


Problem 7.33 

(a) J d = eo - cos(wt) In (o/s) z. But I Q cos(u»t) = I. So 


<b) h = f 


2 7T 

J d • da — 


MqCqu? 2 / 
2 t r 


J d ^v 2 nn(a/s)z. 
2tt 


pa pa 

I ln(a/a)(27rsds) = Moeow 2 / / (sina - slns)ds 

J 0 Jo 


= Mo<V i / [(lna)^-4lns + 4]|*=MoSou» 2 / [^/fna-^na + £] = 


I _ 

Mqco^ 2 /o 2 

j ~ 

4 







































Since — 1/c 2 , /*// = ( ua/2c ) 2 . If a = 10 3 m, and ! -f — y^, so that — = 


(c) 


Id {iQ€aLJ l a 2 


isJ 


= m = ^ w - 0.6 x 10 ”/s = 6 x I 0 10 /s; 


v — 


microwave region, way above radio frequencies.) 


ra 10 10 Hz, or 10 4 megahertz. (This is the 


Problem 7.34 

Physically, this is the field of a point charge —q at the origin, out to an expanding spherical shell of radius 
vt\ outside this shell the field is zero. Evidently the shell carries the opposite charge, +q. Mathematically , 
using product rule #5 and Eq. 1.99: 


V-E = 0(uf-r)V- (- 7 I—JLf) - T~\ * ' V[0(ut - r)] = — — <5 3 (r)0(vf - r) ~ —-—~ (r -r) ~9(vt — r). 

\ 4tt€o t 2 ) 47reo t 2 e 0 47re 0 r 2 dr 

But 5 3 (r)0(vt — r) = 6 3 (r)0(t), and — r) = —S(vt — r) (Prob. 1.45), so 


P — £q V ■* E — 


- 9 ( 5 3 (r)f>(t) + 


Q 

47 r r 2 


5(vt — r). 


(For t < 0 the field and the charge density are zero everywhere,) 

Clearly V ■ B = 0, and VxE = 0 (since E has only an r component, and it is independent of $ and 0 ). 
There remains only the Ampere/Maxwell law, VxB = 0 = poJ + potodE/dt. Evidently 


J = ~ <0 W = “ e “ {I [9(»‘->•)]}? = 


47T7-2 


vS(vt — r) f. 


(The stationary charge at the origin does not contribute to J, of course; for the expanding shell we have J = pv, 
as expected—Eq, 5,26,) 

Problem 7.35 

From V-B — popm it follows that the field of a point monopole is B = The force law has the 

form F ex q m {B - 4^v x E) (see Prob. 5 . 21 —the c 2 is needed on dimensional grounds). The proportionality 


constant must be 1 to reproduce “Coulomb's law” for point charges at rest. So 


F = q m (b - X e) 


Problem 7.36 


Integrate the “generalized Faraday law” (Eq. 7.43iii), V x E = — fio^m — 7 ^, over the surface of the loop: 

J (V x E) • da = /e ■ dl = £ = -fi 0 J J m • da - ^ J B ■ da = -^o/ mcnc - 


_ _ _ dl dl llq T 1 _ no . _ 1 A , . A „ , _ 1 -t 

But l ~ —L—, so — = T / mcTic + — —p, or I — —A Q m + where A Q m is the total magnetic charge 

dt dt l L L 

passing through the surface, and A4> is the change in flux through the surface. If we use the flat surface, then 
AQ m — and A3> = 0 (when the monopole is far away, ^ — 0 ; the flux builds up to poq m /2 just before 
it passes through the loop; then it abruptly drops to -pQq m /2, and rises back up to zero as the monopole 
disappears into the distance). If we use a huge balloon-shaped surface, so that q m remains inside it on the far 
side, then AQ m “ 0 , but $ rises monotonically from 0 to poq m > In either case, 
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Problem 7.37 

„ v j _ i „ v T dD d, „ d 

E ~ 1 =* Jc ~ aE ~ p E ~ pd’ Jd ~ dt ~ dt {tE) ~ e dt 
The ratio of the amplitudes is therefore: 


Vo cos(27tW) 


= 2?ri/sin(2 Ttut)\. 


Jc _ Vo d 
Jd pd 2m/eV 0 


1 

2nv£p 


[2tt( 4 x 10 8 ) (81) (8.85 x 1(T 12 )(0.23)] 1 


2.41. 


Problem 7.38 

The potential and field in this configuration are identical to those in the upper half of Ex, 3*8. Therefore: 


I — J J * da = a Je * da 

where the integral is over the hemispherical surface just outside the sphere. 


But I can with impunity close this surface: 
(because E — 0 down there 
anyway—inside a conductor). 




So / = cr jfE-da — f^Qenc ~ da, where is the electric charge density on the surface of the hemisphere— 

to wit (Eq. 3.77) a e = Sco^ocos^. 


I = 


o f f n f 2 

—StoEo / cos8a 2 sinOddd# = 3crE 0 & 2 27r / sin0cos#d0 = 3o'i?Q7ra 2 . 

€o J J o 





, 2 yi W/2 

sin 2 & _ 1 

2 0 - 2 



But in this case Eq = Vo/d, so 

3<77rVbo 2 

d 





Problem 7,39 

Begin with a different problem: two parallel 
wires carrying charges 4-A and —A as shown. 

Z 

/b 

Field of one wire: E — ^ qs s; potential: V = - 
Potential of combination: V — ln(s_/s + ), 

"2£s ln (*/°)- 

X 

+A 



or y(»,*) = 


Find the locus of points of fixed V (i.e. equipotential surfaces): 


g-tjrtoV'/A = ft= Q . * z t => /i(y 2 - 2y6 + b 2 + z 2 ) = y 2 + 2y& + b 2 + z 2 \ 

{y - by + z 

y 2 (p - 1) + b 2 (p - 1) + z 2 {p - 1) - 2 yb{p + 1) = 0 => y 2 + z 2 + i> 2 - 2 yb/3 - 0 (/? = ~~[J ’ 

(y - bp) 2 + z 2 + b 2 - b 2 0 2 — 0 => ( y — bp 2 ) + z 2 = b 2 {p 2 — 1). 
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This is a circle, with center at yq = b(3 = h{ and radius = b\JQ 2 - 1 = 2>1+ L i = 2 V(V 

This suggests an image solution to the problem at hand. We want yq = d, radius — a, and V = V Q . These 
determine the parameters b, p, and A of the image solution: 


i = _2?_ = ip) = e±i. Call - = a. 
a radius 2 JJL a 

4a 2 /r = (fi + l) 2 = p 2 + 2p + 1 => p 2 + (2 - 4a 2 )p + 1=0; 


p ~ — - 2 ± ^ 1 — ^ 4 = 2a 2 - 1 ± \/l -4a 2 + 4a 4 - 1 = 2a 2 - 1 ± 2a\/a 2 - 1; 

# 


4tt€o Vq 


= ln^i 


A - 


4ire 0 Vo 


In (2a 2 - 1 ± 2aVa 2 - l) 

/ = f J ■ da ~ a [ E - da = a—<J eric = —AI. 
J J €q e 0 

47TCtVq 


That's the line charge in the image problem. 


mi . . . # t / crX 

The current per unit length is % — T = — — —-— ,_ x 

It 0 In (2ft 2 - 1 ± 2aVa 2 - l) 

the cylinders are far apart, d » a, so that «3>1, 


Which sign do we want? Suppose 


() = 2a 2 - 1 ± 2aVl - 1/a 2 = 2a 2 - 1 ± 2a 2 


J_1_ 

2a 2 8a 4 + 


= 2a 2 (l±l)-(l±l) + ^± 


f 4a 2 — 2 — l/2a 2 + •■•;« 4a 2 
(-l/4a 2 


(+ sign), 
(- sign). 


The current must surely decrease with increasing a, so evidently the + sign is correct: 


47io Vo 

In (2a 2 - 1 + 2a\/a 2 — l) ’ 


where a — 


d 

a 


Problem 7.40 




(a) The resistance of < 

one disk 

(Ex. 7 

•l) 

disk. The total resistance 

is 



R = — f L - 

1 

dz — 

-1 


) -s + n] 


X 1 

pL /b 

r a \ - 

P £ 


ir(b — a) \ 

ab J " 

TTtifr 



pL 


1 


n(b — a) [ (6 - a + o) a 


(b) In Ex. 7.1 the current was parallel to the axis; here it certainly is not. (Nor is it radial with respect to 
the apex of the cone, since the ends are flat This is not an easy configuration to solve exactly.) 

(c) This time the flow is radial, and we can add the resistances of nested spherical shells: dR — ^ dr, where 
f e 

A= r 2 s'mOdddfi = 27rr 2 (- cos0}| o = 27rr 2 (l - cosd). 

Jo 

L 
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R = 


2tt( 1 — cos#) 
p(b — a) sin 9 
2tt ab (1 — cos0) 


s: T> ir = 2,a. cos«) ( r 7iir) ■ No » t. =s = sln9 - 

6 — a 


But sin0 = 


^/L 2 + (6 - a) 2 


and cos# = 


y/T? + {& - a) 2 


A>(& “ «) 2 


27rafe 


i/L 2 + (6 - a) 2 - L 


[Note that if b — a <g. L, then \/L 2 + (6 - a) 2 Sf i 

itb' asiI,(a)1 


, 1 (fc ~ q) 2 

2 L 2 


, and R = 


p(b - n) 2 


27rafe (6 — a) 2 /2L 


Problem 7.41 


From Prob. 3.23, < 


Vj n (s,0) = y; s k b k sin (k<f>), 

k- 1 

{s < a); 

OO 

V ou t(s t <f>) = k dk sin(k</>), 

t=i 

{s > a). 


(We don’t need the cosine terms, because V is clearly an odd function of <f>.) At s — a, Vj„ — Vout = H0/27T. 
Let’s start with V!n, and use Fourier’s trick to determine bk‘. 

QQ 


°° tr J 00 r 7T y rn 

Y^ a k bk y a k bk / sin(k4>) sin(k'<f>) dd> — tt~ I 4>sm(k'(f>)d<j>. But 

k-i *=i T * * 

/ sin(ft^) sin(fcV) d<£ — and 

-7T 

J <psm{k'<f>)d<t> - jj^sin(k'<t>) - p-cos(fc» = -^cos(fcV) - So 

“*** = S [ - T (-1) *] • or bt ~ (4) ■ and 1,ence = -^El (-j)* •&•(*«. 

^ J \ / Ai“l 

Similarly, Pouted*) --- y y ( — J sin(&0). Both sums are of the form S — y it -1 )* sin{fc<£) {with 

7T K > 3 f K 

k -1 *=1 

x — s/a for r < a and x = a/s for r > a). This series can be summed explicitly, using Euler’s formula 

CO OO _ 

(e ,e — cost? + isin0): S = Im y . x) k e lk<tl = Im^ - (-ae 1 ^)* . 


it=j 


*=i 


But 


111 00 T 

ln(l +w) = w— -w 2 + -uj 3 — —in 4 ■ • • — — w) ft , so 5 = -Im [in (l 4* . 


*=i 


Now In (Re* 9 ) = In R + i9, so 5 = —9, where 


tan# = 


Ira (1 + xe**) j- [(l + a»*) - (l + ae-*)] x (e* - er*) 


a: sin <p 


Re(l+a:e‘^) i [(1 + xe'^) + {1 + xe~^)] i [2 + x {e'* + e - *^)] 1 +xcos0’ 
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Conclusion: < 


- ^-tan 1 , (»<«); 

It \ a 4 - s cos (p / 

Vout($,<f>} - —tan -1 ( 'j (s>o). 

w \ s + a cos 0 ) 


(b) From Eq. 2.36, <7(^) = -€ 0(^1 - )• 

' I $=& I a= a * 


dV out _ Vo ( 

f 

1 

(—a sin 0) 

1 Vo 

asin0 

OS 7T 


1 + (i^) 2 ] 

($ + acos0) 2 j 

r~ 

(s + ocos0) 2 -1- (osin0) 2 j 


ds 



asin0 




s 2 + 2 as cos 0 + < 

1 [{a + s cos 0) sin 0 — s sin 0 cos 0] I Vo 


1 4. ( . s . s il£_'\ | 
* ~ \a+s cos4 J 


(a + s cos 0) 2 


a sin 0 


tz [{a + scos0) 2 + (ssin0} 2 


asin0 


a 2 ) 


8Vir 


ds 


s 2 + 2as cos 0 + 

aE 0Ut 


ds 


V 0 ( sin 0 \ e 0 V a si 

b-o. 2?ra \1 + cos0y 1 S ° ^ ira (1+ 


sin 0 
cos 0) 


*qVq 

jro 


tan (0/2). 


Problem 7.42 

(a) Faraday’s law says VxE = -^,soE = 0^ ^ = 0 => B(r) is independent of t. 

(b) Faraday’s law in integral form (Eq. 7.18) says / E-rfl = —d$/dt. In the wire itself E = 0, so 0 through 
the loop is constant. 

(c) Ampere-Maxwells VxB = p 0 J + Mo^o^S so E = 0, B = 0 => J = 0, and hence any current must be 
at the surface. 

(d) From Eq. 5.68, a rotating shell produces a uniform magnetic field (inside): B = ^fiouuiai. So to cancel 

3 S * 

such a field, we need a u>a — —7-—. Now K = a\ = aua sin00, so 

2 mo 


v . a 1 

K = — —— sin o 0. 

2 Mo 


Problem 7.43 

(a) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13 


and 2.14), so the image dipole points down {-z). 
(b) From Prob. 6.3 (with r -> 2z): 


3po m 2 
2rr (2z) 4 ’ 


3mo m 2 

27 (2h) 4 


= Mg =i- h = 


1 / 3 nom 2 \ 1/4 

2 \2irMg J 











































(c) Using Eq. 5.87> and referring to the figure: 



Now B = ^o(K xz)^zxB=//ozx(Kxz)“/io[K“ z(K * z)] = /ioK. (I used the BAC-CAB rule, 
and noted that K ■ z — 0, because the surface current is in the xy plane.) 


__ 1 3 mh r 

K = "(z x B) = ———■ -— 

/iq v 2it (r 2 -h /i 3 ) 5 / 2 


(z X f) = - 


3 mh 


2ir (r 2 + ft 2 ) 5 / 2 


4>. qed 


Problem 7.44 

Say the angle between the dipole (raj) and the z axis is $ (see diagram). 


The field of the image dipole (m 2 ) is 

B(*) - 


Mo 


[3(m 2 * z)z — m 2 ] 


4tt (h + z) z 

for points on the z axis (Eq. 5.87). The torque on mi is (Eq. 6.1) 


N = mi x B = 


Mo 


4tt(2 h) 3 


[3(m 2 * z)(nii x z) — (mi x m 2 )]. 


z , 

y + 

UTLl 

■\ 

h 

r + 


But mi — m(sin0x + cosflz), m 2 — m(smflx — cos0z), so m 2 * z = — mcosfl, x z — —rosin 0y, and 
mi x m 2 — 2m % sin 6 cos 0y . 


N = 


Mo 


47r(2ft) ; 


[3m 2 sin 9 cos 0 y - 2m 2 sin 0 cos 6 y)] — 


Mo^ 

4tt(2/i) 3 


sin 9 cos 8 y. 


Evidently the torque is zero for 9 = 0, 7t/ 2, or tt. But 0 and it are clearly unstable, since the nearby 
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is $ = tt/ 2: 
parallel to the surface | (contrast Prob. 4.6), 

In this orientation, B(z) = — 47r ffi ^)3 x, and the force on mi is (Eq. 6.3): 


F - V 


fiom 2 

3/iiQm 2 A 


3/zo m 2 

4 7r(h + z} 3 

2=h ~ 47r(h + z ) 4 Z 

z—h 

4ir{2h) A 


At equilibrium this force upward balances the weight Mg: 


Zftom 2 

4n{2h) 4 


— Mg =>> h — 


1 / 3mo^ 2 \ 1/4 

2 V 4 TtMg ) 
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Incidentally, this is (1/2)'Z 4 = 0.84 times the height it would adopt in the orientation perpendicular to the 
plane (Prob. 7.43b). 

Problem 7.45 

f = v x B; v = urn sin 00; f — ujoBq sin 0(0 x z). £ = fr-dl t and d\ — ad6 0. 

So £ — ua 2 Bo J^ 2 sin 0(0 X z) * 9d9. But 9 * (0 X z) = z * (9 X 0) = z • f = cos0. 

rw/2 

Z — u>a 2 Bq I sin 6 cos 8 dO — uja 2 Bq 

Jo 


rsin 2 0 ,.*/2 

l 2 J lo 


1 In 

-ua B 0 


(same as the rotating disk in Ex. 7.4). 


Problem 7.46 

(a) In the “square” orientation (□), it falls at terminal velocity 
“diamond” orientation (O), the magnetic force upward is F — IBd ( 

The flux is $ = B \l 2 - (d/2) 2 ], and d/2 = I/V2 - y, 
so$ = J 3[l 2 -(l/y/2-y) 2 ]. 
e = -f = -2B {t/y/2 - y) But g = -V. 

So £ = 2 Bv (l/y/2 — y) — IR => / = (i/y^2 — y);F = 2 ■ (l/\/2 — y) 3 = mg (at terminal velocity}. 

(This works for negative y as well as positive, if you replace y by \y\.) 



^diamond — 


mgR 


4 B 2 {l/V2 - y ) 


2 * 


Thus 


u 


square 


- ( m 9R \ 4B 2 (i/V2 — y ) 


^diamond \ B 2 l 2 ) 


mgR 


(v^-2»/i) . 


At first (y ~ l/\/2) the “diamond” falls faster; 


toward the halfway mark (y ~ 0), the “square” falls twice as fast; then the diamond again takes over. The 
total time it takes for the square to fall is: 


t : 


square 


^square 


g 2 ; 3 

mgR 


(assuming it always goes at the terminal velocity, which—-as we found in Prob. 7.11—is close to the truth, if 
the field is strong). For the diamond, t is 


-/ 


dy 


^diamond 


8B 2 

mgR 


l /-(Vv/5- 5 )\=^[i(l/v5-y) : 

1/V2 


8B 2 1 l 3 


f/l/2 TngR 3 2\/2 


2y/2 B 2 / 3 
3 mgR 


So t 5 quare/fdiamond = 3/2\/2 = 1.06. The “square” falls faster, overall. If free to rotate, it would start out 
in the “diamond” orientation, switch to “square” for the middle portion, and then switch back to diamond, 
always trying to present the minimum chord at the field’s edge. 

(b) F = IBl; 4? = 2B f* a \f a 2 — x 2 dx (a = radius of circle). 

£=~§ = -2- 2 

7^2. 1 / 2 = SoF=^(o 2 -!, 2 )=m ff . 

mgR 

%rcle “ 4B 2 (a 2 — y 2 ) ’ 

r a dy 4B 2 f a , 2 2SJ 4B 2 . 2 1 3 ,j° 

^circle = / -=- p / (a - V )dy = - - {a 2 y - -y 3 ) = 

J+ a « mgRJ-a m 9R 3 |_ n 

















































Problem 7.47 

(a) In magnetostatics 

V ■ B = 0, V x B = p 0 J => B(r) - f dr'. 

4tt J 

For Faraday electric fields (with p = 0), therefore, 


„ _ „ _ _ SB _. , 1 d f B(r',f) x-i . 

V E = 0, V«E = - ¥ => 5S /- ,5 - dr 


(with the substitution J — 
(b) From Prob, 5.50a, 


i dB \ 
40 


am- h ! 


so E = 


8A 

dt ' 


[Check: V x E — -(V x A) = and we recover Faraday’s law.] 

(c) The Coulomb field is zero inside and ^ f = - 41?^ f — f outside. The Faraday field is 

where A is given (in the quasistatic approximation) by Eq. 5.67, with u a function of time. Letting uj = dajfdt, 


E(r, 6, <j>, t) 


f PoRua . - 

<tR 2 ~ PoR A uja sin 9 t 


(r < R), 




60 r 


T + 


tj) (r > R). 


Problem 7.48 ^ 

qBR — mv (Eq. 5.3). If R is to stay fixed, then qR— — = m— — ma — F — qE, or E = /? —. But 

dt dt dt 

/ d$ d$ 1 d$ dB i / i \ 

E-dl =-, so E2nR = ——, so - —--- 7 - = R ~—, or B = — - ( —) + constant. If at time t = 0 

dt dt 2 tt R dt dt 2 \ttR 2 J 

the field is off, then the constant is zero, and B{R) — ^ ^^ 2 ^^ (i° magnitude). Evidently the field at R 

must be half the average field over the cross-section of the orbit, qed 
Problem 7.49 

Initially, T = ^mv 2 = | ^ ■ After the magnetic field is on, the electron circles in a 

new orbit, of radius r, and velocity iq: 


mv 




1 qQ 


+ qviB =»Ti = ^mv 2 = + jjWinB. 


1 1 qQ ^ 1 

2 4tt€o r, 2 


rj 47 rco rf 

But n = r 4 - dr, so (iq ) -1 = r _1 (l + qr) 1 — r _1 (l — 7 -), while Vj = u + dv, B — dB. To first order, then, 

Ti = 1-?—^ (\ - — ^ + -q{vr) dB , and hence dT = T 1 -T= — dB - -~^~~dr. 

1 2 47 re 0 r V r / 2 VV * 2 2 4 jre 0 »* 2 


Now, the induced electric field is E = (Ex. 7.7), so = qE = f ^,ormdu= The increase in 

kinetic energy is therefore dT = d(|mv 2 ) = mv dv — ^dB. Comparing the two expressions, I conclude that 
dr - 0 . qed 
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Problem 7.50 

Ct 

£ ~ —— — —a. So the current in R\ and R 2 is / — ———— 
dt Ri + i? 2 


the voltage across R\ (which voltmeter #1 measures) is V\ — IR\ — 

(V& is lower). 


; by Lenz’s law, it flows counterclockwise. Now 
(14 is the higher potential), 


aRi 


Ri + R2 


and V 3 = —/i ?2 = 




R\ + i?2 


Problem 7.51 

_ dl „ __ dt; d * 2 ^ dJ 

£^vBh = -L—; F — IhB — m—; - 55 -= —-jr = — 
dt dt d£ z m dt m 


(“)* 


dt 2 


— —UJ U, 


with 


w = 


hB 
yfmL 


Problem 7.52 

A point on the upper loop: r 2 — (a cos 0 2 , a sin 0 2 , z); a point on the lower loop: ri = (6 cos 0 j, b sin 0 i , 0 ). 

-j 2 — (r 2 — ri ) 2 = (acos 0 2 - &cos 0 i ) 2 + (asin 0 2 — f>sin 0 i ) 2 -j-z 2 

— a 2 cos 2 02 ~ 2 ab cos 0 2 cos 0i + b 2 cos 2 0i + a 2 sin 2 <pi — 2ab sin 0i sin 0 2 + b 2 sin 2 4>i + z 2 
= a 2 + i> 2 + z 2 — 2ab(cos 0 2 cos <f>\ + sin 0 2 sin 0i) = a 2 + i> 2 + z 2 — 2af> cos(0 2 — 0i) 

= (a 2 + b 2 + z 2 )[l - 20 cos( 0 2 - 0 i}J -~[l~20 cos( 0 2 - 0 i)]. 

rfli -- bd<p i 0, — bd<f>i[— sin0i x + cos 0i yj; til 2 = ad<f > 2 0 2 = ad0 2 [— sin 0 2 x + cos0 2 y], so 
till • dl 2 = ab d(f> 1 d0 2 [sin 0i sin 0 2 + cos 0i cos 0 2 ] = ab cos(0 2 — 0i) d0i d0 2 . 

M = ? 1 Ifa L Jk = t* L rt rr C0M2-M 

4ff// * 4 tt y/^b/pJJ y/x - 2 /? cos (02 - 0 i) 

Both integrals run from 0 to 2 tt. Do the 0 2 integral first, letting u = 0 2 - 0 i: 

2 Ti¬ 
ros u 7 cosu 

y/l — 2/3 COS U y \/l — 2/? cos u 
— 0] 0 



(since the integral runs over a complete cycle of cosu, we may as well change the limits to 0 —>■ 2 tt). Then the 
0i integral is just 2 tt, and 

_ r2tr 

M = Q-y/abf} 2tt f 
4tt y 0 


cosu /to , 

y/\ — 2/2 cos u 2 v 



cosu 


•yT — 2/1 cosu 


du. 


(a) If a is small, then 0 1, so (using the binomial theorem) 


1 


yl -20 cos 


u 


= I + 0co$u, and 


p2ir 

JQ 


cos u 


— 2/3 cosu 


du 


= / 


2?r /'2?r 

cos u du + ^ ' ''" " 2 


and hence A4 = (^t 0 7r /2)\/ a ^ 3 . Moreover, ^ = afc/(fi 2 + 2 2 ), so M — 


fia na 2 b 2 


2{b 2 + 2 2 ) 3 / 2 


0 f cos 2 u du = 0 + 07 r, 

Jo 

(same as in Prob. 7.20). 
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(b) More generally, 

( i+er , /= = 1 -i £ + !^-A^ + ... 


= = — 1 + 0 cos u + |/? 2 cos 2 u + ^8 3 cos 3 u H-, 

\/l — 2 j 0 cosu 2 2 


so 


n ._ ( p2w o r2n 

M — ~\Jab0 | j. cos udu + 0 J cos 2 u du + -0 2 j 


5 f 2tz 

cos 3 udu+ -0 3 / cos 4 udu + 
* Jo 


} 


“ [o + 0(n) + |/J»( 0 ) + + ••■]= (l + f 0 2 + ( XS' + • • •) . 


qed 


Problem 7.53 

Let $ be the flux of B through a single loop of either coil, so that = Ni$ and ‘I *2 = N 2 $. Then 

e 2 n 2 

£l = £s = *■ 80 £T = jvT ” ed 


Problem 7.54 

(a) Suppose current Ii flows in coil 1 , and I 2 in coil 2. Then (if $ is the flux through one turn): 

- hLi + Mh ~ JVi§; #2 = I 2 L 2 + Mh ~ N 2 $, or $ = = J 2 ^- + h~. 

rsi is | yv 2 N'2 

In case I\ - 0, we have ^ if h = 0, we have -J- - Dividing: ^ = if. or L M = M 2 . qed 

(b) -£i = ^ = L 1 ih. + M^=Vi cos(«f); -ft = ^ = -/ a A qed 

(c) Multiply the first equation by L 2 \ LiL 2 ^ + L 2 ^-M - L 2 V ( cosloL Plug in — -I 2 R - M^-, 


M 2 ^ - MRI 2 - M 2 ^0 — L 2 Vi cos ut =* 


tif 


, ,,, ijVi 

m ~ - Tm coaut - 


Li ^ + M ( 7 ^ 7 ^ sin wf) = Vi coswt. 


dh Vi { , L 2 . \ . , , Vi (\ . L 2 \ 

— — — cqswt-—wsincut =>■ /!(*) = — — smwf 4- — cosud 

Oft XL J X/| y i/J il J 


(d) 


V, 


out 


I*R -®cos utR L 2 N 2 


n 2 


V\ cos ut 


V 1 cos ut 


M 


N . The ratio of the amplitudes is —. qed 


(e) P in — Vj n /i — (Vi cos (— sin wf + cosut'] = (— sin cot cos wi + 4rcos 2 u;A . 

L1 \u R J Li \u> R J 

Pout = Vwth — {I 2 ) 2 R— ^ cos 2 ut. Average of cos 2 1 ot is 1 / 2 ; average of sin wt coswi is zero. 
So (P in ) - l(Vi) 2 ; (Pout) = ^(Vi ) 2 [ (La)2 


M 2 P 


= 2 (7l) 


(Ml 

[LiL 2 R\ f 


(Pin) — (Pout) “ 


MlM 

2 LiR 


Problem 7.55 

(a) The continuity equation says = - V- J. Here the right side is independent of t, so we can integrate: 
p{t ) = (- V* J)t+ constant. The “constant” may be a function of r—it’s only constant with respect to t. So, 
putting in the r dependence explicitly, and noting that V-J — -p(r,0), p(r,i) = p(r,0)t + p(r,0). qed 
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(b) Suppose E = jL dr and B = ^ dr. We want to show that V-B = 0, V XB = «,J +poeo jf; 
V-E - ^p, and VxE = — provided that J is independent of t. 

We know from Ch. 2 that Coulomb's law (e - f 0 drj satisfies V-E = j^p and VxE = 0 + Since B is 

constant (in time), the V-E and VxE equations are satisfied. From Chapter 5 (specifically, Eqs. 5.45-5.48) we 
know that the Biot-Savart law satisfies V-B = 0. It remains only to check V xB. The argument in Sect. 5.3.2 
carries through until the equation following Eq. 5.52, where I invoked V' ■ J = 0. In its place we now put 
V- J = - p : 

V xB - poJ - g J (J • V)~ dr (Eqs. 5.49-5.51) 

(-J tpV')£ (Eq. 5.52) 

Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is 

> f - j =4 <-»■ s ° : 



(b) 




- _ a _ r 

47Te 0 Jo 


y/{vi — e) 2 + s 2 y/(vt) 


=_} 2* s ds = ± [>/<vt - e) J + » 2 - |“ 


A 

2e, 


- [~ £ ) 2 + ° 2 - \/( wi ) 2 + “ 2 - (c - vt) + (ut)j . 


(C) I d = to 


dt 



As e -4 0, ut < e also —► 0, so I d —>■ £(2u) — Xv — I. With an infinitesimal gap we attribute the magnetic field 
to displacement current, instead of real current, but we get the same answer, qed 

Problem 7.57 

, , 1 d f d(zf)\ d 2 (zf) z d ( df\ d { df\ df . . 

(a) v v = it, ( S_ sr) + ~w - = idi = 014 Ts (**J = 0 ^ s Ts = A (a c ° nstant) =» 

ds 

A— - df f — Alii(s/s 0 ) (so another constant). But (ii) => /(&) - 0, so ln(fa/s 0 ) = 0, so s Q = b, and 
s 
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CHAPTER 7. ELECTRODYNAMICS 


V{s,z) = Az\n{s/b). But (i) -> Az\n{ajb ) = -(. Ipz)/{Tra 2 ), so A = 1 ; V{s,z) = 

iro 2 In (a/6) jra 2 In (a/6) 


fblE = -W = - — §-— 2=^ 

<9s 7ra 2 sln(a/fe) “ ' 7ra 2 ln(a/6) 


1 , /p ln(s/b) _ 

S + .a :—:—77T z = 






(c) ct(jz) = e 0 [J5 s (a + ) - E s (a )] - e 0 


Ip 

[\ _n' 


Co I pz 

jro 3 ln(a/6) \c 

i) 


7ra 3 ln(a/6) ’ 


Problem 7.58 


,/Z 


->/ 


A 


(a) Parallel-plate capacitor: E ~ — a\ V — Eh = — —h =► C = — = 

eo e 0 tut V h 


C- 


CqW 


(b) B = t i 0 K = p 0 -; $ = Z?/d - ^/d = LI ^ L = —l => 

tu tu tu 


£ = 


p<)h 

tu 


(c) ££ to p 0 £ 0 = (4 tt x 10 _7 ){8.85 x 1CT 12 ) = 1.112 x l{T 17 s 2 /m 2 


(Propagation speed 1 fs/lX = l/^/poeo — 2.999 x 10 s m/s = e.) 

(d) D — o, E — Dfz — <j/€, so just replace eo by e; 1 
H — K, B — fiH ~ fiK, so just replace po by p. J 


CC — ep; v ~ lfy/tji. 


Problem 7.59 

(a) J - ct(E + vxB);J finite, ff = oo^E + (vxB)=0. Take the curl: VxE + Vx(v x B) = 0, But 

£?B OH 

Faraday’s law says V xE — ——. So —- =Vx(v x B). qed 

at at 

(b) V-B = 0 => f B * da = 0 for any closed surface. Apply this at time (t + dt) to the surface consisting of 
S, S', and 71: 

i B(f 4- dt) • da + j B(t + dt) • da — f B(t + dt) ■ da — 0 
Js' Jn Js 

(the sign change in the third term comes from switching outward da to inward da). 

d$ = J B(t + dt) • da - J B(i) • da = J ( B(t + dt) - B(t)J * da - J B(t + dt) • da 

{for infinitesimal di) 

d$ — {/ —■ • da| dt - J B(i + dt) - [(dl x v) dt] (Figure 7.13). 

Since the second term is already first order in dt , we can replace B(f + dt) by B(i) (the distinction would be 
second order): 


d$ 


= di/^-rf a -dt/ B.(<fl x v) =dt(/(^).da-^V X (vxB)-da}. 


(v x B) • dl 






































d$ 

(it 


=/J^- vx(VXB) 


da - 0. qed 


Problem 7.60 

(a) 

V • E' = (V • E) cos a + c(V - B) sin a = ~~p e cos a + cpop m sin a 

e o 

1 .111 
~ — (p e co$a + cp, 0 e 0 p m sin a) - — (p e cos a + -p m sina) — —p' / 

.Co eo c e 0 

V • B' = (V-B)cosa-(V • E) sina = pop m cosa -—p e sina 

C CtQ 

— Po{prn COS a - p e sin a) = po{p m cosa - cp e sin a) = pap m - / 

q€q 

V x E' = (V x E)coso + c(V x B)sina = cosa + c ^/ioJe + sina 

= ~Po (J m cos a — cJ e sin a) - ~ ^Bcosa— ^Esina^J = ~PoJ' m ~ ^ 

V x B' = (V x B) cos a - ^(V x E)sina = (VoJ e + cos a - ^ si 

1 Q 

— juo(J e cosa + -J m sina) + (Ecosa + cBsina) - p 0 J‘ e + poe 0 -^-. / 


sin a 


(b) 


r = 9 ;(e' + vxb') + ^(b'-^vxe') 

= cos a -f- ^q m sin a^ ^(E cos a + cB sin a) + v x cos a - - E sin a^ 

+ (? 7 Ti cos a - cq e sin a) ^B cos a - sin a'j - v x (E cos a + cB sin a) 
= q e ^(Ecos 2 a + cBsinacosa — cBsinacosa -f Esin 2 a) 

+v x ^B cos 2 a — ^E sin a cos a + -E sin a cos a + B sin 2 a^ j 

+g m [ ^-E sin a cos a + B sin 2 a + B cos 2 a — sin a cosa^ 

+v x (-B sin a cos a - 4rEsin 2 a —^Eeos 2 a — -B sin a cos aA 1 
\c c 2 c 2 c J J 

= q e (E + v x B) -I- q m ^B - -^v x Ej = F. qed 














Chapter 8 

Conservation Laws 


Problem 8.1 

Example 7.13. 


_ A 1 A ' 

E - --s 

2neo s 


B = 


2 ir 


5. 


S = i{ExB) = -^-iz( 

flQ 4 tt z € 0 S 2 


tJ Q 

P = j S • da = J S2tts ds = J ~ds = ln{f>/ct). 


Problem 7.58. 


But V = [ E ■ tfl = f-ds- In(6/a), so P = IV. 

J 2ne 0 J s 2xe 0 1 - 


__ & 

E — — z 

€o I 1 al 

S = —(E x B) = —— y; 

pi /*/. I e °™ 

B — w 0 lt x = -x 

w 


P — [ S • da — Swh — but V = f E ■ ofl — —h t so P = IV. 
J to J e o 1 - 


Problem 8.2 

(aj E = — z; £j 
eo 




?ra' 


; Q(t) - It -> Eft) = 


It 


7reoa 


dE 


^ „ -“2 7tts 2 

B 27TS — = poeo"-5- 

ot Treou^ 


B(s,t) = 


{Mils 

2tto, 2 


4>. 


(b) u.„ = 1 (eoE 2 + ^B 2 ) = 5 [<b (^) + ^ (i$) 
S = ^ EXB >=^(^)(^) 


^rM 2 + ( s /2) ! ] 


(~s) = 


IH 

27T 2 €0O 4 
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147 


£?ti e 


fit 


lA = IH 


2 7r 2 a 4 


7T 2 eo O 4 ’ 


_ 0 I 2 t I 2 t 

-V ■ S - —-rV ■ (ss) = 


du e 


27T 2 €<)<2 4 
2 /-6 


ir 2 eoa 2 


(c) Uwn - j u em w2nsds - J [(ct) 2 + (s/2) 2 ]sds = 

-/ 


dt 

IIqwI 2 r 


/ 


liQwI 2 b 2 
2n a 4 


«■+£ 


Over a surface at radius 6: P\ v 


itar 

S - da = 


41 


, ^s 1 s' 

m T + J7 


Ft 


27r 2 eoa 4 


[6 s ■ (27r6iti s)] 


*i» - tm™. 2 f t - *0* = fln . / (Set 6 = a for tetel.) 
dt 2fra 4 jre 0 a 4 


Problem 8.3 


J 2 tof& 2 

TTCqO 4 


F = 


Sdr. 


The fields are constant, so the second terra is zero. The force is clearly in the z direction, so we need 

(T ■ da)* = T zx da x + T zy da y + T zz da z = — (B Z B X da x + B z B y da y + B Z B Z da z - ^ J3 2 da z ) 

W V 4 / 




B 2 (B ■ da) — -B 2 da. 


Now B — \hqoR)jJ z (inside) and B = (2 cos#f + sin 80) (outside), where m — ~-kR? {awR). (From 

3 47rr J 3 

Eq. 5.68, Prob. 5.36, and Eq. 5.86.) We want a surface that encloses the entire upper hemisphere—say a 

hemispherical cap just outside t — R plus the equatorial circular disk. 


Hemisphere: 
B z - 

da 

B 2 


fiom 


[2 cos Q (r) 2 + sin 5 (8) 


fiom 


z 4 irR 3 

fiom , 0 _ m n2 


4ttR 3 

R 2 sin Qd6d4> r; B ■ da = 

(S) J (4<^ ! « + »ta 2 »)=(zS) 2 (3co S 2 «+l)- 


[2 cos 2 8 — sin 2 5] — (3 cos 2 6 — 1). 


4 jtR 3 


fipm 

4 mi? 3 

(2 cos 0) ft 2 sin 8 dd d<j>\ da z = HI 2 sin 8 d8 d$ cos 8; 


(T ■ da)* 


= — ( ) (3 cos 2 5 — l) 2cos9R 2 sin9 d$ d<j> - ^ (3 cos 2 5 + l) R 2 sm8 cos 8 d8 d<f> 

an V47T R A J x ' 2 v 


fio 

fio 


( ^3^ ) sin 5 cos 5 d5d$ 


(12 cos 2 5-4-3 cos 2 5-1} 

2 

^ 2 " (9 cos 2 5 - 5) sin5 cos 5 ddd<f>. 


(F h emi) 2 = Y 2tt J (9cos 3 5-5cos5)sm5d5 = ^ (~~y~) [~J cos4 

0 

/eruf? 2 N 2 ( 9 5\ ftQn (crwR 2 \ 2 

= { 0+ 4-2) = -*t{—) ■ 


5 + - cos 2 5 
z 


tt/2 












































Disk: 


B, - 


B da = 


(T ■ da), 


(■^disk)^ — 


-fiQdRuj] da = rdrd4><j> = —rdr d<j>i\ 
o 

2 o /2 \ 2 

— ~fiocrRijrdrd<t>\ B — I -fiocrRbjJ ; 
2 


da z — -rdrd<t>. 


|-rdrd0 + ^rdrd<t> = -d- rdrd<f>. 

-2 M (^) ! 2 ,|r* = -2, M (^) 2 . 


Total: 


m 2 H>= 


F — -7r^to 



(agrees with Prob. 5.42). 


Problem 8.4 



q 2 i 


1 a 2 

[ i 

= jLir 0+ -L-“- 


q 2 1 

(u + a 2 ) 2 (u + a 2 ) 3 

47reo 2 [ a 3 2a 4 


47reo (2a) 2 ‘ 


47teo 2 


J g (i 

(b) In this case E “ — --~2-^-sin0z, and sin# = —, so 

4 ttco 4 


/ 


& = E • = fe) (^b) 5 ' a ” d hen “ (T ■ *)• = "I ( 2 ^) 


t dr d<j> 
(r 2 + a 3 )' 


r. Therefore 


( SI.) 

l\ t 7 rdr _ q 2 <* 2 

1 1 

CO 

q 2 a 2 

[ 0+ J.l 

= 

9 2 1 

\27reo j 

] J (r 2 4- a 2 ) 3 47re 0 

0 

4 (r 3 + a 2 ) 2 

4?reo 

0 

° 4a 4 . 

47reo (2a) 2 ’ 


/ 













































Problem 8.5 

(a) E x = E y = 0, E. = — (t/eq- Therefore 


7^ _ 7 1 — T _ _ H- T _ T — _ ®_. 7’ _ , /" r>2 ^ 02 ') _ ^0 rf _ < ^* 

■taj — ±xz — -iyz — • * ’ — U, l x x — lyy — —h, — — -i aa — EO l ^ ~ 2^ ) ~ ~2 ^ ~ 2Eq 


^4 ( 

' -1 

0 

0 \ 

U 

2^ ( 

0 

-1 

0 • 

, o 

0 

+i; 


(b) F = j> T ■ da. (S — 0, since B = 0); integrate over the xy plane: da. — —dxdy z (negative because 
outward with respect to a surface enclosing the upper plate). Therefore 


f a 2 F 

F z = f T zz da z = — -— A y and the force per unit area is f = — = 
J 2eq A 


a 2 , 

2e 0 Z ‘ 


(c) -T zz ~ v /2co is the momentum in the z direction crossing a surface perpendicular to z, per unit 


area, per unit time (Eq. 8.31). 

(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is 


r = ~fz 

2eo 


(same as (b)). 


Problem 8.6 


( a ) Pern — et>(E xB) = e 0 EBy; p em = e 0 EBAdy. 


(b) I = jf° F dt = J™ /(I x B) dt = lBd(i xx)dt = (Bdy) J°° dt 

= -(2?dy)[Q(oo) — <3(0)] = BQdy. But the original field was E — cr/eo — Q/cqA, so Q — eoEA, and hence 
I - jeoEBAdy; | as expected, the momentum originally stored in the fields (a) is delivered as a kick to the 
capacitor, 

(c) <f E ■ dl = — = -^-ld (for a length l in the y direction). -f£(d) + ii?(0) = —Id^jt => 

J dt dt dt 

JO JO rOO 

£(d) - E(0) = F = -aAE{d)y + aAE{0)y = -vA[E{d) - E(0)]y = -aAd— y. I — / Fdt = 

dt dt Jq 

-{aAdy} [ dt = —(<7ytdy}[5(oo) - 5(0}] = aAdBy. But E = —, so I — tqEBAdy, 

J o dt €q - 


as before. 


Problem 8,7 

B — ^nl z (for a <r < R\ outside the solenoid 5 = 0), The force on a segment dr of spoke is 

d¥ ~ Pd 1 x B = Pfionl dr( f x z) — —Pp^nl dv4>. 

The torque on the spoke is 

n 

N = J r x dF — PiiqtiI J rdr (—r x^)- Pfi 0 nl^ (fl 2 - a 2 } (-z). 

















Therefore the angular momentum of the cylinders is L = J N dt = - -/ionI(R 2 - a 2 )z j I'dt. But f 1'dt = Q, 

(in agreement with Eq. 8.35). 


L = — -fi 0 nIQ{R 2 - a?) i 


Problem 8,8 

(a) 


0, 


E — < 


(r <R) 


^[1 qM z, 


(r<R) ) 


1 Q, 


■ B = 


47reo r 2 


r, (r > R) J | [ 2cos0? + sin00 , (r > R) 


> (Ex. 6.1) 


(where m — -nR?M)\ p — to(E xB) = 


fio Qm 

(4tt) 2 r 5 


(f x 6) sin 8, and (f x 6) — 0, so 


l = rx p= ^2^sinfl(f x 0). 

But (f x 0) = —0, and only the z component will survive integration, so (since (6) z — — sin 9): 

2ir n oo 

L = j {r 2 sin 8 dr d9 d<j>). J tty = 2n; Jsin 3 $d0 = ^ J~dr=[~~ J 

^ oo 


oo j 

R & 


T tiomQ - 

L = W 2 


(2 *> (s) (s) - 


-HoMQR 2 z. 


(b) Apply Faraday’s law to the ring shown: 

j)E-dl = E(2nr sin 8) = -y = -7r(rsin0) 2 ^ 


fi 0 dM . - 

E = -y —(rsm^)0. 



The force on a patch of surface (da) is dF = crE da = - f -~ y (r sin 8) da 0 ^tr = 4^ 2 )' 

The torque on the patch is dN ~ r > 
only the z component (0* = — sin#): 


The torque on the patch is dN = r x dF - (r 2 sin0) da(r x 0), But (f x 0) = -0, and we want 


N = - 


Potr dM „ 
~~dt % 


J r 2 sin 2 8 (r 2 sin 8 dd 


2w 


Here r 


— R\ J sin 3 8d8 = J d<f> = 2 tt, so N — - 

o o 


Hq<t dM _ 

' Z 1L 

3 dt 


(|) (2-) = 


2fM> nnz dM $ 

—v QR ir z • 


0 

L = ^Ndt=-yQft 3 z JdM = 

M 


^MQR 2 z 


(same as (a)). 






























m 

4t iR' 2 


(c) Let the charge on the sphere at time t be q(t)] the charge density is a — 

(“south of’) the ring in the figure is 

n 

q s =a{2wR 2 ) J sin9'dB' ~ | (-cos 0 ')lo = |(1 +costf). 

0 

So the total current crossing the ring (flowing “north") is I(t) — — ^^(1 4 - cos9), and hence 

2 at 

I , j, 1 dq (1 + cos#) - 


The charge below 


K{() = 


„ n - —0) = ~i — 77 - 77 -— . ~V“ / 9. The force on a patch of area da is dF = (K x B) da. 
2TTRsm9 4rrR dt sm# v ’ 

2 _ /i 0 iffR 3 M 


Bavn — 


-Mo M z + ~T -——(2eosf? r + sin0 0) 


3- ' 4tt /? 3 

K x B = 1 dq HqM (1 + cosfl) 

47 ri?, dt 6 sin 9 


1 j.i 0 M 


2 6 

[ 2(0 x z) -f 2 cos# (6 x f)]. 

-4, 


[2 z + 2 cos# f + sin 6 0 J; 


dN - Rr xdF = 


24t r 


(S 


(1 + cos 9 ) ( 


sin0 ^ x x *) - cost? (f x 4>)]R 2 sm9dd d<f> 

9{t ■ z) — z(r - 6) 


/ipM 
12 7T 


(—) (l + cos#)/? 2 [cos #0 + cos# 0 ]d#d< 2 i = /JQ ^ 2 (1 + cos9) cos0d9d4>8. 


2tt 


The x and y components integrate to zero; (0)* = — sin so (using f d<f> = 2ir): 


N z = - 


6?r 


(*)«/ 


(1 + cos 9) cos 9 sin 9 dQ = - - 


(.iqMR 2 f dq\ /sin 2 9 cos 3 $' 


(!)( 


IIqMR? (dq\ (2 


(%) tt) = N =Jj£ M R^i. 

\dtj \3/ 9 dt 9 dt 


Therefore 


L = J Ndt = ~^-MR 2 x j dq = 


MR 2 Q z J (same as (a)). 


(I used the average field at the discontinuity—which is the correct thing to do—but in this case you’d get the 
same answer using either the inside field or the outside field.) 

Problem 8.9 


(a) £ = - —; $ — Tra 7 B\ B = fi Q nI s ; £ - I r R. So 


Ir = -T 


(b) iv ■ <fl = => E{ 2ra) = => E = i.B = HsL - '?—— i (Eq. 5.38) 

J at dt 2 dt 2 ^ + z 2 j 3 / 2 


S = — (E x B) = 
Mo 


_ J_ f_VoandlA ( MoA- 
fio V 2 dt J 


2 (£> 2 + z 2 ) 


3?2 x 2 ) = 





































Power: 


00 oo 

P = /s-dB= J (S){27ra)dz = -^7rfi Q a 2 b 2 nI n { ~ j 

—oc —oo 

2 |°° 1/1X2 

The integral is ——===== = — - -rr — rx. 

& feVza + ^l-oo & 2 V *>V f > 2 

— - ^ 7 r/i G a 3 n^^ / r = (RI r )I r = l r 2 R . qed 


(b 2 + z 2 ) 3/2 


thr 


Problem 8.10 

According to Eqs. 3.104, 4.14, 5.87, and 6.16, the fields are 



3e 0 P ’ 

^^[3(p-f)f- P ], 


(r < R), 
(r > R), 


B = 


2 _ _ 

Mom 

—-[3( m - r ) r -m], 


(r < *), 
(r > rt), 


where p = {4/3)jriZ 3 P, and in — (4/3)trii J M. Now p = to/(E x B ) dr , and there are two contributions, one 
from inside the sphere and one from outside. 

Inside: 


Pin = e 0 J X dr - - jjp 0 (P x M) J dr = -^po(P x M)^ttJ? 3 - ^p 0 jrR 3 (M X P). 

Outside: 

Pom = J ^ {[3(p r)t - p] x [3(m ■ f) f - m]} dr. 

Now rx(px m) = p(r m) — m(r-p), so rx[rx (pxm)] = (r m)(f xp)-(r p)(rxm), whereas using theBAC- 
CAB rule directly gives f x [f x (p xm)] = f[r (pxm)] — (px m)(f-?). So {[3(p ■ r) r — p] x [3(rn f) f — m]} - 
-3(p f)(f xm)+3(ni'f)(fxp)+(pxin) = 3 {r[r * (p x m)] — (p x m)} + (pxm) = -2(pxm)+3r[r-(pxm)]. 

Pout — ( _2 (P x 111 ) + 3f[? ■ (p x m)]} r 2 sin 0drddd4>. 


To evaluate the integral, set the z axis along (pxm); then r - (p x in) — |p x mjcosfl. Meanwhile, f = 
sin#cos<£x + sin# sin 4>y + cos#z. But sin<£ and cos0 integrate to zero, so the x and y terms drop out, leaving 


Pout — 


167T 2 

Mo 

1G7T 2 

Mo 


12?rl? 3 


(P x m) 


127 iR 3 


Ptot 


( — 

\27 + 27/ 


(Jo ^*){" 2<P x m) J sin 0 dd d(p + 3jp x m| z J cos 2 9 sin 6 d6 d<p j 
(“^ 3 ) -2(pxm)4f + 3(pxm)Y j=- ^ 

(^ 3 P) x - ^R 3 (M x P). 

^o^ 3 (M x P) = 


-u 0 R s ( M x P). 























153 


Problem 8.11 

(a) From Eq. 5.68 and Proh. 5.36, 


2 e 

t < R : E = 0, B = -HqCtRuz, with er — — 

1 3 47r/i 2 

r > R : E = -——- f, B = — — (2 cos 0 r + sin 0 0), with m = -ttctoiR 4 . 
4-x e 0 r 2 4tt r 3 ' 3 


The energy stored in the electric field is (Ex. 2.8): 


W E = 


The energy density of the internal magnetic field is: 


1 e 2 

8?reo R 


Ub 


1 n 2 _ 1 D.. e ^ _ pouJ 2 e 2 _ _ po^ 2 e 2 4_„ 3 /i 0 e 2 oj 2 i? 

2 ^0^ 2^io V3^°^4 tt/? 2 J _ 727 t 2 /? 2 ’ so “ 72?r 2 fl 2 3* R 54?r ' 


The energy density in the external magnetic field is: 


1 fil m 2 f . 2 * • 2/iv e 2 oj 3 il 4 /iQ 1 

“® = 2^l6^75'( 4cos fl+5,n *)= ;;(Wfl+l), 


18(16tt 2 ) r 6 


so 


lF fl 


out 




fioe 2 ui 2 R‘ i 

(18)(16):r 2 





J (3 cos 2 0 + 1) sin 0 d0 
o 



fioeWR 4 
(IS)( 16)vr 2 



(4)(2tt ) 


108rr ' 


IVfl, 


Bin 


+ w / t, 


poe 2 co 2 /i 

108tt 


(2 + 1 ) 


liQe 2 Lu 2 R 

36 tt 


W = W E + W B 


1 e 2 }ioe 2 uj 2 R 
8vreo R. + 36tt 


(b) Same as Prob. 8.8(a), with Q 


e and m —► ^ew/i 2 ; 


fioe 2 wR „ 

L — ——-z 

1 8tt 


Poe 2 h 9 tyH 

(c) -r—u)R - - =+ uR ~ -j 

lorr 2 fioe 2 


1 e 2 
8 ?reo R 


1 + 


m 


— me 


1 + 


(9)(tt)( 1.05 x 10" 34 ) 

(47r x 10 _7 )(1.60 X 10- 19 ) 2 
2 

' = 1 + 


9.23 x 10 10 m/s. 


2 fuRy , 2/9. 

9 (—) = 1 + 9 


23 x 10 10 \ 2 _ 

3 x 10 s J 


2.10 x 10 4 


fi = 


(2.01 x 10 4 )(1.6 x 10" 19 ) 2 


8tt( 8.85 x 10~ 12 )(9.11 x 10~ 31 )(3 x 10 8 ) 2 


2.95 x 10 -11 m; 


id ~ 


9.23 x IQ- 10 


2.95 x 10 


-n 


3.13 x 10 21 rad/s. 


Since uR, the speed of a point on the equator, is 300 times the speed of light, this “classical” model is dearly 
unrealistic. 


Problem 8.12 

E - qe - - 
4rreo f 3 ’ 

B _ PQgm r' _ fi 0 q m _ (r - rfz) _ 

4tt r' 3 47r (r 2 + (P — 2rdcos0) 3 / 2 



x 










































Momentum density (Eq. 8.33): 


p = e 0 (E xB) = 

Angular momentum density (Eq. 8.34): 

Mo qeQmd r x (r x z) 


tMeOm H)(rxz) 

(4tt) 2 r 3 ( r 2 + d? — 2rdco$0 ) 3 ^ 2 


/ = (r x p) = -i 


(4ir) 2 r 3 (r 2 + d 2 — 2rdcos(9) 3 ^ 2 
The a; and y components will integrate to zero; using (r) z — cos B, we have: 


. But r x (r x z) = r(r ■ z) — r 2 z = r 2 cos B r — r“ z. 


L = - 


MoQeQmd 

(4rr) 2 ! 


r r 2 (cos 2 
1 r 3 (r 2 + d 2 - 


0-i) 


MO„ 


(4tt) 2 


Z (27r) 


(r 2 + d 2 - 2rdcosf?) 3,/2 

1 €50 

r (l — u 2 ) 


//f 

-1 0 v 


(r 2 + d 2 - 2rdu) 


3/2 


r 2 sin 8 dr d9 d<f >. Let u = cos 0 


du dr. 


Do the r integral first: 

00 

r dr 


/ 


(ra — d) 


o 

Then 


(r 2 -btP - 2 rdu )^ 2 d( 1 - u 2 )Vr 2 + d? - 2 rdu 


u 


+ 


u + 1 


L = 


M09e9mrf*l /‘(1-U 2 ) 


8tt 


I M 1 - 

dj (1- 

-1 


/^O 9e9TTi 


, du = 
ti) 8 tt 


\ J(l + u)du = 


MO OeBm 
&n 


d(l - 

\|‘ _ 

■ u 2 ) d(l 

fMlQetftn - 

/ Li 

* z 
47r 


Problem 8.13 

(a) The rotating shell at radius b produces a solenoidal magnetic field: 

B — /iqK z, where K — Ofrai&b, and a b — — 7 — 7 -.- So B = — ~ ^ ^ g ^ 


2tr6i 


2tt/ 


The shell at a also produces a magnetic field (fiQiJ a Q/ 2 nl) z, in the region s < a, so the total field inside the 
inner shell is 

(w a ~ tj b ) z, (s < a). 


B = 


2nt 


Meanwhile, the electric field is 




Q 


2neo s 27T€q Is 


s, (a < s < b ). 


p = «o(E <81=, (^) (•*») = 


47T 2 i 2 S 

Nowrx^ = (ss + zz) xqi = sz-z§, and the s term integrates to zero, so 

Mo UbQ 2 


<=rxp='^(rx*. 


47t 2 1 2 s 


L = 


jiWbQ 

47T 2 / 2 


/*■= 


4ir 2 / 2 


-ir{b*-a*)l z = 


MoCiJi,Q 2 (b 2 ~ a 2 ) 
4ad 
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(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by 
d4> l - 

£27rs =-E —-0, and in the region a < s < b 

dt 2 tts at 

MO Q ( ^ 2 f^oQ^b _ f _2 _2\ MO Q 


$ = ~2kI ( Wa “ jro ‘ 


In particular, 


E(«) = - 


2tt/ 


MoQa 

Aitl 


/ 2 2 \ MoQ j 2 ^ MoQ (J2 2 d^b ^ £ 

»<■ -“»*); E(s) = -2^-r -^rj *■ 

andE(6) = -^f»^-6 2 ^U. 

\ dt dt j Airlb \ dt dt J 


The torque on a shell is N = r x = qsE z, so 


_ T „ / MoQ a \ (d^a, du>b\ T _ r- T /i 0 Q 2 n 2 t * 
“ - ("dr~~drj z; La ~J Q Nad 4 tt/ (w “" (J6)z - 


Nl = L ‘“/ N,d(=^(aV-6 2 ^)- 


J tOt 


— L a + L& — 


Mofl 2 

47tZ 


(o 2 w a - b 2 uj b - a 2 u a + a 2 uJb) % ~ 


flS)Q 2 Ub ,,2 2 


47r/ 


(£> 2 - a 2 ) z. 


Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum 
in the fields (a). /__ 

Problem 8.14 


B = /i 0 n/z, (s </?); E = 


q 4 

4ntQ 4 3 


, where 4= (x -a,y,z). 


Linear Momentum. 

Mo?ra/ 


/■ 


p = j p dr — 


p-( 0 (ExB) = to(^on/) ^(+ **) = ^~r[y*-(»-«)y]* 

r yx- (x - a)y 

J [<*-■ 


a) 2 + y 2 + z 2 ] 3 / 2 


dxdyd.s. The x term is odd in y; it integrates to zero. 


Moqnl „ 
4tt y 


/ [(* - o' 


(x — o) 


)2 + y 2 + *2]3/2 


dxdydz. Do the 2 integral first 


[{x - a) 2 + y 2 ]y/(x -■ a) 2 + y 2 + z 2 

f ( x ~ a ) 

J [(x - a) 2 + y 2 ] 


[{x - o) 2 + y 2 ]' 


Mo9™/ - 

y 


2tt 


dxdy. Switch to polar coordinates 


x — s cos 4>, y — s sin 0, dx dy => s ds d0; [(x — a) 2 + y 2 ] = s 2 -fa 2 — 2sa cos 0. 


Mo9«/ 


/ 


(s cos 0 - a) 


Now 


2n J J (s 2 + a 2 — 2sacos0) 
2 * cos 0 d0 


sds d0 


f 

Jo 


B V vM 2 - W ’ Jo 


d0 


2jt 


(A + Scos0) ~ B y y/A 2 - B*J ’ 7o (^ + £cos0) -/A 2 - B 2 ‘ 

Here ,4 2 - B 2 — (s 2 + a 2 ) 2 - 4s 2 a 2 = s 4 + 2s 2 o 2 + a 4 - 4sV = (s 2 - a 2 ) 2 ; %/yl 2 - 5 2 = a 2 - s 2 . 
^oyrt/ - / T. /a 2 + s 2 \ 2a 2 


2 a 


■'/H£S) 


(a 2 — s 2 ) 


! ds = y [ sds = 

a J o 


MoqnJB 2 
2 a y ‘ 















































Angular Momentum. 


t = r x p — 


Hoqnl 


r x [y x - (x - o) y] = 


tioqnl 


4th. 3 4tpi 3 

The x and y terms are odd in z, and integrate to zero, so 


{z(x - a) x + zy y - [x(x - a) 4 y 2 ] z} 


L = 


Hoqnl 
4ir 
fioqnl . 

— Z 

2tt 

— —/io Qnl 5 


Sirh 

/ 


4 y - xa 


) 2 + y 2 4 z 2 ] 3 ' 2 
x 2 +y 2 — xa fj-oqnl 


dxdydz. The z integral is the same as before. 
$ — a cos <j) 


[(x - a) 2 + j/ 2 ] 
2 

? + 


/ 


dx dv — — — -z . , „ 

2n J (s 2 + a 2 - 2sa cos 


■s dsd4> 




R =2 _ g 2 


2 -S 2 


srfs — 


zero. 


Problem 8.15 

(a) If we’re only interested in the work done on free charges and currents, Eq. 8.6 becomes 

iTjrr f Oj“jpi 

—r— = / (E ■ J/)dr. But J/ = V X H - — (Eq. 7.55), so E • J/ = E ■ (V x H) - E From product 

€tt Jy Ot (Jt 

3B 

rule #6, V - (E x H) = H(V x E) - E • (V x H), while V x E = - —, so 

ot 

OT) Qp _Ci|~y 

E ■ (V x H) = -H ■ —— V ■ (E x H). Therefore E ■ J/ = -H ■ — - E ■ —— V * (E x H), and hence 


dW 

dt 


=-/ v ( E f +H f) dT -£ (E>tH) ' <fa - 


This is Poynting’s theorem for the fields in matter. Evidently the Poynting vector, representing the power per 
unit area transported by the fields, is S = B x H, and the rate of change of the electromagnetic energy density 
, 9ue m 3D ' 3B 

IS m ‘dt ' df t 

For linear media. D — eE and H — —B, with e and u. constant (in time); then 

V- 


du 


3E 


dt eE ' dt + fi B 


f = i*S« , - E ) + 5S< B - B ) = 5S< B - D+B - H >' 


so u em = i(E ■ D 4 B ■ H). qed 


(b) If we’re only interested in the force on free charges and currents, Eq. 8.15 becomes F = p/E + J / xB. 

A ITv / r\|-H \ 

But p f = V ■ D, and J f = V X H - so f = E(V • D) 4 (V x H) x B - f — j x B. Now 


I (DxB) = ^ !xB + D, '(fr)' and 


n f> rj 

= —V x E, so —— xB = — (D x B) + D x (V x E), and 
3t ot 3e 


hence f — E(V - D) — D x (V x E) — B x (V x H) — — (D x B). As before, we can with impunity add the 
term H(V-B) , so 


f = {[E(V - D) - D x (V x E)] 4 [H(V B) - B x (V x H)]} - — (D x B). 

(7t 


The term in curly brackets can be written as the divergence of a stress tensor (as in Eq. 8.21), and the last 
term is (minus) the rate of change of the momentum density, p = DxB. 




















Electromagnetic Waves 


Problem 9*1 

a_h 

dz 

d_h 

dt 

d_h 

dz 

Oh 

dt 

d_h 

dz 

dh 

dt 

d_u 

dz 

dt 

Hi 

dz 

d 2 h 

dt 2 


-2Ab(z-vt)e-**- vt) *; 
2 Abv(z-vt)e^ 3 ~ vt ^; 


fl 2 /i 

dz 2 

a 2 /i 

dt 2 


= — 2.46 
= 2A6t> 


e -t{,-^) 2 _ 2b(z - vt) 2 e ~ b ^~ vt)2 ]; 

_ ve -Hz-vtf + 2bv{z _ tJi )2 e -6( S - t -t) a j 


= V 


d 2 h 

dz 2 


. / 


Q2 £ 

Ab cos[£)(z — ut)]; — 2 = — Ai> 2 sin[6(z — «t)]i 

-Abv cos[6(z — trf)]; ~ —A6 2 t> 2 sin [&(2 — itf)] = u 2 . / 

-2A6(z-vt) a 2 / 3 -2A6 8A6 2 (z - vt) 2 

[b(z - vt) 2 + l] 2; dz 2 ~ [b(z - vt) 2 + l] 2 [b(z - vt) 2 + l] 3 ’ 

2Afrt>(z - vt) Q 2 h _ -2Abv 2 8Ai> 2 tj 2 (z - t>t) 2 _ 2 a a / 3 ^ 

[b{z — vt) 2 + l] 2 ’ at 2 [ b(z - vt) 2 + l] 2 [b(z - vt) 2 4- l] 3 dz 2 

-2 Ab 2 ze~ b(bz2+Vl) ] ^4 - ~ 2Ab2 [e“ 6(fc * 2+,; *> - 2b 2 z 2 e~ Hbz,+vt) ] ; 

-Abve- b < b * 3 +^-, ^ = AbWe-W^ * v 2 0. 

A6cos(6z)cos{(wt) 3 ; ~ ^ = —Ab 2 sin(bz) cos(bvt) 3 ', — —3Ab 3 v 3 t 2 sin(bz) sin(bvt) 3 ; 
-6Ab 3 v 3 tsin(bz) sin (bvt) 3 - 9Ab 6 v 6 t 4 sin(6z) cos(bui) 3 ^ y2 ~Q~l' 


Problem 9.2 


B f 9^ f 

-j~- = Aicos(A:z) cos(Aipi); = — Ak 2 sin(fez) cos(feut); 


a/ 


~~ - —Akv sinffcz) sin(fcut); = -Ak 2 v 2 sin(fcz) cos(fcvt) = v 

dt dt* 

Use the trig identity sin a cos 0 — |[sm(o + P) + sin (a — 0)\ to write 


,av 

dz 2 


. / 


/ = 


— {sin[/:(s + vt)] + sin[fc(z — wt)]} 
z 
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CHAPTER 9. ELECTROMAGNETIC WAVES 


which is of the form 9.6, with g - (A/2) sin[fc{z - ui)j and h — (A/2) sin[/c(z + vt)}. 
Problem 9.3 


M 3 ) 2 

^3 

A 3 e iS * 


5 3 


(A 3 e iJa ) {A 3 e~ iS3 ) = (A ie i(fl + A 2 e iS *) ( A ie ~ iS1 + A 2 e~ U2 ) 

(At) 2 + (A 2 ) 2 + AiA 2 (e iS 'e~ iS * + e~ iS 'e "») = (At) 2 + (A 2 f + A 1 A 2 2cos(5 1 - S 2 ); 

V / {A 1 ) 2 + (A 2 )2 + 2A 1 Ao cosfJj - 5 2 ) J 


.4 3 (coS(53 + i sin5 3 ) — Ai(cos5i + isin5i) + A 2 (cq $82 -3- isin 

(4.1 cos5\ + A 2 cos S 2 ) + i(4i sin + A 2 sin (5 2 ). tan —~ 

A 3 cos 03 

/ Ai sin 5i + A 2 sin d 2 
\ Ai cos 5i + A 2 cos S 2 



At sin J] 4- A 2 sin .^2 
Ai cosrfj + A 2 cos (So 1 


Problem 9.4 

The wave equation (Eq. 9.2) says 

d 2 Z 1 d 2 T 

this in: T ~r-=- = —~Z-~—. Divide by ZT : 
rfz 2 u 2 dt 2 


& 2 f _ i a 2 / 


a^ 2 


Z rfz 2 t- 2 r dt 2 
right side only on t, so both must be constant. Call the constant —k 2 . 

f = ~k 2 Z -> Z(z) = Ae lkz + Be~ ikx , 


Look for solutions of the form f(z,t) — Z(z)T(t). Plug 
1 d 2 Z 1 d?T 

The left side depends only on z, and the 


dz 2 

d 2 T 

~dt 2 


= -(Jtv) 2 T => T(t) = Ce ikvt + De~ ikvt . 


(Note that k must be real, else Z and T blow up; with no loss of generality we can assume k is positive.) 

fp,t) ~ (Ae ikz + Be~ ikz ) (Ce ikvt + De~ ikvt ) = + A- 2 e i{k *- kvt '> + A 3 e i( ~ kz+kvt) + A 4 e i{ ~ kz ~ kvt K 

The general linear combination of separable solutions is therefore 


f(z,t) - [A 1 {fc)e i(fe3 +^ t) + A 2 (fc)e^- Wt > + A 3 (k)e^- kz+ ^ + A 4 (Jfc)e i <-**- wt >' 


dk, 


where w — kv. But we can combine the third term with the first, by allowing Jfc to run negative (u = |fc|v 
remains positive); likewise the second and the fourth: 



At(k)e l{kz+Ul) + A 2 ( Jfc)e i{ * a ““ rtj 


dk. 


Because (in the end) we shall only want the the real part of /, it suffices to keep only one of these terms (since 
k goes negative, both terms include waves traveling in both directions); the second is traditional (though either 
would do). Specifically, 

/ GO 

[Re(Ai) cos(fcz + vt) - Im(Ai) sin(fcz + Dt) + Re(A 2 ) cos(fcz - Dt) - Im(A 2 ) sin(fcz - ut)]dk. 

-00 


The first term, cosffcz + Dt) — cos (—kz — Dt), combines with the third, cos(fcz — Dt), since the negative k is 
picked up in the other half of the range of integration, and the second, $in(/:z+uA) = - sin(-fcz ~Dt), combines 
with the fourth for the same reason. So the general solution, for our purposes, can be written in the form 

/ GO 

A(k)e^ kz ~ u?l ' 1 dk qed (the tildes remind us that we want the real part). 

-QQ 
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Problem 9.5 

Equation 9.26 =* gj(-Vit) + h R {vit) = gri-Vvt). Now 


dz V] dt ’ dz vi dt ’ dz 
Idgii-vi^) ldhjt{vit) _ 1 dgT{-v 2 t) ^ ^ L ^ vi 


v 2 dt 


Equation 9.27 =S»-—— + _ 

tq dt ui dt v 2 dt 

(where re is a constant). 


9 i(-vit ) - hn(vit) ~ —gri-V'it) + re 

V<2 


= (1 + — ) 9T(-i>2t)+K, or g T (-v 2 t) ~ ( ) gi(-vit)+K,' 

\ V2 } \ i»i + v 2 J 

). Now gi(z,t), gr(z,t), and Iir(z, t) are each functions of a single variable u (in the 


Adding these equations, we get 2g/(— 0 !*) 
v 2 


(where re = — re 

1>1 + V 2 

first case u — z - v\t, in the second u — z — i> 2 t, and in the third u ~ z + v^t). Thus 


flT(n) = ( 2 ^ 2 - ) gi(viu/v 2 ) + re'. 

\Vi +v 2 J 


Multiplying the first equation by vi/v -2 and subtracting, ( 1 - — ) gi(—vit) - ( 1 + — 1 hji(vit) — re 

r _ V v -l/ _V y 2 / 

\Vl +v 2 ) 


^flM) = ( ~~ ) Si(-Vit) 
\0l + V 2 J 


h R (u) ~ ( — ) gi(-u) + re'. 

\vi + Vz) 


(The notation is tricky, so here’s an example: for a sinusoidal wave, 

Si = Aj cos(fciz — ut) - Aj cos(fei (2 — iqi)] => 9 i(u) = Aj cos(ftiti). 

< gr = A T cos(k 2 z - vt) = At cos[k 2 (z ~ v 2 t)] 9 t(u) = At cos(/; 2 n). 

k h R ~ Ar cos(~kiz - ut) — Ar cos(-fei {z + vit)] => hR(u) — ARCOs(-kiu). 

Here re' = 0, and the boundary conditions say — ——— (same as Eq. 9.32), and = fc 2 

Aj V\ + v 2 Aj Uj + v 2 v 2 

(consistent with Eq. 9.24).] 

Problem 9.6 

(a) T sin 0+ — T sin B- — ma => 


ir- 


T (V 

df 



1 \dz 

1 ^ 

+ 

o 

o J st 2 

0 


(b) Aj + Ar = At ; T[ik 2 AT — iki(Aj - A/*)] = m(—u 2 Aq'), or ki{Aj - Ar) = A 2 

Multiply first equation by ki and add: 2ki Aj = ( k] + k 2 - i~~~- ) At , or At = ( -—-) Aj 

\ T J \ki + k 2 - imu 4 /T j 


2*! — (ki + k 2 — imui 2 jT) 


R 7 1 ki + k 2 — imu 2 jT \kt + k 2 — imu> 2 jT 


fh 

Ui 


— k 2 + irnut 2 /T 


) 


Aj. 


If the second string is massless, SO v 2 — y/TJ\X 2 — oo, then k 2 jk\ =0, and we have At — ( ——: ) -4/, 

(rr|) = A ' u - M 


j /l+ij3\ ~ , mu 2 m(kiVi) 2 mkj T 

A ’' = {—p) A -'“ heKl3 ^W = ^^ = — - or 


T jij 


\l-Wj\l + 0j (1 


j3 = m 


Now 


w _ 

m+ip) 


1 + 2 ip - 0 1 

1+0 2 


tan <}> = 


2 P 


1-0 2 


Thus A R e iSn - e i<fi Aje iSl =t> Ar = A r , 


Sr = Sj + tan 


■(A) 


Similarly, = Ac* (j^j) (j^) = 


l + i3 2 


A — 


y/l + J 2 ' 
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CHAPTER 9. ELECTROMAGNETIC WAVES 


Ae i0 = 


2(1 + i/3) 


(l-i/9)(l+*/3) (1 + /3 2 ) 


2(1 + i/3) ^ tan ^ = 0, So A re ^ - - JL ^ e*A r e iS ‘; 




\ At 


\/l $ 2 " 


>ir; 


= <S; + tan 1 /?, 




cb 2 


T = M^+Ti i r. 


ch 


Problem 9.7 

(a) F = “ 7 Tt~ ^ z °d ' or 

(b) Let /(z,t) = F{z)e~ iwt \ then =M-wVe' M +'r(-M^"" t 

J 2 F 


T^-4 — -u(uuj + ij)F, 44 - ~fc 2 P> where & 2 = + * 7 )- Solution : F(z) = Ae'~ kz + Be tkz . 

dz 2 dz l T 

Resolve fc into its real and imaginary parts: k = k + in =$■ k 2 — k 2 — k 2 + 2 ikn = — (fiu + 17 ). 

2kK - ~r => k = ; k' 2 - k 2 = fc 2 - (“) 2 ^ = ^-;or fc 4 - k 2 (fia> 2 /T) - (w-y/2T ) 2 = 0 =>• 


2 

fc 2 = ^ [(^ 2 / T ) ± \/{i^ 2 ! T ) 2 + 4 (^ 7 /’SIT] - [l ± Vl + ( 7 /^w) 2 j. But & is real, so k 2 is positive, 

J 1 -“—- _ _i 


SO 


1 + i/l + ( 7 //M 2 


1/-2 


M jf ■ - [‘ j j ^|- 

we need the plus sign: k = — y 1 + \/l + (t/^w) 2 - k = ~~ L 1 

Plugging this in, F - J 4e‘ <fc+i ' s)s + Be _i(i+is)s — Ae~ K *e ik * + Be Ki e~ ikz . But the B term gives an expo¬ 
nentially increasing function, which we don’t want (I assume the waves are propagating in the +z direction), 

so B = 0, and the solution is 
of this, of course.) 


f(z,t) — Ae K ~e ll ' kz . (The actual displacement of the string is the real part 


(c) The wave is attenuated by the factor e KZ , which becomes 1/e when 

this is the characteristic penetration depth. 


1 


K 


+ ( 7 /fiu>) 2 ; 


J ; jlj" _ ^ ^ ^ 

, r ~ ~ ) A/; 

rt] -h rC ~r tK j 

f Ar\ 2 _ /'fci - fc — t«\ f fci - fc + m \ _ (fci — A :) 2 + re 2 
\ Aj ) \ki + k + in) \ki + k — in/ (fci 


A R = X£zil ±K A, 


(fci + fc ) 2 + re 2 


+ fc ) 2 + re 2 ‘ 

(where fci ~u}/v\ = wy/pi /T, while fc and re are defined in part b). Meanwhile 
/'fci - fc - in\ _ (fci - fc - fre)(fci + fc + ire) _ (fcQ 2 - fc 2 — re 2 — 2 ^refc t 
\fci + fc + ik) 


(fci + fc ) 2 + K 2 


(fci + fc ) 2 + K 2 


Sr " ,an ' 1 - 


Problem 9.8 

(a) fv(z, f) = Acosffez - urt)x; ffc(z,t) = Aeos(fc.z — + 

90°) y - —A sin (fez - ut)y. Since f 2 + f 2 - A 2 , the vector 
sum f = f„ + f ft lies on a circle of radius A. At time t — 
0 , f = Acos(fcz)x - Asin(fcz)y. At time t - 7t/2uj, f = 
Acos{fc 2 —90°) x— Asin(fcz-9Q°) y = Asin(fcz) x+Acos(fcz) y. 
Evidently it circles counterclockwise | . To make a wave circling 
the other way, use 5^ = —90°. 

(b) 


at t=N2„ 


7 l\ 

S rtli fr—" 

\ 

\ 

■V ^ 

/ 

s 
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(c) Shake it around in a circle, instead of up and down. 


Problem 9.9 

(a) 


Id 

k =-x: n = z. 


k r = ("*) ■ (xx + yy + zz) = kxn = -xxi = y. 


E(x, t) — Eq cos ^ —x + wtj z; B(x, t ) = —^ cos ^ —x 4- y 




(b) 


(b) 


w /x + y+ z\ 

~ c l ”'v/T ') ; “ " 


x — z 

~7T' 


(Since n is parallel to the x z plane, it must have the form a x 4- 0 z; 


since n ■ k = 0,/? = —a; and since it is a unit vector, a = !/>/2.) 

k*r = ^~(x + y 4- z) • (xx 4- y y + zz) = -%-(x 4- y + z)\ kxn = —= 
y/lc * s/Zc ' y/E 


x y z 

111 
1 0 -1 


= 7i ( -* +2 *- 8) - 


E(x, y,z,t) - E 0 cos 


C 1 

B (x,y>z 7 t) = —COS 

c 


a ) 

Tic 

id 

.Vfc 


(x + y + z) - u)t 


( 5 r)< 


(* + » + *)-«<] ( ~ X+ ^ y - ) 


Problem 9.10 

/ _ 1.3 x 10 3 

“ c “ 3.0 x 10 8 


4.3 x 10~ 6 N/m 2 . For a perfect reflector the pressure is twice as great; 


8.6 x 10 -6 N/m 2 . Atmospheric pressure is 1.03 x 10 5 N/m 2 , so the pressure of light on a reflector is 


(8.6 x 10 _6 )/(1.03 x 10 5 ) — 8.3 x 10” 11 atmospheres 















































Problem 9.11 


1 f 

(fg) = x f a cos (k * r — wf + i5 a )6 cos(k * r - uit + 6b) dt 

— 2 t J Q t cos ( 2 ^ ' r _ + <^a + &b) + cos{5 (1 - <5fc)} dt — ~ cos(J 0 - 6 b )T — ^a6cos(d 0 - 5b) 

Meanwhile, in the complex notation: / = ae ,kr ™“'^, g — be ikr ~ wt \ where a ■- ae iS “, b — 6e i<s ‘. So 

\ir = "> = la b- = labe‘<‘--‘>>, Ite (|/«*) = 5»tco s (J„-4) = (/}>. qed 


Problem 9.12 


T tj = e 0 {.EiEj - ±StjE s ) + ~ . 


With the fields in Eq. 9.48, E has only an x component, and B only a y component. So all the “off-diagonal” 
(i ^ j) terms are zero. As for the “diagonal” elements: 

T„ = eo (^,-i £! ) + ±(-i B 2 ) = i( £oE2 -± fl! ) =0 . 

= E ° ("S*) + 5 - 5*) - I (-** + £*) = ° 


T - 

1 mi — 


So T zz = ”€o£^o cos 2 (fez - u)t 4- 5) \ {all other elements zero). 
The momentum of these fields is in the z direction, and 
it is being transported in the z direction, so yes, it does make 
sense that T zz should be the only nonzero element in T^. Ac¬ 
cording to Sect. 8.2.3, —^ da is the rate at which momentum 
crosses an area da* Here we have no momentum crossing areas 
oriented in the x or y direction; the momentum per unit time 
per unit area flowing across a surface oriented in the z direc¬ 
tion is — T zz — u = pc (Eq. 9,59), so Ap = pc A At, and hence 
Apj At — pc A — momentum per unit time crossing area A. 
Evidently momentum flux density = energy density. / 


A 

"A 

r 

—*Z 

J 


cAt 


Problem 9.13 

2 


R 


-<» 


(Eq. 9.86) 


R 




(Eq. 9.82), where 0 = 


-'(tW 


T + R = 


1 


(Eq. 9.82). (Note that 

1 


£ 2^2 Pi Z2P2 «2 


a+P) 2 


[40+(l-0) 2 ] = 


(1 + 0Y 


«i«i P2 tiPi «i 

(40 + 1 - 20 + 0 2 ) = 


1 T - 

€ 2 V 2 

(M 

'2 

tlVl 

\ E 0l J 

/ 

\ 2 


fvi 

\ V2 

P1V1 


J Vl 

i*2v2 

1 

(l+£) 2 

r(l +20 4- 0 2 ) 


(Eq. 9.87) 
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Problem 9.14 

Equation 9.78 is replaced by Eq,x + £b fl n/i = Eq t ut, and Eq. 9.80 becomes Eo,y - Eo K (z x rift) = 
0Eq t (z x nr). The y component of the first equation is £o fl sin0ft — £ r Q 7 .sin0 , r; the x component of the 
second is Eq h sin Or — ~0Eq t sin d-p. Comparing these two, we conclude that sin 8r — sin dr = 0, and hence 
Sr — — 0. qed 

Problem 9.15 

Ae ,ax + Be tbx = Ce icx for all 2 , so (using x = 0), A + B = C. 

Differentiate: iaAe iax 4- ibBe tbx = icCe tcx , so (using x = 0), a^4 + bB = cC. 

Differentiate again: -a 2 Ae iax — b 2 Be lbx = —c 2 Ce tcx , so (using x = 0), a 2 A + b 2 B - c 2 C. 
a 2 A + b 2 B — c(cC) = c(aA + bB); [A + B)[a 2 A + b 2 B) - (A + B)c(aA + bB) - cC{aA + bB); 
a 2 A 2 + b 2 AB + a 2 AB + b 2 B 2 = (aA + bB) 2 = a 2 A 2 + 2abAB + b 2 B 2 , or (a 2 + b 2 - 2ab)AB ~ 0. or 
(a - b) 2 AB ~ 0. But A and B are nonzero, so a — b. Therefore {A + B)e' ax = Ce tcx . 
a{A-\- B) — cC, or aC = cC, so (since C ^ 0} a = c. Conclusion: a = b = c. qed 

Problem 9.16 

E, = £o / e i(k/r " tJ ' , y, 

* B/ - —Eo / e i(k, ' r- ‘‘ ,t) (- cos#! x + sinflj z); 


{ 

I 


Eft = E 0R e ilk ^ r ~^y, 

Bft = — £’o n e^ k ' R ' r_wi ^(cos^i x + sin^i z); 

V\ 

E T = £b T e <tkl " r ' wl) y 1 

B r - —E 0T e i(krr -“ t) (-eos5 2 x + dnM); 

V2 


Boundary conditions: 


(i )e l Et=e 2 Ef, (iii) e{ = El], 



(ii) Bi ~ B£, 


Ov) —-Bi 


In" - iBi 


sin 0 2 vs 


Law of refraction: T ^ = —, [Note: k/ ■ r — ut = ■ r — &t = k 7 * • r — at £ = 0* so we can drop all 

sin#i V\ 

exponential factors in applying the boundary conditions.] 

Boundary condition (i): 0 — 0 (trivial). Boundary condition (iii): 


Eq { + Eo a = E{ 


0/i 


-Dt ■ 


Boundary condition (ii): — Eq. sin0i + — Eq h sin0i — — Eq t sin02 =S* Eq. + Eq„ — ( —— - n — ) 

vi v i V2 V^sin^i/ 

But the term in parentheses is 1, by the law of refraction, so this is the same as (ii). 


-'Ox ■ 


Boundary condition (iv): — 

Mi 


— Eq, (— COS01) + — Eq r COS 01 


( HlV\ COS 02 
fi‘iV’2 COS 0 


£o, - Eq r = I ] Eo r . 


r) 


Let 


_ COS 02 _ _ HlVt 

a - -—; 0 - -- 


cos 0 t 


M2^2 


M 2 U 2 

Then 


E 0t {- cos0 2 ) 


Eq, — Eq r — apEo T . 


Solving for Eq r and Eq t \ 2 Eq, = (1 + a(3)Eo T => E 0t = + a 0 ^ 

4„ = ii r -a ) , = ( r i^-i±^)a,^a„ = (l^)£b,. 


+a0 1+a0 J 

Since a and 0 axe positive, it follows that 2/(1 + a0) is positive, and hence the transmitted wave is in phase 


with the incident wave, and the (real) amplitudes are related by 




-(rfe) 


l-Of ■ 


The reflected wave is 
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in phase if a0 < 1 and 180° out of phase if Q0 < 1; the (real) amplitudes are related by 




1 - o/3 


1 + aj3 


Ek 


Of 


These are the Fresnel equations for polariza tion perpendic ular to the plane of incidence. 

_ n )H - = \/W -sin 2 fl 

cos 9 cos 9 


To construct the graphs, note that afl = f3 - 


, where 8 is the angle of incidence, 


so, for 0 = 1.5, = 


\/2.25 — sin 2 9 


cos 9 



Is there a Brewster’s angle? Well, Eq r = 0 would mean that a/? — 1 7 and hence that 

2 


a — 


t/i - {v-Jv i) 2 sin 2 0 


1 


82V2 


cos 8 


8 Miui 


, or 1 


-© 


sin 2 9 


_ ( /i2iJ2 


)' 


COS~0, so 


— [sin 2 ^ + (fi 2 /mi) 2 cos 2 #]. Since /xi ft; fi 2 , this means 1 ft; (W 2 /U 1 ) 2 , which is only true for optically 


indistinguishable media, in which case there is of course no reflection—but that would be true at any angle, 
not just at a special "Brewster’s angle”. [If /u 2 were substantially different from and the relative velocities 
were just right, it would be possible to get a Brewster’s angle for this case, at 


^ V = 1 -cos 2 <? + (mV cos 2 9 =» eos 2 f? = Z 1 - illM Z 

V ?J \RiJ (82/R1) 2 - 1 (Pi/fi 1) 2 - 1 (^ 2 / mi ) “ (81/82) 

But the media would be very peculiar.) 

By the same token, 5h is either always 0, or always jt, for a given interface—it does not switch over as you 
change 9 , the way it does for polarization in the plane of incidence, In particular, if 8 = 3/2, then aft > 1, for 


o/3 — , S ‘ n —> 1 if 2.25 — sin 2 8 > cos 2 8, or 2.25 > sin 2 8 + cos 2 8=1./ 


cos 8 

In general, for 8 > 1, a0 > 1, and hence 5 n — 1 r. For 0 < 1, a0 < 1, and S fi ~ 0. 


At normal incidence, a — 1, so Fresnel’s equations reduce to Eq t ~ 
consistent with Eq. 9.82. 


= (ra) 


E 0l ; -Eor = 


1-0 


1+0 


Eon 


K=(^y=i 


UoJ 1 

U + OC0J 


Reflection and Transmission coefficients: 


Referring to Eq. 9.116, 
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_ (1 — a/?) 2 + 4a/? _ 1 — 2a/? + a 2 /? 2 + 4a/? 
+ (l + a/3) 2 “ (1 + a/?) 2 


a + «ff) 2 , y 

(1 + o/3) 2 


Problem 9.17 

Equation 9.106 => [3 = 2.42; Eq. 9.110 =+ 


a — 


v /l-(sin0/2.42) 2 


cos# 

(a) 8 = 0 => a = 1. Eq. 9.109 
1-2.42 1.42 


(»- 


a — p 

ot+0 


1 +2,42 “ 

_ 

\ 3>i / a 


3.42 

2 


-0.415; 


+ 0 


2 

X42 


0.585. 


- tan -1 (2.42) - 67.5 


(b) Equation 9.112 

(c) E 0r ~ Eq t => a — 0 = 2\a = 0 + 2 = 4.42; 

(4.42) 2 cos 2 0= 1 - sin 2 6»/(2.42) 2 ; 

(4.42) 2 (1 - sin 2 6*) = (4.42) 2 - (4.42) 2 sin 2 0 

= 1- 0.171 sin 2 9) 19.5 — 1 = (19.5 — 0.17) sin 2 0; 
18.5 - 19.3 si n 2 g; sin 2 8 = 18.5/19.3 - 0.959; 
sing = 0.979; $ = 78.3°. 



Problem 9.18 

(a) Equation 9.120 =+ t = e/a. Now e = eoe r (Eq- 4.34), e T = n 2 (Eq. 9.70), and for glass the index of 
refraction is typically around 1.5, so f rj (1.5) 2 x 8,85 x 10 -12 — 2 x lO* 11 C 2 /N m 2 , while a = 1 /p ~ 10 -12 flm 
(Table 7.1). Then r = (2 x 10“ 11 )/10 —12 — 20 s. (But the resistivity of glass varies enormously from one 


type to another, so this answer could be off by a factor of 100 in either direction.) 

(b) For silver, p — 1.59 x 10 _s (Table 7.1), and c a; e 0 i so we = 2 jt x 10 10 x 8.85 x 10 -12 — 0.56. 
Since a = 1/p = 6.25 x 10 7 we, the skin depth (Eq. 9.128) is 


„=i s /r = / 

K V W(7/i V 


- 6.4 x 10 -7 m = 6.4 x 10” 4 


mm. 


2tt x 10 10 X 6.25 X 10 7 x 4 tt x lO" 7 

there’s no point in making it any thicker, since the fields don’t 


wcqu 

I’d plate silver to a depth of about 
penetrate much beyond this anyway. 

(c) For copper. Table 7.1 gives a - 1/(1.68 x 10 -8 ) - 6 x 10 7 , wcq = (2 tt x 10 6 ) x (8.85 x 10 -12 ) = 6 x 10 -5 . 


0.001 mm; 


Since a we, Eq. 9.126 => k 


LJCpL 


, so (Eq. 9.129) 


A = 27 tJ - 2 ■ — 2nJ •• • - — 

V W(T^o V 27T x 10 6 x 


6 x 10 7 x 4;r x 10- 7 


= 4 x I0' 4 m = 


, _ c _ 3 x 10 s 
v ~ 10 s 


LJ 

k 


LJ , 
2tt 


4\ 


= 0.4 mm. 





— 

400 m/s. 


300 m; 


v — c — 


3 x 10 s m/s* (But really, in a good conductor the skin depth is so small, 


compared to the wavelength, that the notions of “wavelength” and “propagation speed” lose their meaning*) 
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Problem 9.19 

(a) Use the binomial expansion for the square root in Eq. 9.126: 

i + 1 (—) 2 - i lV3 


—vf 


-uM-L 

V 2 v^ew 2 V f 


So (Eq. 9.128) d = - 


= i S - /I 

k a V ^ 


qed 


e = e r Eo — 80.1 to (Table 4.2), 

For pure water, ^ fj. = hq{ 1 + x m ) = A*o(l - 9.0 x 10“ 6 ) ^ fi 0 (Table 6.1), 
(7 = 1/(2.5 x 10 5 ) (Table 7.1). 


So d = (2)(2.5 x 10 5 ) 


5h ,(80.1)(8.85 x 10~i2) 


47r x 10 


1-7 


1.19 x 10 4 m. 


(b) In this case {o/ti j) 2 dominates, so (Eq. 9.126) k ^ k, and hence (Eqs. 9.128 and 9.129) 

. 2ir 27 t A 

A = — = — = 2?rd, or d — —. qed 

K K 27T 

Meanwhile a s wjf JT „ TfE = / Uy»)(4w x 10-T)(l jQ _ g x 10 T d _ I = _1 

,_, V M ew V 2 V 2 k 8 x 

. . o I - _ . 


10 7 


1.3 x 10 8 = 13 nm. | So the fields do not penetrate far into a metal—which is what accounts for their opacity. 


(c) Since k =£ k, as we found in (b), Eq. 9.134 says 4 > - tan-‘(l) — 45°, qed 

Meanwhile, Eq. 9.137 says ^ . jcti — — 

E 0 V cw 



For a typical metal, then, 


Bo _ / 

’ E 0 V 


(10 7 )(4tt x 10~ 7 ) _ 


10 15 


10 7 s/m. (In vacuum, the ratio isl/c=l/(3xl0 8 ) = 3x 10“ 9 s/m, so the magnetic field is comparatively 


about 100 times larger in a metal.) 


Problem 9.20 


(a) « = ” i 2kz €E$ cos 2 (kz - urt + S B ) + -B% cos 2 (kz - ut + 5 E + <t>) 

1-11 i - lOi t . ^ __ ^ 


over a full cycle, using (cos 2 ) = 1 and Eq. 9.137: 


Averaging 


<«> = 


2 E ° + 2^ S ° 2 


1 

~ 4 e 


—2kz 


t£ » + 


4 C 


1 - 2 **efiS 


1 + 




But Eq. 9.126 =► 1 + yj 1 + (£-)* = 
magnetic contribution to the electric contribution is 


2 k 2 1 _ 2 2 2 k 2 

-so (u) = -e 2 ^e£ 2 -- = 

e/i u> 2 4 u ifi u 2 


k 2 

2fioj 2 


\2 —2 kz 


E 2 0 e 


So the ratio of the 




> L qed 


i i i 

(b) S — — (ExB) = — EqBqg CQs(kz—ujt+5[i;) cos(kz—tut+&£ + $) {S) — — EqB^b~ 2kz cqs0z. [The 

M 2 \x 

average of the product of the cosines is (1/2 tt) cos 6 co ${8+4>) d8 - (1/2) cos <p-] So I — ^-EaB 0 e~ 2tiZ cos <p - 

_ ? f A 


2^° e 


cos^^j, while, from Eqs. 9.133 and 9.134, K cos<£ = k, so 


1 = 


2(iuJ 


E$e~ 2K *. 


qed 
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Problem 9.21 

According to Eq. 9.147, R — 


E 


Or 


E 


Of 


1-/3 


1+0 


1 $\(l P *1 where ^ = 

il 2 U) 


1 + 0J \l+0\ 

- t.— (k 2 + *« 2 ) (Eqs- 9.125 and 9.146). Since silver is a good conductor (a » ew), Eq. 9.126 reduces to 


~ r „ 2 rr [ 


auti 2 ~ HiVx fauJpa j a ~ . 

•“^ = ^V~ ( + ) = W^ ( 


Let 7 — fiiVi 


nr- _ / CT~ /g^~ . 8 . / (6 X I0 7 )(4ff x 10^7 _ on Th 

V 2^ “ /i0C V 2 moW V 2w " (3 } Y (2) (4 x 10 13 ) 

R - ( l ~ ^ ~ 1 f I-LlLLI^ _ il —— j 0.93. | Evidently 93% of the light is reflected. 

\1 + 7 + *7/ \1 +7 “ 1*7/ (l + 7r+7 2 ---'__ 


Problem 9,22 

(a) We are told that v — qVX where a is a constant. But A — 27r/fc and v = ui/k, so 

ff — (hjJ r ~— 1 1 /27T I rr 1 

u) - ak^/2irjk - aV2?rfc. From Eq, 9,150, v g = — - av27r^-^ = -ay — - ^vA — -v, 


or 


v = 2v n 


w - ■*> - ■* ■-%- ■- f - £5 - S- t “ 


u — 


w E 


hk 


k p 2m 2m' 


du) 2 hk hk 

9 dk 2m m 

P_ 

m 

; So 

w = \ v °- 

Since p — mv c (where v c is the classical speed of the particle), it 

follows that 

v g (not u) corresponds to the classical veloctity. 



Problem 9.23 
1 qd 


E = 


4treo a ‘' 


=> F = -qE = - j x - -& S pdn K £ = -mu^z (Eq. 9.151). So 


w 0 = 


interna 3 


1/ — ^ ^ 


(1.6 X IQ" 19 ) 2 


7,16 x 10 15 Hz. 


This is ultraviolet. 


2tt 2tt y 4 tt{ 8.85 x 10' 12 )(9.11 x 1Q- 31 ){0.5 x lO " 10 ) 3 
<; From Eqs. 9.173 and 9.174, 

A _ nq 2 f f N = # of molecules per unit volume - = ? 3 ° 4 xio” = 2 ‘ 69 x 1()25 ’ 

! I 


2meo Wq’ \ / = # of electrons per molecule = 2 (for H 2 ) 

(2.69 x 10 25 )(1.6 x 10 -' 9 ) 2 


(9.11 x 10- 31 )(8.85 x 10- i 2 )(4.5 x 10 16 ) 2 

2 / .I _ .. o inS \ 3 


4.2 x 10 


-5 


(which is about 1/3 the actual value}; 


B — (^j~— ^ 1.8xl0 - 15 m 2 (which is about 1/4 the actual value). 

So even this extremely crude model is in the right ball park. 


Problem 9.24 „ „ 

JsJq 2 (u! 2 — LJ^) 

Equation 9.170 => n = 1 + ^~ r / 2 ^ ° 9 i? .a ai - Let the denominator - D. Then 

2m€ 0 [(w5 - u 2 ) 2 + 7 J ur] 

^ j -lit - ^ ^ [ 2 (wq - w 2 )(-2w) + 7 2 2 w] I - 0 =7 2 loD ~ (u>£ - w 2 ) [2(w , 2 - w 2 ) - 7 s ] 2w; 

dh) 2rn£o [ D D l j 

(af^-w 2 ) 2 + 7 2 ^ 2 = 2 (wq -w 2 ) 2 - 7 2 (w^ -w 2 ), or (wq -w 2 ) 2 - 7 2 (^ 2 +^o -w 2 ) = 7 2 w^ => (w^ -w 2 ) - ±w 0 7 ; 



















































































168 


CHAPTER 9. ELECTROMAGNETIC WAVES 


J 1 - Uq T Wo7, w = ^ 0 \/l =F 7/ ^0 — <A) (1 T 7/2u?q) = w 0 =F 7 / 2 . So w 2 = w 0 + 7 / 2 , nq = w 0 - 7 / 2 , and the 

Nq 2 


width of the anomalous region is Alj = — u/i =7 

j Nq 2 u 2 7 


From Eq. 9.171, a = —-r,-^- =—so at the maximum (w = wq), o max ~ 

meoc (u’q — u> J ) J + 7 ,i uJ- 

* , -i o Nq 2 uj' 2 7 { J 2 \ 

At tt»i and w 2 , u> = Wq =F u/ 0 7, so a = ■ 2 - — 2 = a max ^2 + uJ 2 j ■ But 


meoc 7 Wq + 7 -w 


w 


^ = =f«0dt _ ijiriW * I ( 1 = JlVi ± 2 1Ax JlA S i. 

! + cjg 2 l^q ll?o 7 2 (1 t 7 /^ 0 ) 2 \ kJQ / \ 2 wo / 2 \ 2 u?o) 2 


So a = lcY ma ,x at lji and u) 2 * qed 


Problem 9.25 


cj 

fc= - 




/? 


2 m f o ' (txjj - w 2 ) 


doj 


1 


«s = — = 


dA: {dk/duj) 


1 + fj 


2meo (u>j — u 2 ) 


f ,V f - (“2u) 
^ /j (uj - w 2 ) 2 


1 ( tJ J +tj3 ) 

2 mto ^ J (w 2 - w 2 ) 2 



Since the second term in square brackets is positive, it follows that 



UJ 

whereas t/ = — = c 
k 

ii Nq2 v ^ 

-1 

Vfl < C, 

is greater than c or less than c, depending on u;. 

2 meo ^ - ui 2 ) 





Problem 9.26 

(a) From Eqs. 9.176 and 9.177, V x E = = iu B 0 e*<**- W( >; V x B = -l?r = - ^E 0 e << * z-U, °. 

at c 1 of c l 

In the terminology of Eq. 9.178; 


QE Z 9E V 


(V X E)„ = 


(VxE) J = ^-^ = f ^ e »{ fc *~ wt ). So (j) ?3l - 2E* = iu}B ,. 


(VxB)* = 
(V x B)„ = 
(V x B). = 


dy 

dz 

dE x 

dE, 

dz 

dx 

dEy 

dE x 

dx 

By 

dB z 

dBy 

dy 

dz 

dB x 

dB x 

dz 

dx 

QBy 

dB x 

dx 

dy 


- - ikE 0;r j e^-^K So (n) ^ - ikE y = iuB x , 

= f ifcEo, - So (iii) ifcEa; - = »wB p . 




3 a; dy 
dB t 


— ikB i 


‘) 

f 1 -**.)«* 
, 5*0, \ 


i(kz-„t) So (v j _ ikB _ 


5y 


e t(fcz-ut) So (vij ikB x - ^ = ~^E y . 

dx ^ * 


dy 


BB y dB. 
So (iv) - 


c 2 

ioj 


— ^ 

3y c 2 z 


9E OE 

This confirms Eq. 9.179. Now multiply (iii) by k, (v) by to, and subtract; ik 2 E x — k-^-—u-~~ +iu>kB y = 

ox ay 

dB t 


„ iu 2 „ . / o w 2 \ „ ,dE z dB z ... _ * /, as 2 3BA 

I * wB# + c 2 Ex ^ 1 \ k c 2 J _ * 8x + U By ’ 0r * “ (w/c ) 2 - fe 2 ( fe 3x +lJ dy )' 

Multiply (ii) by k , (vi) by cu, and add; k^^-—ik 2 E y +iu}kB x —u)^^- = iu;kB x —~-E v =»£ — A; 2 ^E y = 
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BE; QB Z 

-A—-i-w ——, or ( 11 ) E y = 


Qy 


dx 


(oj/ e) 2 


-k 2 ( 


, 3E Z 9D 2 

k— - - UJ- 


dy 


dx 


)■ 


Multiply (ii) by w/c 2 , (vi) by k, and add: 


* ( fcJ ' 7 ) B ’ = * 


dB z u 8E Z 

~a - 2~a~’ or ( m ) B *= / , 

ox c 2 dy (w/c) 2 


c 2 dy <? 


.<x>~ _ .wA 




*_/ as, _ u>agA 

2 - A 2 \ 9x c 2 dy ) 


Multiply (iii) by lj/c 2 , (v) by A:, and subtract: i^-E x - U 


c 2 dx 


i I k 


- 2 -?1\ o _ ^ 9E t 

c 2 ) y c 2 dx 


This completes the confirmation of Eq. 9.180. 

9E X 9E y 9E Z ( 8 Eq 8E$ 


8B Z i f,8B z u dE z \ 

+ *_ or ( 1V ) C, = + _ __ j. 


. dD z 2 _ .w 2 ^ iwk __ 

A:-^- + B y - i-^B y + ~^E X =» 


W7 B = ¥ + f + 17 = l a. 


4 - -“*• +ifc£b, c *(fca-wt) = o 




Using Eq. 9.180, 


(w/c) 


2 - A 2 ( 


orS+^+ [{ujcf - k 2 ] E z = 0. 


* 9a: 2 + U 8xdy) + (1 


<9y 

< SPBA 

u/c ) 2 — A 2 V d' 2 y dxdy} 


dE * + 2 lk + ikE - 0. 


+ ikE z — 0, 


dx 2 d 2 y 

Likewise, V ■ B = 0 => 

1 i , 0“a T u> d 2 E z 


* ( t s2B > 

(u/c) 2 - k‘‘ V dx 2 

d 2 B z d 2 B, 


S J^ + a Jk +ikB ' = 0 

ox ay 

) + (u>/c)» - ¥ ( 


+ 


c 2 dxdy / (tu/c) 2 

+ [(oj/ c) 2 - A 2 ] B z = 0. 


A^rjo 2 ) "^* ^kB z — 0 ^ 

otr c 2 dxdy J 


dx 2 d‘ 2 y 

This confirms Eqs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv).] 

Problem 9.27 

Here E z = 0 (TE) and u>/c - k (n = m ~ 0), so Eq. 9.179(ii) => E y = - cB x , Eq. 9.179(iii) => E x - cB y , 
Eq. 9.179(v) =► = i (/ kB y - ~£ x ) = i (k.3 y - ~B y } ~ 0, Eq. 9.179(vi) => = i (kB x + = 

9B Z dB z 


dy 


dx 


dy 


c */ ' ' dx \ c “ 

= 0, and since ZJ. is a function only of x and y, this says B z is in fact 


i ^A B x — —Bx^j — 0. So 

a constant (as Eq. 9.186 also suggests). Now Faraday’s law (in integral form) says E * cfl = — f ’^ a ' 
0B 

and Eq. 9.176 => — —iu> B, so jf E ■ dl = iu f B ■ da. Applied to a cross-section of the waveguide this gives 

/"•*= f = {since B t is constant, it comes outside the integral). But 


if the boundary is just inside the metal, where E = 0, it follows that £, — 0. So this would be a TEM mode, 
which we already know cannot exist for this guide. 

Problem 9.28 

Here a = 2.28cm and b = 1.01cm, so rqo — —uio — — — 0.66 x IQ 10 Hz; 1^20 = 2— = 1.32 x 10 10 Hz; 

2tt 2o 2a 

vaa - 3" = 1-97 x 10 lo Hz; y 0 i = ^ = 1.49 x 10 lo Hz; = 2^- = 2.97 x 10 10 Hz; vn = + = 

41) jL b 2 t y d 0 


1.62 x 10 10 Hz. Evidently just four modes occur: 10, 20, 01, and 11, 


To get only one mode you must drive the waveguide at a frequency between l^o and 1 ^ 0 : 

c 


0.66 x 10 10 < v < 1.32 x 10 10 Hz. 


X — so Am = 2a; A 20 — a. 2.28 cm < A < 4.56cm. 
v 1 - 





















































Problem 9.29 

FVom Prob. 9.11, (S) = —(E x B*). Here {Eq. 9.176) E - B* = B*e~ i{kz - wt \ and, for the 

2/io 

TE mn mode (Eqs. 9.180 and 9.186) 


B ! = 




E v 


—ik j 

' —m7r\ 

(w/c)2 - fc 2 \ 

k a / 

-ik j 


(w/c) 3 - it 2 \ 

rw 

_ / mrrx ■ 

= £?o cos ^- 

)cos(" 

w ( 

' ’-n7r\ 

(w/c) 2 - it 2 l 

v b J 

—iw / 

f -mir ^ 


So 


9 (<j/c) 2 

E z ~ 0 

iiruB^ / m > 


/ m7rx\ , ffiiry\ 

Bocos (—M—); 

iw f—mi r\ _ * /mirx\ /niry\ 


1 r f m \ * /mirx\ /mirx\ 9 /nny\ A 

< s > = 2 ^o{(J sin (^r) cos (^r) cos (-r)* 

impBn fn\ 2 /'mrrix . /nrry\ /rary\ 

+ (u/cF^p (») cos (—) s,n (-r) “(-r) y 


( u /cy 

L>kir 2 BQ 

K^/c) 2 - * 2 f 


/ 


(S) • da = 


(?)’«* (==)■* ( 7 ) + (=)’-* (T) - 2 ( 7 )] 4 

[In the last step I used 


1 bjk'K 2 Bft 

/m \ 2 /n\ 2 

- - - —, ab 

8^0 [(w/c ) 2 - fc 2 ]* 

( 7 ) + (i)j 


J 0 a sin 2 (m^rx/a) (£r = cos 2 (mirx/a) dx — a/ 2 ; sin 2 (n 7 ry/ 6 ) dy = f* cos 2 (rc 7 ry/fc) dy — 6 / 2 ,] 
Similarly, 

(u) = l(co EE* + —BB’) 

4 \ W) / 

eo ^ 2 7r 2 Bn [/tin 2 o /mrra:\ . 2 /mry\ /m\ 2 . 2 /mirx\ 2 /nny\ 

[(- b ) cos (—) sin (V) + (7) sm (—) cos (-r) 


4 1(uj/c) 2 - k 2 } 2 

J_{ 

4^o l 




V a / 


+ 


A: 2 7r 2 i?o 


[(^/c) 2 - * 2 r 


r/rix 2 2 /m 7 rx\ . 2 (mry\ /m \ 2 . 2 /mitx\ .>/n7ry\l) 

[(&) C ° S ( a ) Sm l~fc~)" r (.7/ Sm (7r) C0S (“w]}’ 


J {«} da — 


ab f to £J 2 7 T 2 Hq 

7 \ 7 [(oj/c)2 - A : 2 ] 2 


/"X 2 (™X 2 1 _Bg_ 1 k 2 v 7 B$ T/n\2 /m\ 

\ft/ \ a ) J 4fio 4po [(w/e) 2 — fc 2 ] 2 [\&/ v a / 
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These results can be simplified, using Eq, 9.190 to write \[ufc) 2 — A: 2 ] = (u; m „/c) 2 , £qPo — 1 /c 2 to eliminate to, 
and Eq. 9.188 to write [{m/a) 2 + (n/6) 2 ] = (w mn /rc) 2 : 


/(S) 


■ da — 


ukabc 2 r2 

8^oW 2 l „ 0 


; j{u)da = 


r>2 

WjU °’ 


Evidently 


energy per unit time /<S> - da kc 2 c f- 2 -— ftinn , 

-—- - — ——r = f , - — — = - yw - wL — Vg (Eq. 9.192). qed 

energy per unit length j (u)da u u 


Problem 9.30 

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with E z 0, B~ — 0, subject to the boundary 
conditions 9.175. Let E z (x,y) = A'(x)y(y); as before, we obtain X{x) — A sinfA^x) + Bcos(k s .x). But the 
boundary condition requires E. — 0 (and hence X — 0) when x — 0 and x = a, so B = 0 and k x ~ mn/a. 


But this time 

m = 1 

,2,3 

,... , but not zero, since rn — 0 would kill A' entirely. The same goes for Y’(y). Thus 

Ei = Eq sin | 

^ mnx j 

1 sin | 


i 

with n,m = 1,2,3,... . 


The rest is the same as for TE waves: 


^rait = cjt ^{m/a) 2 + (n/6) 2 


is the cutoff frequency, the wave 

velocity is v — cf \f\ — ((*J mn /u) 2 , and the group velocity is v g = C\J 1 - (u mn /w) 2 . The lowest TM mode is 
11, with cutoff frequency wn — c?r>/(l/a) 2 + (1/6) 2 . So the ratio of the lowest TM frequency to the lowest 

TE frequency is ™n/( 1A»>‘ +(ViP _ 

{cn/a) 


v'T+WV. 


Problem 9.31 

1 3 , n , n , _ n 1 C? . n s r* n 1 * „ E()fcsin(fc2 — Ut) - ? 

(a) VE = - — (sE s ) = 0/; V B = --B* =0/;VxE = — 0-—---- </> = 

s as s o<p oz s o<t> s 


s = 


SB Eousin(kz - ut) - , . . , . _ „ dB 0 . 13, £Jofc sin(A;.j - ut) „ ? 

-flT = 7 7— * 7 (smce = w/c)iVxB = 'ir s + -sTs i8B * }z= ~c -7 “ 

^ s /. Boundary conditions: E^ — E z = 0 /;5 X = i? g = 0 /. 

C 2 <7t C 2 S 


/ 


(b) To determine A, use Gauss’s law for a cylinder of radius $ and length dz: 

1 „ 1 


E ■ da = Eq — ^ - -(2 tts) dz = — Q enc = —A dz => A = 27reoEo cos (^^ — 

S Eq Eq 


To determine 1, use Ampere's law for a circle of radius s (note that the displacement current through this 


loop is zero, since E is in thes direction): j> B-dl — —^^(2irs) — => 


c s 

The charge and current on the outer conductor are precisely the 
the metal, and hence the total enclosed charge and current must be zero. 


/ = —— cosffcz — ut). 
Vqc 


opposite 


of these, since E = B = 0 inside 


Problem 9.32 


/ OO rQO 

A(k)e ikz dk => f{z,0) r = / A(k) m e~ ikx dk. Let l = -k; then /(r,0)* = 

■ OO j — OO 

r-oo e-oo roo 

/ A(—/)*e w *(—eff) = j A(—l)*e llz dl= I A (-fc)* e tkz dk (renaming the dummy variable f -> k). 

j OO J -OO J — OO 

/M) = Re[/(x,0)] = \ [/>,0) +7(2,0)*] = f" \ [i(fc) + i(-fc)*] e ik *dk. Therefore 
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dk. 


\ [>*(*) + A[-k)'] ~ ± J^f(z,0)e~ ik *dz. 

/ OO * rOO 

A(k)(-iv)e i{kz dk -> f(z, 0) = / [-*wA(Jfc)]e ifca 

-OO J — OG 

(Note that u> = |fc|o, here, so it does not come outside the integral.) 

pOO f-OC r — OO 

f(z.O)* = / [twA(fc)*]e~ , '* J rffc = / [i\k\vA(ky]e- ik: dk = / [i\l\vA(~l)*]e tlz {-dt) 

J — OC 0-00 J OO 

rOO TOO 

= / [i|jfe|uA(-fc)*]e ifc: d/t= / [iwi(-fc)*]c rt * dk. 

J — OG J — OO 

f(z, 0) - Re [/(*,0)] = ^ [/(z,0) + /(z,0)*] = J°° dfc. 


j r i 1 I 

~2~ [^f*) - M-kr\ = f(z,Q)e~ ik * dz , or - 

A(k) - A(-fc)*] 

2n J 

poo 

“OO 

[^/(*,0) e~ ikt dz. 
qed 

Adding these two results* we get 

1 f°° 

m = r«L 

f(z r 0) + -j{z,0) 

e~ iki 

dz. ; 


Problem 9,33 

(a) (i) Gauss's law; V ■ E = 

(ii) Faraday’s law: 


1 0E» 

rsin# 


= 0. / 


SB 

St 


"I n -| n 

= VxE= —— — (sin^)f-- — {rE 4 )& 
r sm 6 ad r or 


1 8 

„ sin 2 8 

( 1 ■ M 

. 1 8 


( 1 - M 

r sin 8 89 

Eq - 

r 

[ cos u - — sin u 1 

r dr 

Eo sin 8 | 

! cos u — — sm u J 


d 8 . 

But -r- cost* = -«smu; — smu = kcosu, 
or or 


-r —;- — 2sin(?cos# (cosu - ~ sinti) r — -Eosintf ( —fcsinu H—~ sinu — - cosu^ 9. 
rsm0 r \ kr Jr ^ kr 1 r J 

f 1 f 1 

Integrating with respect to t, and noting that j cos u dt — -sin u and / sin u dt = — cosu, we obtain 

J u J u 


B = 


2£o cos 8 


wr 


( . 1 V Eo$in0 / 1 1 . \ - 

smu + -— cosu ) r H——- —kcosu + —r cosu H— sinu 1 6. 

V kr J ur \ kr 1 r J 


(iii) Divergence o/B: 

vB = i!( r ’ s '>+ 1 


2E 0 cos 6 


r'l q t 

]_ 0 _ 

r 2 dr [ w 
1 2 Eqcos 6 
t 2 u > 


d 


r sin 0 30 


(sin 8Bg) 


+ 


1 2Eo sin# cos# 
r sin 8 ur 


( . 1 M 19 r£«sin 2 0 ( . 1 1 . \ 

smu + — cosu + —;—- — -—- —kcosu 4- —— cosu H— sinu 

\ kr J J r sin 8 do [ ur \ kr 2 r J 

(. I 1 . \ 

I k COS U — —2 cos u ~ ~ sm u J 

( . 1 1 . \ 

I -k cosu + cos«+-sinuj 
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2Eq cos 9 


uir 2 


( t 1 , 1 1 . \ „ , 

k cos u -- cos u -sinu-K cos u + —- cos u- j— sin u ) — (J. v 

^ hr 2 t hr 2 r ) 


(iv) Amp ere/Maxwell: 

V x B = 


9 ( dB ' 
fr irB,) - ~w 


4> 


1 f d E 0 sm$ f I 1 . \ 

- - { — -( —k cos u 4- 7 —r cos it 4— sin it - 

r (3r w \ hr 2 r } 


r 

Eq sin 6 


A 

d9 


2Eq cos 9 


u>r 
k Eq sin 6 


^sin it + cos j 0 

(, 2 . 2 1 . 1 . k 2.2 \ , 

k sin it — ~—-r cos it-- smu-s- sin u H— cos it H—r- sinu + —r cosit ) 0 

\ kr d r 2 r 2 r r 2 kr d / 


±9E 
c 2 aT 


(, . ,1 \i 1 Eq sin 6 { 1 \ - 

k sin u H— cos u 1 0 = --I k sin u + - cos u 0- 

u r \ r j c r \ r ) 

1 fi-osin# / . uj \ t \ u) Etjsmd ( 1 \ ? 

{w sin u + r cos u 0 — -? --ssinu+ - cos it I 0 

V fcr / cr k r \ t ) 


c 2 r 


l EqsitiO ( . 1 \ jt 

- - k sin tt + - cos u 0 = V x B. / 

c r \ r ) 

(b) Poynting Vector: 


„ 1 i?osin# 

S = —(E x B = —- 

Mo Mo?* 


( 1 . \ 2i?ocos# ( . 1 \ ; 

cosu — — smu --— sinu + — cosit 9 

\ kr J u>r 2 ^ kr J 


Ea$m6 ( 1 1 . \ , 

+ - —k cos u 4- r—T cost! + - smu (—r) 

u >r V kr 2 r J 

{ 


E$ sin 9 f 2 cos 9 


Hour 

- sin 


sinu cos u -f- -^-(cos 2 it - sin 2 u) - -r^r sin u cos it 9 
kr k z r 2 


/ , 2 1 2 1 . 1. 1. 1 . 2 \ J 

9 — k cos u H-- cos u + - sm it cos u H— sin it cos tt — ,,, , sm it cos u — sin it ) r > 

\ kr 2 r r k 2 r 3 kr 2 J ) 

/ 2cos 9 \ f 1 \ , l f 2 . 2 J A 

j- I 1 - 1 smu cosit + — (cos u -sin it) 9 


Eq sin $ f 2 cos 9 

Mo^r 2 


+ sin# 


2 

— 4 , 

r k 2 


^ 3 ) sinu 


cos it + A: cos 2 u + (sin 2 it - cos 2 it) 


Averaging over a full cycle, using (sinucostt) = 0, (sin 2 it) (cos 2 it) = we get the intensity: 

El sin 2 9 . 


I = (S> = 


Eq sin 9 

IMi^r 2 


(5 = 


2/tocr 2 


r. 


It points in the r direction, and falls off as 1/r 2 , as we would expect for a spherical w ave. 

4tt Eq 


(c) P = f I • da = / 5 * n - r 2 sin 9 d8 d<f> = ~^-2ir f sin 3 9 d8 — 

J 2fi 0 c J r 2 2 moc Jo 


3 fiac 

















































Problem 9.34 



z < 0 : 

( E f (z,t) = *, 

| E H (z,t) = E R e i (~ k >*~* t >x, 

y- 

0 < z < d : 

( E r (*. t) = x, 

| E|(*,t) = x, 

B,{z, i) = - y. 

z > d : { E r (z, t) = Ere^-^ x, 

Boundary conditions: e| = e|, = Bj, at 

B T (z,t) = y. 

each boundary (assuming ^ — ji 2 — p. 3 — ^ 0 ): 


z — 0 


z — d 


Ej + Er — E r + Ei ; 

— 25/ — ~Er — —E r — — Ei => Ei - Er — 0(E r - Ei ), where 0 = ^ 1 /^ 2 - 

Vl t>i t/2 v*2 

E r e ik * d + E t e~ iM = E T e ik * d ; 

— E r e ik3d - —E t e- ikld = —Ere ik * d => £ r e itad - £ ie - ifcid = aEre* 3 *, where a = v 2 /v 3 . 


^ l?2 ^2 V3 

We have here four equations; the problem is to eliminate Er, E rr and JSj, to obtain a single equation for 
Er in terms of Ej, 

Add the first two to eliminate E R : 2Ej - (1 + 0)E r + (1 - 0)Et ; 

Add the last two to eliminate E t : 2E r e tk2d — (1 + a)Ere tk ^ d ; 

Subtract the last two to eliminate E r : 2E t e~* k2d — (1 — a)E T e tk * d . 

Plug the last two of these into the first: 

2 Ej = (1 + 0)\e~ ik * d {l + a)E T e ik3d + (1 - 0)\e ik * d {\ - a)Ere lk3d 

4Ei = [(1 + a)(l + 0)e~ ik,2d + (1 — a){l — 0)e ikid ^ Ere ik3d 

= [(1 + a0) (e~ ik * d + e ik * d ) + (a + 0) (e~ ik * d - e itad )] E T e ik * d 
= 2 [(1 + a.0) cos(k 2 d) — t(a + 0) sinffc^d)] Ere tk3<< . 
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M tl . . . ax • * 'T’ v ^ E r a fwA \Et? v { \E t \ 2 a \E T \ 2 

Now the transmission coefficient is T — - -g- - — (-J [ _ i io = — i ^ ' in = op ! —■ so 

|£/| 2 


T~ l = 


vid E'f o ui Wi/ |£,|2 u 3 [£/| 2 

2 


- [(1 + cx0) cos(fe 2 d) - i(cif + 0 ) sin(fe 2 d)] e l * 3d 


1 |E/| 2 = J_ 
a0\E T \ 2 

—- [(1 +o/?) 2 cos 2 (fe 2 d) + (a + j0 ) 2 sin 2 (fc 2 d)]. But cos 2 (fc 2 d) = 1 - sin 2 (fc 2 d). 
Actfj 

[(I + ot@) 2 + (o 2 + 2a@ + 0 2 — 1 — 2a/J — a 2 # 2 ) sin 2 (fe 2 d)] 


4aj3 


[f 1 + «/3) 2 - (1 - a 2 )(l - 0 2 ) sin 2 (fe 2 d)] . 

But rii = —, n 2 ~ —, TI 3 = —, soa= —, 0 — —. 

V] U 2 V 3 713 Til 


1 r ( „ 1+Tl3) ^ w-"i)("i-”i) 5in . (M) 


4nin 3 


n% 


Problem 9,35 

T ~ 1 =$• sin fed = 0 => fed = 0, tt, 2n - The minimum (nonzero) thickness is d = ir/k . But fc = u/v — 

2tiu/v — 2ilunfc, and n — yj ep/eopo (Eq. 9.69), where (presumably) p as po- So n = y'e/e 0 — and hence 
ttc c 3 x 10 8 




27 TVy/Cr 2v^. 2(10 X 10 9 )a/T5 


= 9.49 x 10 3 m, or 9.5 mm. 


Problem 9.36 

From Eq. 9.199, 

T~ l = 


|[(4/3) + l ] 2 + [(1G/9) . . sin 2 (3uid/2c) 


4(4/3)(1) 
3 


(9/4) 


} 


16 


T = 


49 (—*17/36)(—5/4) . 2/n JJrt . 

T* (9/4) Sm(3aj<f/2C] 
48 


49 
= — + 


85 


48 (48)(36) 


sin 2 (3wd/2c). 


49+ (85/36) sin 2 (3u/d/2c) 


Since sin 2 (3<jd/2c) ranges from 0 to 1 , T mjn = 


48 


49 + (85/36) 


48 


0.935; T max = — = 0.980. Not much 

-^ 49 *- 


variation. and the transmission is good (over 90%) for all frequencies. Since Eq. 9.199 is unchanged when you 


switch 1 and 3 , the transmission is the same either direction, and the fish sees you just as well as you see it 


Problem 9.37 

(a) Equation 9-91 =+ Ej(r,f) = E 07 .e l * 1<TJ|1 '"‘ J ^; ■ r = fe7-(sin0TX + cos&r*) * (^x + yy + zi) — 

kj{x sin Op + z cos8t) = sfer sin $t + izkr \J sin 2 At — 1 = fex + ikz, where 

, _ . - d /un 2 \n 1 uni 

k ~ KTsm&T = -)—sin£?r=-sin#/, 

\ C / Tlo c 


k — hT\J sin 2 6t~ 1 = —-\J («i /ri 2 ) 2 sin 2 — 1 = — ^n 2 sin 2 0/ — n 2 - So 

E T (r,t) = E 0 r e- M e £( **“ t ‘' ,) . qed 











































176 


CHAPTER 9. ELECTROMAGNETIC WAVES 


(b )R = 


Eq h 

2 

o-/3 

Eq, 


a + 3 


Here 0 is real (Eq. 9.106) and a is purely imaginary (Eq. 9.108); write a - to, 


with a real: R = (( =^~4) = = Q1 

\ia + /3/ \—ia + 0) a 2 + 0 2 '— 1 


(c) From Prob. 9.16, Eq r = 


1 — a0 I 


1 + a0 


Eq,, so R = 


l-o/3 


l + o/3 


(d) From the solution to Prob. 9,16, the transmitted wave is 


1 — ia0 


1 + ia0 


(1 -ia0)(l + io/3) 
~ (1 + tct/3){l -ia0) 


= 0 


E(r,l) = E„,.e i "‘ Tr -"‘) y, B(r,i) = -Eo T e« k ’"'-“ l H-cosO T Si + smOTi). 

Vn 

C/C 

Using the results in (a): k T * r = kx + iftz - u ;i, sin0 T = ——* cosflr — i -—: 

u?n2 um>2 


ck „ ck ^ 
i -x + --z 

U2T12 tL?H2 


E(r,t) = Eo T e~ K ^ kx ^ y, B(r,t) = (- 

vi \ 

We may as well choose the phase constant so that Eq t is real. Then 

E(r,t) = E 0 e~ KZ cos(fex — ut) y; 

1 0 

B(r,t) = — EQe~ KZ — Re{[cos{fex - Dt) + i$in(fex - u;t)l f-i«x+ fezl) 

V2 wn 2 ' J 1 11 

— ^Eoe~ K * [« sin(fex — Dt) x + fe cos(fex — Dt) z]. qed 
{I used V 2 ~ cjn-i to simplfy B.) 


)• 


(e) (i) V • E 

(ii) V B 


^ [Eqb kz cos{fex - wt)] = 0, / 


0_ 

dx 

E 0 


Eq 


d 


e KI «sin (kx—ut) 


d 

+ &z 


E 

~e~ KZ kcos(kx - Dt) 

U? 


— — [e KZ Kkcos(kx — Dt) — /te KZ kcos{kx - wt)] = 0. / 


(iii) V x E = 


OB 

dt 


(iv) V x B = 


x y z 
d/dx d/dy djdz 


0 


E„ 


0 


dE j, _ dE v . 
= —* JL x+ -~z. 
oz ox 


itEoe KZ cos(fcx — uit) x — E$e KZ k sin(fex — Dt) z. 
Eq _ 

-e K2 [-kw cosffex — Dt) x + feu; sin(fcx — Dt) zj 


u> 


k.Eqc KZ cos( kx — Dt) x — kEoe KZ sinffex — Dt) i = VxE. / 

y 


x y z 
djdx d/dy djdz 


B r 


0 


( dB x 

OB A 

~ V Oz 

dx j 


= -~K 2 e KZ sin(fex — Dt) + ^j-e **fe 2 sin(fex - wt)J y = {fc 2 — k 2 ) —e~ K * sin(fex — Dt) y. 

Eq. 9.202 => fe 2 - « 2 = [rtf sin 2 #/ - (ni sin0/) 2 + (n 2 ) 2 ] - = ^ 2 e 2 ^ 2 - 





































dE 


tifiiujEoe sin(Aix — Lot) y. 
ti2^2Eoe~ KZ usin(kx ~ iot)y — V x B /. 


177 


(f) 


S = 


—(E x B) = — 
/i 2 A*2 


X y z 

0 cos(fcx — c*^t) 0 

k sin(Arx — cot) 0 k cos(£x — tot) 


E l c -2«^ 


[A: cos 2 (fcx ~ wf) x - « sin (fcx — u;f) cos(fcx — wf) z] . 


Averaging over a complete cycle, using {cos 2 ) = 1/2 and (sin cos) = 0, (S) = 


Elk 

2(12^ 


e 2kz x. On average, 


then, no energy is transmitted in the z direction, only in the x direction (parallel to the interface), qed 

Problem 9.38 

Look for solutions of the form E = E 0 (x,y, z)e~ luJt , B = B 0 (x,y,z)e~ t ‘ Jt , subject to the boundary condi¬ 
tions E 11 = 0, D l = 0 at all surfaces. Maxwell’s equations, in the form of Eq. 9.177, give 
V ■ E = 0 => V • E 0 = 0; VxE = -4^ V x E 0 = iwB 0 ; \ 

iffc - w xB 0 = -^E 0 . / 


V ■ B = 0 =>V-B 0 =0; VxB-4^ => V 


x E = iu>B; 1 

xB = -p, / 


c* dt 

From now on I’ll leave off the subscript (0). The problem is to solve the (time independent) equations 

V ■ E = 0; V 

V • B = 0; V 

From VxE = iwB it follows that I can get B once 1 know E, so I’ll concentrate on the latter for the moment. 
V x (V x E) = V(V • E) - V 2 E = -V 2 E = V x (iwB) = iu = ^E. So 

2 2 2 

V 2 E z = — E x \ V 2 E y = - ^ —J E y \ V 2 E z = - ( —) E z . Solve each of these by separation of variables: 

C d 2 X .„ C d?Z 


«■«*■»■*)= xwww =■ YZ !* +zx w +XY do = - (!) or x as? 

* x . _*>*, ** . with 


1 d 2 X 1 (PY 1 PZ 


Y dy 2 Z dz 2 


— (ui/c) . Each term must be a constant, so 
kl + k 2 + k\ = — (u/c) 2 . The solution is 


dx 2 


dy 2 


dz 2 


E x {x,y,z) = [Asinf&sx) + B cos(A: ;r x)][C'sin(fcj,y) -I- D cos(k y y)][E sin(k z z) + Fcos(k z z)]. 


But EH = 0 at the boundaries => E x = 0 at y — 0 and z = 0, so D = F = 0, and E x = 0 at y — b and z — d, so 
k y — n-ajb and k 2 — hr/d, where n and l are integers. A similar argument applies to E y and E z . Conclusion: 

E x (x,y t z) — [A sinffc^x) + fJcos^x)] sin(fcj,y) sin(fc 2 2 ), 

E y {x,y,z) = sin(A:a:x)[C5in(ft v y) + D costly)] sin(fc 2 z), 

E z (x,y,z) — sin(^x) sm(k y y){Esm(k z z) + Fcos(fc 2 z)], 

where Ar^ = mn/a . (Actually, there is no reason at this stage to assume that k x , k y , and fc 2 are the same for 
all three components, and I should really affix a second subscript (x for E x , y for E yi and z for E z ), but in a 
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation I’ll assume 
they are from the start.) 

Now V E = 0 fcjilAcosfAj.x) —Bsin(ft 3; x)]sin(fcj,y)sin(/; 2 2 )+A:j,sin(ft I :x)[Ccos(A: 1 ,y)—r>sin(fcj,y)] sin(fc 2 z)+ 
k z sm{k x x)sm{k y y)[Ecos{k z z) - Fsinffc**)] = 0. In particular, putting in x = 0, k x Asin(k y y) sin(fc 2 z) = 0, 
and hence A — 0. Likewise y = 0 =* C — 0 and z — 0 => E = 0. (Moreover, if the k's were not equal for different 

















with k x — [m7r/oj, k y - (n7r/o), k z — (in/d) (i, m, n all integers), and Bk x + Dk y + Fk z = 0. 


The corresponding magnetic field is given by B = — (j/w)V x E: 

^ = ~~ sin(fc^3:) cos (k y y) cosf/^z) - Dk z sinf^at) costly) cos(fc 2 z)], 

) ~ _ w cos{k x x) ain(k v y) cos(k z z) - Fk x cos(fc*x) sin^y) cos(Jfc* 2 )], 

) = ~ w ^ Dkx cos ^* a: ) cos(ftj,y) sin(fc 2 z) -■ Bk y cos(k x x) cos (k y y) sin(ft 2 z)]. 

B = ~~( Fk v ~ Dk z)sm(k x x)cos(k y y)cos(k z z)x- ^(Bk z - Fk x ) cos(k x x) sin{k y y) cos(Jt 2 z) y 

i 

-( Dk x — Bk y )cos(k x x)cos(k y y)sin(k z z)z. 

UJ 

These automatically satisfy the boundary condition B L = 0 ( B x = 0 at x = 0 and x = a, B y = 0 at y = 0 and 
y — b, and B z — 0 at z — 0 and z — d). 

As a check, let’s see if V ■ B = 0 : 


B x = 

- L J 

(0E Z 
l dy 

BE, 

dz 

By = 

i j 

fdE x 

dE z 


\ Bz 

dx 

B z = 

-ij 

( ®E V 

dE x 


UJ ' 

\ dx 

dy 


^ B = ~~( Fk v ~ Dk z) k x cas(k x x) cos(k y y) cos (k t z) - ~{Bk z - Fk x )k y cos(k x x) cos (k y y) cos(fc 2 z) 
-( Dk x - Bk y )k z cos (k x x) cos(k y y) cos(A: 2 z) 

UJ 

~ ^ — {Fk x ky Dk x k z + Bk z ky Fk x ky + Dk x k z — Bkyk z ) cos(k x x) cos {kyy) cos(fc £ 2 :) — 0. 

The boxed equations satisfy all of Maxwell’s equations, and they meet the boundary conditions. For TE 
modes, we pick E z = 0, so F = 0 (and hence Bk x + Dk y — 0, leaving only the overall amplitude undetermined, 
for given l, m, and n); for TM modes we want B z = 0 (so Dk x - Bk y - 0, again leaving only one amplitude 
undetermined, since Bk x + Dk y + Fk z = 0). In either case (TE,„ m or TM (mn ), the frequency is given by 

u 2 — c 2 (kl 4- k 2 + k 2 ) — <? [(ttitt fa) 2 + (sn.Tr/6) 2 + (iTt/d) 2 ], or 


cj = CTTi/fm/a ) 2 + (rc/ 6) 2 + (I/d) 2 . 



















Chapter 10 

Potentials and Fields 


Problem 10.1 



— 2jr &V 

= vv dt2 

□ a A - VL 

„2 A & A 

= VA-Moeo-p- 


-v( 


8 * 2 V 

1 ~W 

9V' 


— 


V ■ A + = -W)J- 


s' 

/ 


1 

i 

eo 


Problem 10.2 


(a) W = ^ J ^co E 2 4- — dr. At ti = d/c, x > d = cfi, so E = 0, B = 0, and hence W(ti) = 0, 


At T 2 = (d + ft)/c, ct 2 = d + h: 


E = (d-f h-z)z, B =~!~(d + h-x)9 t 

2 c 2 


so 


B 2 — -^E 3 , and 


fc 0 B a + — B 2> ] = 60 (e 2 + —±E 2 ) = 2£ 0j E 2 . 

\ W» / \ c 2 ) 


Therefore 


(d+h) 

VF'fta) = ^(2€ 0 )^~~ j {d + h- x) 2 dx (Iw) - lw 


€.0 file* 2 111) 

' (d+h-x)*' 

d+h 

eofiQa 2 lwh 3 

4 

3 

d 

12 


±*£L(ct-\x\)*x 


(b) S(x) = — (B x E) = — E 2 [-z X {±y)l = ±— £ 2 x =- 

f*Q VoC flQC 

{plus sign for x > 0, as here). For ja:| > ct, S — 0. 

So the energy per unit time entering the box in this time interval is 

Haa 2 lw 


q-p-jw*- 


4c 


(ct - dy 


Note that no energy flows out the top, since S(d + h) = 0. 
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Since 1 /c 2 — t-io^Oi this agrees with the answer to (a). 


Problem 10.3 


E = -VV' 


dA 

dt 


1 «*. 


4tt€q r 2 


b = vxa = 0 


1 9 


This is a funny set of potentials for a stationary point charge q at the origin. (V - - — A = 0 would, of 
course, be the customary choice.) Evidently 


p = g<5 3 (r); J = 0. 


Problem 10.4 


dA 


E — -W — — —Ao cos (kx — ut) y (—w) = Aowcosffcx — tjf) y, 


. d 


B = V x A — z —— [Ao sinffcc — <Jt)l = Aofccosffcr — wt) z, 
ox l—-—- 


Hence V-E = 0 /, V-B = 0 /. 


VxE = z — [Aowcos(fcx — ut)] = -A 0 oA:sin(fcx - uit) z, 
ox 


m 

dt 


-Aooi/:sin(fcx - u?t) z, 


„ ^ <9B 

S °VXB = -- S -/. 


d 

V xB = -y — [A 0 kcos(kx ■ wt)] = A 0 k 2 sin(fcx - ut) y, = A q uj 2 sinffcx - wt) y. 


0E 


So V XB = ^oeo^ provided k 2 = fmo w 2 , 
at L — - 

Problem 10,5 


or } since c 2 — l/po^o* 


cj = ck. 


A ' = A+VA ■ -ik £ ' ■ + (- 55*) {-h*) - 13 


( 1 1 )- 

1 9. 

\ 4tt£ 0 r / 

4ttco r ’ 


This gauge function transforms the “funny” potentials of Prob. 10.3 into the “ordinary" potentials of a sta¬ 
tionary point charge. 


Problem 10.6 


dv 


Ex- 10.1: V-A - 0; - 3 - = 0. 

at 


Both Coulomb and Lorentz. 


Prob. 10.3: V-A = - 


Qt 

47re 0 

dV 




Prob. 10.4: V-A = 0; - 0. Both. 








































181 


Problem 10.7 

dV dV 

Suppose V-A ^ —Ato^o - ^ - - (Let V*A + po^o- 5 — = $—some known function.) We want to pick A such 

ot at 

dV' 

that A' and V‘ (Eq. 10.7) do obey V*A' — —/ioco - ^—• 

_ dv' _ . _ 2 . dv a 2 a . „ 2v 

V-A + — V-A |V H — t *° € ° = $ + □ A. 

This will be zero provided we pick for A the solution to D 2 A = —$, which by hypothesis (and in fact) we know 
how to solve. 

We could always find a gauge in which V' — 0, simply by picking A = f* V dt 1 . We cannot in general pick 
A — 0—this would make B = 0. [Finding such a gauge function would amount to expressing A as — VA, and 
we know that vector functions cannot in general be written as gradients—only if they happen to have Curl 
zero, which A (ordinarily) does not] 

Problem 10.8 

i,From the product rule: 

V. (1) = i(v.J) + J • (vi), V'. (i) = i(V' J)+J ■ (v'i). 

But V- = -V'-, since 4 = r - r # . So 

4 4 

v -(;) = ; (V ' J) - J • H) = ; (V ' J) + (!) - 


But 


and 


so 


_ dJ x dJ v d3 z _ dJ x dt r dJ y dt r dJi dt r 

dx + dy + dz dt r dx + dt r dy + dt T dz ’ 


dt T 

dx 

V-J = -- 


1 dtr _ 1 04 dt r _ 1 04 

c dx ’ dy c dy * dz cdz' 


QJ X dt + dJ y 04 dJ x 04 


c dt T dx dt T dy dt r dz 


1 0J /v _ . 

= -;aT (Vl) - 


Similarly, 


S F- 


[The first term arises when we differentiate with respect to the explicit r\ and use the continuity equation.) 
thus 

V. (I) . 1 LI" . (V'J + I -$2 - i " . (V',1 - V (i) = -13e - V'. (i) 

V*/ « [ «air 1 ’] » t dt C dt r K 'J \*J i-dt \t) 

(the other two terms cancel, since V4 — —VV). Therefore: 

VA = £ / v dT ~ I *'■ (?) *■] = “« e °I [ds; / f *] - £ / v da - 

dV 

Th^ last term is over the suface at “infinity”, where J = 0, so it’s zero. Therefore V-A = —fioeo-^. / 




















Problem 10.9 

(a) As in Ex. 10.2, for t < rjc , A = 0; for t > r/c , 

\A C 0 S - 


^/(et) a_ r s 


*'■*> - (£»)* / I 


dz 


\Jr 2 + z 2 


V{ct) a -r 2 

; / ^ 


~ f ln i^ Cf + - 7 -^| - ^\/( c *) ? ~ r2 j ■ Accordingly, 


E(r,t) = = "^T 


02 * Jinf l+vWZZ) + 

c?£ 2 jt I \ r ) 


( 



2c 2 t 


ci + y( c 0 2 - r2 y V r ) ( C + 2 v/( rt ) 2 - r2 ^ 2c \/(ci) 2 - r 3 


\ 1 2c 2 1 \ 

1 j 2c y/(ctp - r 2 J 


ct 




^ fc gflnf 1 + | - „_ 

2jt } l r / y'lct)- - ?" 2 i/(ct) 2 - r 2 



(or zero, for £ < r/c). 


B(M) = 


(iok 


r't?£jlh-«-VW^ 


2it I \ct + \/( ct ) 2 " 7,2 . 
// 0 A: I -ct 2 


1 (-2r) 

2c ^{cty - r 2 


0 


{: 


'}* = 


M (-c 2 £ 2 +r 2 ) 


0 - 


Hok 

2jrrc 


2tt I r^/(ct) 2 — r 2 c-y/(ci) 2 — r 2 j 2 tt rc>/{c£) 2 — r 2 

(b) A(r, £) = — 2 f —tlSl dz. But n. — Vr 2 + z 2 , so the integrand is even in z: 

J —no ^ 




A ™ = (^) 2 f 


5(t-*/c) 


eb + 


Now 2 — \A 2 — r 2 =>* d# = — 


1 




2 vV -T 2 vV - r 2 


, and z = 0 ^ 4 = r, z — 00 — 00 . So: 


M*-;) 
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Now S(t — ifc) — cS(i - ct) (Ex. 1,15); therefore A — zc [ ~=. C *. <fo, so 

2tt J r Jn? - r 2 


A(r,t) — y (or zero, if ct < r); 


2 tt ^/(ct ) 2 — r 2 

dA 

dt 2ir 


E(r, t) = -^ = -^(-‘) 


2c 2 £ 


r>f_ 4\ _ f L 0QoC 


( 4 ) 


[(ct ) 2 - r 2 ] 3 / 2 
— 2 r 


z = 


fiogocH 


2 t r[(c /) 2 -r 2 ] 3 / 2 


[(ct ) 2 - r 2 ] 3 / 2 


0 = 


-po<?ocr 


27r[(ct) 2 — r 2 ] 3 / 2 


(or zero, for t < r/c); 

(or zero, for t < r/c). 


<f> 


Problem 10.10 


A= w /(L-»/ c > rf i = wj / 1 /■£_! /' rfl \. 

4tt y ^ 4 tt / ^ 4?r [ J i c J J 

But for the complete loop, /dl - 0 , so A - J^dl + ^ J dl + 2 x J ~|- Here fi & = 2 o x (inner 


circle), f 2 dl — — 2bSt (outer circle), so 


A = 


fiakt 

4tr 


— ( 2 o) + 7 (-26) + 21 n(£>/o) 
a b 




p _ 3 A 

E -’aT- 


In ( 6 /a) *. 


The changing magnetic field induces the electric field. Since we only know A at one point (the center), we 
can’t compute V x A to get B. 

Problem 10.11 

In this case p(r, f) = p(r, 0) and j(r, £) = 0, so Eq. 10.29 => 


B(r ,i) = J_ f [py.Q) +P(r’,0)t, + pW_, 

4treo j [ r os 


0) 


■idr 1 , but t r = t -(Eq. 10.18), so 

c 


1 f r p( r ',0) + p(r / , 

4ttc 0 J [ 


0 )£ p(r’ , 0 ) (■»/c) p(r', 0 ) 

-__- 1 


ai 


p(r',£) 


w = i /dt 

47TC0 J * 


idr'. qed 


Problem 10.12 

In this approximation we’re dropping the higher derivatives of J, so J(t r ) — J(f), and Eq. 10.31 => 

B(r, t) = J ~ [ J(r', t) + (t r - t) j(r',t) + ~j(r',t)] x idr 1 , but i r - t = -± (Eq. 10.18), so 

Po f 
47T J 


» <' J(r '’ t > x «d T '. qed 


Problem 10.13 

At time t the charge is at r(t) = a[cos(wt) x + sin(u;£)y], so v(£) — aja[—sin(u d) x + co s(ut) y]. Therefore 
K~ zz — a [cos (to t r ) x + sin(tot r )y], and hence $ — z 2 + a 2 (of course), and n. — \/z 2 + a 2 . 

*■ v = -(*- v) = i {— wa 2 [- sin(io£ r ) cos(to£ r ) 4- sin(toi r ) cos(wi r )]} = 0, so ^1 - —= 1. 
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CHAPTER 10. POTENTIALS AND FIELDS 


Therefore 


V(z,t) = 


1 


4xe 0 \fz 2 + a 2 ’ 


A(z,t) - 


qua 


4iteoC 2 \/z 2 + a 2 


[— sin (ut r ) x + cosfwi,.) y). 


where 


t T = t — 


Vz 2 4^ a 2 


Problem 10.14 

Term under square root in (Eq. 9.98) is: 

/ - c 4 t 2 ~ 2c ! f(r ■ v) + (r • v) 2 4- c 2 r 2 - c 4 t 2 - y 2 r 2 + u 2 c 2 t 2 

— ( r . v ) 2 + ( c 2 _ w 2 ) r 2 + c 2 (vt)' 2 ~ 2c 2 (r ■ vt). put in vt = r - R 2 . 

- (r ■ v) 2 4- (e 2 - u 2 )t- 2 + c 2 (r 2 4- R 2 - 2r * R) - 2c 2 (r 2 - r ■ R) = (r ■ v) 2 - r 2 t ? 2 + £ ?R 2 . 

but 


(r ■ v) 2 - r 2 v 2 


((R + vt) • v) 2 - (R + vt) V 

(R • v) 2 + v 4 t 2 4- 2(R * v)v 2 t — R?v 2 — 2(R ■ v)tv 2 — v 2 t 2 v 2 
(R ■ V) 2 - R 2 V 2 = R 2 v 2 cos 2 8 - R 2 v 2 = -R 2 v 2 (1 - cos 2 8) 
—R 2 v 2 sin 2 8. 


Therefore 


Hence 


I = — R 2 v 2 sin 2 6 + c 2 R 2 = c 2 R 2 



V(r ,£) 


1 q 

47reo R^ 1-gsinV 


qed 


Problem 10.15 

Once seen* from a given point 
x , the particle will forever remain 
in view—to disappear it would 
have to travel faster than light. 

rays in + jrfUrt:rtioii| 
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Problem 10.16 

First calculate t r : t r = t — |r — w(t r )|/c 


-c(t r - t) — x - y/b 2 + c 2 t 2 -> c(t r - t) -f x = y/b 2 + c 2 tj; 
c 2 t 2 - 2c 2 t r t + c 2 t 2 + 2xct r - 2xct + a: 2 = A 2 + c 2 t 2 ; 

2ci r (a: — ct) + (x 2 — 2xet + c 2 t 2 } = ft 2 ; 

b 2 — (x — ct) 2 


w»/V 


2et r (x — ct) = b 2 - (x - ct) 2 , or t r — 
1 gc 


1 

v - - 


Now V(x, t) = 
1 


47reo ('ic — * ■ v) 
c 2 t r 


2 c(x - ct) 

, and n-c — <* • v = ^(c — u); t = c(t — t r ). 


2c t r = 


c 2 t r 


■; (c-t?) = 


c 2 t r + c(x — ct) — c 2 t r c(x — ct) 


sc - 4 ■ v 


2 \J\P‘ 4- c 2 t 2 c(t T t} +- x ct r + {x ct) 

_ c(t - t r )c(x — ct) _ C 2 (t — f r )(x - ct) 

Ctr + (l — Ct) 

2 ct(x — ct) — b 2 + (x — ct) 2 (x — ct)(x + ct) — b 2 (x 2 — c 2 t 2 — b 2 ) 


ct r + (x — ct) 
b 2 — (x — ct) 2 


ct r + (X - ct)' 


. . 6 2 + (x — ct) 3 

, . ; ct r + (a; - ct) = ■ - ~ —h (x — ct) — —— -r—; 

ct r + (x — ct) 2(x — ct) 2{x — ct) 


t-t r = 

1 

•JC - -t- V 


2c(x — ct) 
’b 2 + (x - ct) 2 


2c(x - ct) 

2c(x — ct) 


2e(x — ct) 


Therefore 
b 2 + {x — ct) 2 


2(x — ct) J c 2 (x - ct) [2ct(x — ct) - b 2 + (x — ct) 2 ] c(x — ct) [2ct(x - ct) — b 2 + (a: - ct) 2 ] 


The term in square brackets simplifies to (2ct + x — ct)(x - ct) — 6" — (x + ct)(x — ct) — — x 2 - c 2 t 2 - b l . 


So 


V(x,i) = 


b 2 + (a: — ct) 2 


4tt£o (a: — ct)(x 2 - c 2 t 2 — b 2 ) 


Meanwhile 


. _ V (Hr V . _ 

C 2 V ct r + (at — ct) C 2 X 


r 6 2 — (x — ct) 
2e(x — ct) 


21 


2(x — ct) 


b 2 + (x - cty 


b 2 + (x — ct) 2 4<tcq (x — ct)(x 2 - c 2 t 2 - b 2 ) 


b 2 — (x - ct) 2 


47reo c (x — ct)(x 2 — c 2 t 2 — b 2 ) 


Problem 10.IT 

From Eq. 10.33, c(t — t r ) = * =>► c 2 (t — t r ) 2 = s 2 = n, ■*. Differentiate with respect to t: 

( 1_ w) = 2 *H’ or “( 1 -^ 1 ) = ' > 'H- 80 

0* dw dw dtr dtr / 1 dtr\ dtr dtr , . dt r ifi^S 

ft = -» = -^ar = - v sr ;o *( 1 -aTj = -* v W ; °* = aF (o, -*' v ) = W ( *' u)(Eq - 10 - 64) ’ 

and hence *-rrr = —. qed 


dt * ■ u 
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Now Eq. 10.40 says A(r,£) — —V(r,t), so 


dA 1 (dv t , 9V\ 1 f dv dt r . r 

~dt ~ +v lk) ~&{d£lH V + v lh) 

1 I" dt r 1 qc 
c 2 [ a dt 4ttco * • u 


1 -qc d 
47rco (* • u) 2 dt 


(tc - 4 ■ v 


>] 


1 qc 

a dt r V 

( c * 

8* 


c 2 4jreo 

* ■ u dt (a • u) 2 

\ dt 

~dt' V ' 

dt) j 


But i - c(t - t r ) => ^ = c ^1 - , * = r - w(i r ) =s- “ = -v— (as above), and 


dv _ dv dtr _ dtr 

dt dtr dt a dt 


47reoc(a • u) 2 


7 

l-c 

47T6oC(*- u) 2 

\ c 

7 


47T£(jc(* • u) 2 

1 c 

7 

[-C 2 

47rc 0 c(4 • u) 3 

gc 1 

! 


dtr 
f Ot 


2 ( 

1 dt *\ 

V 

dt) 


4lT€o (*c — ■** v) 3 


\^tc — * • v) ^—v + + ~(c 2 — u 2 + a ■ a)vj . qed 


Problem 10.18 

E = - t f(c 2 — u 2 )u +* x (u x a)l. Here v = 

4jre 0 {* • u) 3 1 J 

dx, a = ox, and, for points to the right, a = x. So u = 

(c - u) x, u x a = 0, and a■ u = *(c — v). 


"K* r ) p 

X 


E = 


4tT€o -» 3 (c — u) 3 


{<? — n 2 )(c — v)x — 


q 1 (c + u)(c - v) 2 . 


47reo (c — v) 3 


X = 


4tt€o t 2 


1 (£±H'\ *. 

i 2 \ c - v ) 


B — 4 x E - 0. qed 

c 


For field points to the left, h — —x and u = — (e 4- v) x, so * • u = c 4- u), and 

q n. 


E = - 


47tco ^ 3 (c + n) 3 


(e 2 -n 2 )(c + tj)x = 


—g 1 f c - v\ _ _ 

4^^ [c + ZJ Xj B = °* 


Problem 10.19 


(a)B = 3^ <, -' ,2/cJ) /l7rr 


dx 


[l — (u/c) 2 sin 2 0] 3 ^" 
The horizontal components cancel; the vertical com¬ 
ponent of R is sin 9 {see diagram). Here d = RsinO, so 

1 sin 2 8 x 2 /i\ j/i d 

- - = cot 6, so da: = -o(- esc 8) d9 = 


R 2 


rf 2 


sin 2 0 


d8 ; 


if 



dq=ktLr 
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1 d sm 2 # dO 

Ty> dx = - 2 - d& = —, Thus 

fl 2 sin 2 5 rf 2 rf 


E = 


i^ (1 -' ,2/c2) GO/V 


sin# 


4ttc) 

A(1 — u 2 /c 2 ) y 7 1 


47reod 

— 11^ /(?®\ V 


L 


[l — (v/c) 2 sin 2 #] 

1 


2 al3/2 

dz 


d9> Let z = cos0, so sin 2 9 = 1 — ,z 2 . 


A(1 — ir/c 2 ) y 


[1 - («/ c ) 2 4 ( u / c ) 2 * 2 ] 3/2 

1 z 

4jre 0 rf [(w/c) 3 (e 2 /v 2 - l)y(e/t>) 2 - 1 4 z 2 
A(1 - t» 2 /c 2 ) cl 2 


+ i 


-l 


4-Ktod v (1 - c 2 /v 2 ) y/(c/v) 2 -1 + 1 


y = 


1 2A 
47reo d 


(same as for a line charge at rest). 


- 1 


(b) B — — (v x E) for each segment dq = A dx. Since v is constant, it comes outside the integral, and the 


same formula holds for the total field: 


tj 1 t t-v, 1 1 2A 1 2A * /io 2Av , 

B=-vxE = -V- -— (x xy) - fj, 0 t 0 v- - -z = —■ — — z. 

C 2 c 2 4w€ 0 d 4irt 0 d 4w d 


But Aw = I, so 




(the same as we got in magnetostatics, Eq. 5.36 and Ex. 5.7). 



Problem 10.20 

w(f) = ,R[cos{u>f) x 4 sin(a>f) yj; 
v(f) — Ru[— sin(tJt) x 4 cos(u;i) y]; 
a(f) = -.ffio 2 [cos(w£) x 4 sin(ut}y] - -w 2 w(t); 

* = -w(i r ); 
v — R) 

t r — t — R/c; 

i = -[cos,(uj£ r ) x + sin(wt r ) y]; 

u = oi - v(t r ) = -c[cos(wt r ) x 4 sin(wt r ) y] - sin(wi r ) x 4 cos(a/£ r ) y] 

— - {[ccos(co£ r ) - ojR sin(u;£ r )] x 4 [csin(u£ r ) 4 wi?cos(ij£ r )] y} ; 

*x(uxa) = (*■ a)u - (*- u)a; a = -w ■ (-uj 2 w) = w 2 i? 2 ; 

* * u = R [ccos 2 (ujt r ) - u)Rsm(ut r ) cos(w£ r ) 4 csin 2 (u£ r ) 4 w/2sin(cj£ r ) cos{w£ r )] - Rc; 

t; 2 - {uR) 2 . So (Eq. 10.65): 


E = w2fi2 > + - a <* c >l = 4 ko m’ 

- (Rcj 2 ^ C0S Mr) — uftcsin(wf r )] x - [c 2 sin(w£ r ) 4 u/i?ccos(u;i r )] y 

4 R 2 ui 2 COs(wi r ) x 4 R 2 uj 2 sin(w£ r ) y } 


q cu - Rb. 


(R c y2 { [{^R 12 ~ c 2 ) cos(wtr) 4 w/?csin(ix/£ r )] x 4 [(w 2 /? 2 - c 2 ) sin(wf r ) - uiRc cos(u4 r )] y} . 
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B - -ixE = - (i-xEy -iyEx) Z 
c c 


Q 1 

— —— , {cos(ut r ) \(ut 2 R 2 — c 2 ) sin(aiip) — u?flccos(wf r )] 

C 47T£o \Rc) £ 

- sin(wip) [(<jj 2 R 2 - c 2 } cos(ut r ) + wifcsin(u;t r }]} z 

9 1 r r>_2/ ... -1 . _ n__:_2/ . .j. \l » _ 9 1 


47T£o ^c 3 


[-ujite cos 2 (wfp) - wHcsin 2 (wtp)] z = 


4k€q R^c? 


u)Rcz = 


u 


47re 0 -Re 2 


Notice that B is constant in time. 

To obtain the field at the center of a circular ring of charge, let q -* A{2trfi); for this ring to carry current 
/, we need I = Au = A wR, so A = I/uR, and hence q -4 (I/u>R)(2nR) — 2 -kI/uj. Thus B -- --—-I— z, or, 


since 1/c 2 = eo^o> 


B = ^2, 

2 R ' 


4treo Rc 2 


the same as Eq. 5.38, in the case 2 = 0. 


Problem 10.21 

A(<£, t) — Ao| sin(<?/2)|, where 6 = 4> — ut. So the (retarded) scalar potential at the center is (Eq. 10.19) 


V{t) = T- f ~ dl ' = T- r 
4tTC0 J 4 47TCo J o 


A 0 |sin((^-u;t r )/2]| 


4ttco 

\ /*2jt 

A\ 


a dtp 


4-rreo 

Aq 

47TCQ 


— J sin(0/2) d6 — [-2cos(0/2)]j 

[2 - (- 2 )] = 


2ir 

0 


Aq_ 

#£ 0 



(Note: at fixed t T , d<t> — and it goes through one full cycle of <f> or 9,} 
Meanwhile 1(0, t) = Av = A o u;a[sm[(0 - u;i)/2]| 0, From Eq. 10.19 (again) 


A <‘> = £/;*-£r 


Ao^a|sin[(0 - wi r )/2]| 0 


ad<f>. 


But t r — t — a/c is again constant, for the 4> integration, and 0 = - sin 0x + CGs0y, 

fiQXoum r 


4n 


^ jfrTT 

/ [sin[(0 - wi r )/2]| (—sin0x + eos0y) Again, switch variables to 9 = 0 - ut T 

Jo 


and integrate from 9 — 0 to 9 — 2tt (so we don't have to worry about the absolute value), 
/ip Aqujg. 


4tt 


f2n 

/ sin(0/2) [— sin(0 + u>t r ) x + cos($ + wt r ) y] d8. Now 

Jo 
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So 


rZTT 

I sin (0/2) sin(0 + u?t r ) dd 
Jo 


I sin (8/2) cos(0 + ut T ) d9 

Jo 


1 f dir 

= “ / [cos (8/2 + u)t r ) — cos (30/2 + cj£ r )] d8 

2 J Q 

1 r 2 1 2 * 

— - 2 sin (8/2 + u>t r ) — - sin (30/2 + t ot T ) 

— sin(tf 4 - ut T ) — sin(<jt r ) — ^ sin(3?r + ut r ) + ^ sin(u;t r ) 

o 3 

2 4 

— — 2sin(w£ r ) + - sinful) = — - sin(wi r )* 

o 3 

1 f 

— — I [— sin {0/2 + wt r ) + sin (30/2 + wi r )] d6 

2 Jo 

i r 2 12ir 

— “ 2 cos (0/2 + ort r ) - - cos (30/2 + u;£ r } 

= cos(tt -f- w£ r ) — eos(o;t r ) — ™ cos(3tt + &t r ) + ^ cos(c^t r ) 

o o 

2 4 

— — 2cos(u;t r ) + - cos(tjf r ) = — - cos(dj£ r ), 

3 o 


A(t) = ^ [sin(wi r )x — cos{wi r )y] = 


- {sin[u(t — a/e)] x - cos[cj(t - a/c )] y } , 


Problem 10*22 


















iyu 


ua/u jlu* r w j. £L/iy i i/tijD ivu rirjLUD 


Problem 10*23 

Using Product Rule #5, Eq* 1.0.43 => 


V * A - ^-gcv - V \{<?t — r • v) 2 + (c 2 — v 2 )(r 2 — d 2 # 2 )] 1/2 
4tt l 

- . | - i [(c 2 t - r • v) 2 + (e 2 - tf 2 )<r 2 - c 2 t 2 )] “ 3/2 V \{cH ~ r • v) 2 + (c 2 - e 2 )(r 2 - c 2 t 2 )} J 

= - ^ [{c 2 t - r - v) 2 + (c 2 - u 2 )(r 2 - c 2 t 2 )} " 3/2 v • { -2(cH - r ■ v) V(r ■ v) + (c 2 - u 2 ) V(r 2 )} . 

Product Rule #4 =£• 


V(r ■ v) 
(v ■ V)r 

V(r 2 ) 


v x (V x r) + (v - V)r, but V x r = 0, 

Jx +Vy ^y +Vz ^z} ( x * + yy + z£ ) = v x x + v y y +v z i — v, and 
V(r-r) = 2r x (V x r) + 2(r • V)r = 2r. So 


V ■ A = [(c 2 t — r • v) 3 4* (e 2 — u 2 )(r 2 — e 2 i 2 )] 3 ^ v • [—2(c 2 t — r - v)v + (c 2 — u 2 )2r] 

— [(c 2 t — r ■ v) 2 + (e 2 — v 2 )(r 2 — c 2 f 2 )] 3 ^ 2 {(c 2 t — r ■ v)w 2 — (c 2 — v 2 )(r ■ v)} . 

But the term in curly brackets is : c 2 tv 2 — u 2 (r • v) — c 3 (r • v) -f u 2 (r ■ v) — c 2 (v 2 t — t ■ v). 
(J. o<?c 3 _ (v 2 t - r ■ v) _ 

4^r [(c2 t _ r . v)2 + ( C 2 _ W 2) ( r 2 _ C 2 t 2 ))*/» ' 

Meanwhile, from Eq. 10,42, 

-Lioeo^- = [( c 2 t - r* v) 2 + (c 2 - v 2 )(r 2 - c 2 t 2 )]“ 3/2 x 

^ [(c 2 f - r - v) 2 + (c 2 - u 2 )(r 2 - c 2 f 2 )] 

= [(c 2 t - r ■ v) 2 + (c 2 - v 2 )(r 2 - c 2 t 2 )] _3/2 [2(c a t - r ■ v)c 2 + {c 2 - u 2 )(-2c 2 t)] 

_ ^qQC 3 _ (c 2 t - r ■ v - c 2 t +u 2 t) __ v A j 

4vr [( C 2 t - r ■ v)2 + (c 2 - y 2 )(r 2 - c 2 t 2 )] 3/2 ~ 


Problem 10.24 


(a) 


F 2 = 


?1?2 


4ttco (i> 2 + c 2 t 2 ) 


X. 


(This is just Coulomb f s law, since q\ is at rest.) 


(b) h = 


/ 


1 


gl<?2 

4ttc 0 i-oo (^ 2 + C 2 f 2 ) 


dt — 


9l<?2 

47re 0 


— tan 1 (ct/fc) 
oc 


?192 

"TT / 7T \ ‘ 


qiq 2 7T 

47TCo^C 

.2 ~~ \ 2). 


47T^o &C 


oo 

“oo 



x(t) 


<1 2 


. ? 1 ^ 2 [tan l (oo) —tan x (—oo)l 
47reo6c L J 
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(c) From Prob. 10.18, E — — —\ (-—-''j x. Here i 

4?reo x 2 \c + v J 

and v are to be evaluated at the reta rded time t r , which is 
given by c{t — t r ) — x(t r ) — \f\P + c 2 t 2 =$■ c 2 t 2 — 2 ctt r + c?t 2 = 
c 2 t 2 - b 2 

b 2 +c 2 t 2 r => t r = - Note: As we found in Prob, 10.15, 

92 first “comes into view” (for 91 ) at time t — 0. Before that it 
can exert no force on qi, and there is no retarded time. From 
the graph of t r versus t we see that t r ranges all the way from 
-00 to 00 while t > 0 . 



x(t r ) — c(t - t r ) — 


2 c 2 t 2 — c 2 t 2 + b 2 b 2 + c 2 t 2 


2ef 


2c£ 


,, . .. , , 1 2 c 2 t c 2 t 

(for t > 0). v(t) — - 


2 Vb 2 + c 2 t 2 x 


so 




2 ct \ = f c 2 t 2 -t> 2 

b 2 + cH 2 ) C Vc 2 f 2 + b 2 



t > 0). 


Therefore 


c — v_ ( c 2 t 2 4- b 2 ) - { c 2 t 2 - b 2 ) _ 2 b 2 _ b 2 ^ g 2 4c 2 t 2 b 2 . 

c + v “ <c 2 £ 2 + i> 2 ) + (c 2 t 2 - 6 2 ) “ Wt 2 ~ dW (t ° r * > 0) ' E ~ “ 47reo (6* + c 2 t 2 ) 2 c 2 t 2 * ^ 


0, i < 0; 

9ig2 46 2 
47TCO (b 2 + c 2 t 2 ) 2 X> 


(d) /, = -Sl5l 4 b 2 


I f 

C 4 Jo 


47re 0 

1 


f 


( b 3 + c 2 t 2 ) 2 


dt. The integral is 


0 l(b/c) 2 + t 2 }‘ 


dt 


L(£.\ 

t 

OO 1 

1 / 1 dt 

1 (Ttc\ 

c> \26 2 J 

Jbjc) 2 + t 2 

0 Jo Wc) 2 +t 2 )} j 

' 2c 2 J> 2 \2f>/ 


So 


qiga * 
4ireo be 


7 r 

4cfe 3 


(e) F] ^ —F 2 , so Newton’s third law is not obeyed. On the other hand, I\ — -1 2 in this instance, which 
suggests that the net momentum delivered from (1) to (2) is equal and opposite to the net momentum delivered 
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general, the fields might 
carry off some momentum, leaving the mechanical momentum altered; but that doesn’t happen in the present 
case,) 


Problem 10.25 

S = “(E xB);B = 4(v x E) (Eq. 10.69). 

/TO Cr 

So S = [E X (v X E)] - eo [£ 2 v - (v • E)E]. 

fioCr 

The power crossing the plane is P — f S - da, 
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and da = 2 tt r dr x (see diagram). So 

P - 

— 2tT6oV j E 2 sin 2 Brdr. From Eq. 10.68, E — 

— 2neov 


eo J{E 2 v — E 2 v)2irr dr; E x — Ecos#, so E 2 — E 2 = E 2 sin 2 0. 

q 1 


—— -——-_ where 7 - 1 

47T60 7 2 R2 [! - („/c)2 sin 2 ff] 3/2 ' y/1 - tfj?' 


fjLVi r 

V 4?re o / 7 2 Jo 


r sin 2 6 


_ i 1 m 1 cos (9 

—-—-——r dr. Now r = atari# => dr = a-—— — — - . 

fl 4 [1 -(u/c) 2 sin 2 0] cos " 0 R a 


v a 1 1 sin 3 B cos 0 


27 4 47reo 
vq 2 


iL 

d 


[1 — (ti/c ) 2 sin 2 #]' 


dB. Let u = sin 2 so du — 2 sin 0 cos# d#. 


u 


167T£ 0 a 2 7 4 7 0 [1 - (»/(.)*«]' 


du — 


W | 

(£\- 

vq 2 

167reoa 2 T 4 

{ 2 ) 

327reo<2 2 


Problem 10.26 

(a) 


« l gig-* . 

tlsW ~ 4 tt£ 0 (nt) 2 


(b) From Eq. 10.68, with 9 = 180°, R = vt, and R = —z: 


F 1 -^ 2 /0 2 K 

F2l ^ } " 47re 0 (vt) 2 


No, Newton’s third law does not hold: F 12 / F 21 , 
because of the extra factor (1 — i> 2 /c 2 ). 



(c) FVom Eq. 8.29, p = e 0 /(ExB) dr. HereE = Ei+E 2 , whereas B = B 2l soExB = (Ei xB 2 )+(E 2 xB 2 ). 
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part: 

p{t) — e 0 / (Ei x B 2 )dr. Now Ei = - ^ ~ r, while, from Eq. 10.69, B 2 — ~(v x E 2 }, and (Eq. 10.68) 


E 9 ~ 


En — 


b 2 - 


92 


47 Tco r 2 

^ v ^ ^ . But R — r - vt; R 2 = r 2 + v 2 t 2 - 2rvt cos#; sin#' — —. So 


47 reo (1 — v 2 sin 2 #'/c 2 ) 3 / 2 R 2 


?2 


(l-^/c 2 ) (r - vt) 


47reo [1 — (vr sin 9/Rc ) 2 ] a ^ 2 R 3 


R 

, Finally, noting that v x (r — vt) = v x r — ursin#0. we get 


92(1 ~ v 2 /c 2 ) 


vr sin 9 


47reoC 2 [j? 2 _ (ur sin#/c) 2 ] 


- & q fl ™(i\ - ^ gi (1 ~ v 2 /c 2 )v r 
3/2 0. Sop(i) eo 47reo 47rCoC 2 j r 2 


r sin# (f x 4>) 


[ii 2 — (vr sin#/c) 2 ] 1 


3 / 2 ' 


But f x 0 = —0 — —(cos # cos 0 x + cos#sin <f )y — sin # z), and the a: and y components integrate to zero, so: 
q\q 2 v(\ — v 2 j c 2 ) i f sin 2 # 


p(t) - 


J 


(4rrc) 2 eo J r [r 2 + (vt) 2 — 2 re£ cos 9 — (vr sinS/c ) 2 ] 3 ^ 2 
qiq 2 v(l - v 2 j<?)z f rsin 3 # 


r sin # dr d# dtp 


8ttc 2 fo 


/ 


[r 2 + (ut ) 2 — 2 rntcos# — (w sin#/c ) 2 ] 3 ^ 2 


dr d9. 






































2 


l 


(a + bx + ex 2 ) 3 ? 


dx = — 




(4ac - b 2 )y/a + fere + ex 2 
2 


i/c(4ac — 6 2 ) 


(& — 2y/ac) ~ 


4 ac - b 2 [y/c yfa 

2 {2y/ac - i) 

yfc (2y/aC - b) (2y/aC +6) yfc 


— {2yfac. + 6 ) . 


In this case x — r, a = (wt) 2 , b = -2t >t cos 0, and c — 1 — (u/c) 2 sin 2 So the r integral is 

2 1 


— (u/c) 2 sin 2 0 2vt\j~\ - (r/c) 2 sin 2 0 - 2u£cos0 vtyj 1 — (t>/c) 2 sin 2 0 ^/l ~ (v/c) 2 sin 2 0 — cos 0 


^l-(u/c) 2 sin 2 0 + cos 0 


14- 


cos 0 


So 


vtyj 1 - (v/c) a sin 3 0 [l — (u/c) 2 sin 2 $ - cos 2 0] ^ sin 2 0(1 ~v 2 jc 2 ) ^ 


P(0 = 


<?i<72v(1 - v 2 /c*)Z 1 


8?rc 2 £o 


gi gs z 

87rc 2 eoi 


vt( 1 — v 2 1 (?) 

[ sin 0 d0 + - [ 

Jo v Jo 


f n _L 

7o sin 2 


1 + 


COS0 


^ ^/l — (v/c) 2 sin 2 0 

" cos 0 sin 0 


sin 3 0 d0 


^/(c/n) 2 - si 


d0 


sin 2 0 




But sin0<40 — 2. In the second integral let u = cos0, so du — — sin0d0: 


F 


cos 0 sin 0 


(c/u) 2 — sin 2 0 
Conclusion; 


d0 


-£ 


i/ 


p(t) = ^ s 

4tt£ 


yf(cfv) 2 — 1 + U 2 

(plus a term constant in time). 


du — 0 (the integrand is odd, and the interval is even). 


(d) 


Fj 2 + F 21 

1 9:02 

4tt£o f 2 t 2 

dp 

PoQiQ2 ~ 

dt 

4?rt 2 

Since qi 

is at rest, and 


1 gigaO-tr/c?) - _ gig2 
7TC0 tl 2 t 2 Z 47TC0 r y 2 f 2 


( 1 - 1 + ?) s - 


9l<?2 - P0?l?2 

Z “ ——— z. 


47reo cH 2 


4nt 2 


them, to balance F 12 + F 21 ; what we have found is that F me ch = dp em /dt, which means that the impulse 
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of 
this problem see j. J. G. Scanio, Am. J. Phys. 43, 258 (1975).) 























































Radiation 


Problem 11*1 

From Eq. 11.17, A = - 1 sin[tij(A - r/c)](cosflr - sin00), so 


4tt r 


V A = - 


PoPo^ 

47T 

PoPo<^ 
4 n 


sin[w{t — r/c)] cos 0 


r sin 6 09 


sin 2 9— sm[ui(f — r/c)] 


! 1 9 2 1 , 

\ r 2 dr r S ' 

f 1 / , , , . ,, wr . , , „ 2 sin 9 cos 9 , , , 

1^2 ^sm[w(t - r/c)J - — cos[w(t - r/c)] J cos0-sin[w(t - r/c)]| 


]} 


= M ° e ° { sin ^ ~ + ^ cos i u t { ~ r ^ c ^) c ° s ■ 


Meanwhile, from Eq. 11.12, 

OV _ po cos 9 f u 
9t 


4weor 

Pou 

4tt€ 0 


I — “ cos[uj{i — r/c)] - — sin[u;{t — r/c)] | 

( 4^ sin[u(f - r/c)] + — cos[v(t - r/c)] } cos0. So V - A = -p 0 eo^-- qed 
L f re J at 


Problem 11.2 
Eq. 11.14 


K (r ’ t) = ~ i sin[u{t ~ r/c)] ‘ 


Eq. 11.17: 


A(r,£) = sin[tj(i - r/c)]. 

4 tt r 


Now po x f = po sin 9 0 and r x (p 0 x r) = po sin 9(r x <£) = —p 0 sin 9 0, so 
Eq. 11.18: 


Eq. 11.21: 


. u, 0 u 2 r x (po x r) r , . ., 

E(r,t) = ~4n - r - cos[w(t — r/c)]. 


/C3 \ _ ^ (Po x r) 2 £ 
(S) 32rt Vi'' r - 


Eq. 11.19: 


B(r, t) — “ 


Po^ 2 (po x f) 

4ttc r 


cos[w(t - r/c)]. 


Problem 11.3 

P = I 2 R — q^uj 2 sin 2 

l jt. . 2 d mlo^ 4 _ 

2*" R ~ TSF~ ^ 


’wi)P (Eq. 11.15) *=> (P) = |qQtJ 2 P. Equate this to Eq. 11.22: 


R = 


fiQcPu 2 

6-jtc 


27TC 

or, since uj - ——, 


P = 


pod 2 47r 2 c 2 


67TC 


= ^7rp 0 c - ^sr(47f X 10 7 )(3 x 10 8 ) - SOff 2 fl = 789.6(d/A) 2 ft 
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For the wires in an ordinary radio, with d = 5 x 10 2 ra and (say) A — 10 3 m, R = 790(5 x 10 -5 ) 2 = 2x 10~ 6 fi, 
which is negligible compared to the Ohmic resistance. 

Problem 11.4 

By the superposition principle, we can add the potentials of the two dipoles. Let’s first express V (Eq. 11.14) 

in Cartesian coordinates: V(x,y,z,t) — — - / J ° — ( ■ - -- ) sin[w(f-r/c)]. That’s for an oscillating dipole 

47reo c \x 2 + y* + z-* J 

along the z axis. For one along x or y, we just change z to x or y. In the present case, 

P = po(cos(wt) x + cos(o4 — tt/2) y], so the one along y is delayed by a phase angle tt/2: 
sin[u(f ~ rjc)) -4 sin[w(t — r/c) - 7 t/ 2 ] = — cos[w(f - r/c)] (just let ut —► ut — 7r/2). Thus 




A 


Pov 

4lT€oC 


i — 1 

i X 2 + y 2 


+ .r 


sin[a/(t — r/c)] “ 


x 2 + y 2 + *- 


cgs[w(£ 


Pqoj si n8 
4-7 T£qc r 


{cos0sm[cj(i — r/c)] — sin <£cos[u;(£ — r/c)]} 


flQPQUJ_ 

r 


{sin[o>(£ — r/c)] x — cos[w(t — r/c)] y} . 


-T-/C)l] 

Similarly, 


We could get the fields by differentiating these potentials, but I prefer to work with Eqs. 11.18 and 11.19, 
using superposition. Since z = cosflr — sin##, and cos# — z/r, Eq. 11.18 can be written 

U) 2 z 

E = —-—— cos[w(£ — r/c)] (z-r ]. In the case of the rotating dipole, therefore, 

4nr \ r / 


E 

B 


PoPo'^ 2 1 
4nr 1 

|cos[u(£ - r/c)] (x - ~ r) 

1 + sm[w(i - r/c)] | 

(»-?*)}• 


-(r x E). 
c 


S = — (E x B) = — [E x (f x E)] = — \E 2 t - (E • f)El = — r (notice that E • f = 0). Now 

Po Po c Poc L 3 poc 

f 2 \ ^ 

E 2 — f j | 0 2 cos 2 [w(t - r/c)] + b 2 sin 2 [w(£ — r/c)] + 2(a • b) sin[a;(t — r/c)] cos[u(£ — r/c)]} , 


where a = x - (x/t)t and b = y — (y/r) r. Noting that x • r = x and y ■ r = y, we have 
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x 2 x 2 


fl * = 1+ * =-y*- x -y + *4 = - x y 


^2 -jn 2 


r r tt v 2 r 2 


e 2 = 


(^f“) { (* - ~I ) cos2 [ w (* - r / c )l + (* “ f?) “ r/e)] 

- 2~^ sin[tj(t — r/c)] eos[u>(f - r/c)]| 

= 11 - (x 2 cos 2 [w(t — r/c)] + 2xj/sin[w(t — r/c)] cos[u>(i — r/c)] + y 2 sin 2 [w(t — r/c)]) j 

= {1 - ^ (x cosM* - r/c)] + * sin[ W (t - r/c)]) 2 } 


But x — r sin 8 cos <f> and y — v sin 8 sin <j>. 
, 2 \ 2 


( 2 \ js 

ftoPou i- \ — sin 2 0 (cos <£cos[u;(t — r/c)] + sin d>sin[u(t — r/c)]) 2 J 

- ( ^XrT ) I 1 - (sin0cos[w(t-r/c) -tf>]) 2 }. 


Intensity profile 
(1- ^ siu 2 0} 


S = 



<s> 

p 


Po / PqU 2 \ 
c \ 47T r J 

/< s > 


1 - 1 sin 2 8 1 r. 



da = — ^ PoW 


c \ 47T 


it) J ^(l-\s™ 2 fy 2 smOd&d<t> 


V0P& 4 

l6A 2,r 


[/ sin 9dB— ^ / sin 3 6dd — 


_ POPqW 4 ( 

2 — 1 

.i\- 

PO PqW 4 

S7TC \ 

2 

3 J 

67rc 


This is twice the power radiated by either oscillating dipole alone (Eq. 11.22). In general, S = “(ExB) = 

P o 

— [(Ei + Ea) x (Bi + Ba)] = — [(E* x Bi) + {Ea x Ba) + (Ei x Bj) + {E 2 x Bj)] = Sj + Sa+ cross terms. 
P 0 Po 

In this particular case, the fields of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time 
averaging, and the total power radiated is just the sum of the two individual powers. 


Problem 11.5 

Go back to Eq. 11.33: 


_ pomp 
47T 



1 ijJ 

- cos[w(t — r/c)]-sin[u>(t — 

r c 
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Since V — 0 here, 


E - 


dA 

dt 


fiofrio 
47r 


|~(~w)sin[w(f - r/c)] - ^(Jcos[w{i — r/c)]| 


[Aq771 qUJ 

4 TV 




u 


sinfcaft - r/c}] + — cos[w(f - r/c)] 


}* 


B = 


V x A = 


1 d t A - m - 1 d t A X* 

, a — (A 0 sin 9) T -— (rA<p ) 0 

rsm9d9 r dr 


i-± 

{r sm 


2 sin 9 cos 6 


47r [ r sin 9 

sin# T 1 

r >2 


- cos[u(f — r/c)] — — sin[w(t — r/c)]| r 
r c J 

cos[w(t — r/c)] + — sin[w(t — r/c)] — — ( — *~) cos[w(f — r/c)] 6 i 

7*C C > C / 


fiorriQ f2cos 9 
4 7T 

sin 9 


{ 


i cos[w(f — r/c)] - ^ sin[o>(f — r/c)]j r 


— ^ cos[u(f — r/c)] + ^ sin[u>(* — r/c)] + cosfw(i — r/c)]l 0 j 


These are precisely the fields we studied in Prob. 9.33, with A —» . The Poynting vector (quoting 


the solution to that problem) is 


4t rc 


S = 


16tt 2 c 2 
sin 


/sin#\ r2cos# / 1 c 2 \ c , 2 , , J A 

j l[ l ~ ^ 2 ) smucos u+ — (cos u ~sin 2 u)j 9 

, . ( 2 t ) . U7o C / . 2 9 , 

m 9 — + ”7r-7 J sin v cos u H— cos « H-s- [sin u — cos u) r >, 

V, r w l r 6 J c ur 1 'J J 


where « — —u(t — r/c). The intensity is 


^ _ fiomluj 4 sin 2 9 . 
W 32tt 2 c 3 r 2 r ’ 


the same as Eq, 11.39. 


Problem 11.6 

PR = Iq R cos 2 (ut) (P) - ^-pR = 


1 _ ^oPPIqU 11 


12ttc 3 


12t rc 3 


, so 


HonPu)* 
Gc 3 


R = 


or, since lj — 


2nc 

T’ 


R = 


fM)irb 4 16tt 4 c 4 
6c 3 A 4 


8 s {> 


r wc (; 

0 


8, 


= g(7T 5 )(47T x 10“ 7 )(3 x 10 s )(6/A) 4 - 13.08 x 10 5 (b/A) 4 B. 


Because b <£ A, and R goes like the fourth power of this small number, R is typically much smaller than the 
electric radiative resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 (b = 5cm and A = 10 3 m), 
R = 3 x 10 s (5 x 10~ 5 ) 4 = 2 x lCT 12 n, which is a millionth of the comparable electrical radiative resistance. 

Problem 11.7 

With a = 90°, Eq. 7.68 ^ E' = cB, B' = — E/c, q' m — ~cq e =7- mo — q' m d = — cq e d — —cpq. So 


' ‘ •{- 
' - -H- 


7io(-m 0 /c)w 2 


47rc 

Mo(-mo/c)w 2 

47T 


(^~) C0S Mt ~ r/c)] 0 j - C08 f w ^ “ r /c)] 

cos[w(t - r/c)] 9 j = 


l- 

p 0 m 0 cj 2 

/sin0\ 

r 

4ttc 2 

[~J 















































bq. 11.bU says 


r = - 


6 7 TC 


and the orientation of the po 


(ims does agree with Prob. 11.4, because we have now integrated over all angles, 
ar axis irrelevant.) 


Problem 11.9 

At t = 0 the dipole moment of the ring is 

Po = J Xrdl — y*(Ao sin <£)({>sm 0y + b cos <p x)bdtp = \ 0 b 2 ^y j sin 2 <f> d<p + it J sin <f> cos 0 dtp 
= Aft 2 (7ry 4-Ox) = 7rfc 2 Ao y. 

As it rotates (counterclockwise, say) p(t) - pq[cosM) y - sin(wt)x], so p - -u 2 p, and hence (p) 2 = u; 4 pg. 
Therefore (Eq. 11.60) P = ^_iO 4 (7r& 2 A 0 ) 2 = 

07 VC 


ng,ou> 4 b 4 Aq 
6c 


Problem 11.10 


P = -eyy, y - \yt 2 , so p = -\get 2 y\ p = —gey. Therefore (Eq. 11.60) : P - -^-(ge) 2 . Now, the time 

^ OTT C 

it takes to fall a distance h is given by h - |pt 2 => t = i/2 h/g, so the energy radiated in falling a distance h 

fJ, 

is 17 ra d = Pt— —— — -y/2hjg. Meanwhile, the potential energy lost is f7 p0t — mgh. So the fraction is 

D7TC 


/ = 


tW fiog e 2 2h 1 


U t 


pot 


6ttc V g mgh 


tote 2 fig 
6tt me V h 


(4tt x 10" 7 )(1.6 x 10~ 19 ) 2 /(2)(9.8) 
6 tt(9.11 x 10 _31 )(3 x 10 s ) V (0.02) 


2.76 x IQ’ 22 . 


Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y — \gt 2 ). 
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CHAPTER 11. RADIATION 


Problem 11.11 

(a) V ± 




r ± 

— = -(i±£-ct*e). 
r± r \ 2r ) 



cos 0± — 


r cos 6 T (d/2) 


r± 


— t ( cos # ^ r- ) - [ 1 ± cos = cos 9 ± cos 2 8 T 
\ 2r / r \ 2r ) 2r 2r 


cos 9 t “(1 — cos 2 9) = cos 9 f sin 2 9. 
Ir 2 t 


sin[w(t — r±/c)j ~ sin |u t - ~ ^1 =F ^ cos0^ J J — sin ^ufo ± ~~ cos0^ , where to si - r/c. 

f tpd \ / ujd \ u>d 

— sin(^o) cos 1 — cos 6 J ± cosfurto) sift ! — cos 9 J — sinfudo) ± — cos5 cos(kdo). 


Vi - 


Vtot = - 


T 47reQCT 

IV 

T p^ , 

f( e 

47TC0CT 

IV 

PoW 

jcos 

4tT£oCT 1 

Po^ 

ud 

47reocr 

c 

PoU 2 d 

rr 


0sin(uto) ± cos 2 0 cos (ado) ± (cos 2 6 - sin 2 9) sin(udoj 


4r€oC 2 r 


cos 2 6 cos(wto) + — (cos 2 9 - sin 2 9) sin(udoj • 


In the radiation zone (r 3> uj/c) the second term is negligible, so 
Meanwhile 


V = — / lQLL - f - cos 2 9 cos[w(£ - r/c)j- 
47reocV 


A+ - 


Hot 


= A. 


T 47rr!f sin ^* ~ r ±/ c )l i 

=F| (^1 ± ^ cos0^ ^sin(wio) ± ^ cos#cos(udo)j J 2 

^ ^opou ^ ™f cos0cos(w£ o ) ± “ cos0sin(iido}| 2 

4tit [ 2c 2r 

iioPo^ \ud „ , , , d . . , , .1 „ 

. + A = — — — — cos 9 cos (udo) + ~ cos 9 sin(udo) z 


“ cos0sin(iido}| z. 

■*«' L 2r j 

UoPqu f utd „ . , , d 

. + + A = -— cos 9 cos (iido) + - < 

47rr [ c t 

uavaw 2 d „r . v C .. .1. 
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In the radiation zone, 


A = — ^°P aUJ - cos Q cos{n;(t — r/c)} 2. 
47rcr 1 


(b) To simplify the notation, let a = — Then 


47T 


V = a——- cos[w(t — r/c)]; 
r 


W — r + O = at cos 2 6 cos[w(£ - r/c)] + — sin[w(t - r/c)]! 

dr r 08 [ r 2 rc J 


+ a- 


—2 cos 0 sin ^ 


cos[u(£ — r/c)] 0 — ci 


w cos 2 B , 


c r 


sin[w(£ - r/c)] f {in the radiation zone). 


A = 


a cos 9 


c T 


cos[c^(t — r/c)] ^cosflf — sin 01?) . = — — ■■ — sin[u;(t — r/c)] ^cos# f — sin(?(?) 


E = 


q A 

—W — 7 ^- = -^sin[u>(i - r/c)] ^cos 2 0 f — cos 2 9r + sinflcostffl) 


— sin 8 cos 9 sin[v(t — r/c}] $. 


B = VxA=- 


d ( , v &A r 
Tr <r ' 4 * ) ' -M 


/■ | /- (cos0cos[u;(i - r/c)J(-sin^)) - ~ 


cos 2 8 


cos[u>(£ — r/c)] 


])* 


sin6 cos 6)~ sin[u>(£ — r/c)] <p (in the radiation zone) = 


QCUJ , « 

— it- sin 8 cos 0 sin[w(t — r/c)] 0. 
c £ t 


Notice that B = - (? x E) and E r = 0. 
c 


S = -(ExB) = —Ex(rxE}= —f£ 2 f-(E-f)El = —f 
/To Hoc Ho C Hoc 


1 f CtUJ 
Hoc 


sin# cos 0sin[n>(£ — r/c)] j f. 


1 (au . \ 2 

I — -— ( — sin 8 cos 9 
2hqc \ rc / 


P = 


y*{S) - da = j j sin 2 8 cos 2 8 sin 8d8 d<t> ~ ^ ) 27T J (1 — cos 2 8) cos 2 #sin#d#. 


. cos 3 8 1 * cos 5 8 

The integral is : - -— H- 

3 lo 5 

1 w2 MO f j\2 4o 4 

2^?i6^ (w0 " ^*15 “ 


* _ 2 _ 2 _ £ 

o “ 3 5 “ 15' 


Ho 


(pod) 2 w 6 . 


GOttc 3 


Notice that it goes like v 6 , whereas dipole radiation goes like u> 4 


Problem 11.12 

Here V — 0 (since the ring is neutral), and the current depends only on t (not on position), so the retarded 

Mo I I{t -*/c) , 


vector potential (Eq. 11.52) is A(r, i) 


4tt 


/ 


dl'. But in this case it does not suffice to replaces by 

































cifi&'iEFTi?: axantim 


r in the denominator—that would lead to Eq. 11.54, and hence to A — 0 (since p = 0). Instead, use Eq. 11.30: 

- — - 1 H — sin 8 cos <f>‘ ) • Meanwhile, dl' = bd<f>'4> = 6(~ sin <j>' x + cos $ y) d<j>' , and 

% t \ r ) 

l(t — t/c) 2S I(t - rjc+ ( bjc )sintfcos^') — /(to + (fc/c)sinf?cos <j>') = /(to) + /(to)-;sinflcos^' 

(carrying all terms to first order in 6). As always, to — t — r/c. (From now on I’ll suppress the argument: I, 
/, etc. are all to be evaluated at to*} Then 

A(r, t) — j) - ^1 -f- - sin# cos0'^ ^/ 4- /- sin 0 cos 0'^ 6(~ sin0' x 4- cos^' y) dfi 

at tsk C 

Airr j 0 

/*2t r2lt f*£n pdTT 

But / sin <p‘ d<f)' — I cos <j>' d<f>‘ = I sin <f> cos <j>' d4> — 0, while / cos 2 4> dtf>' = jt. 

In general (i.e. for points not on the xz plane) y </>; moreover, in the radiation zone we are not interested 


r 6 b 

J + /- sin B cos 4> + I- sin 9 cos <ff I (— sin $ x + cos 4> y) d$ . 




in terms that go like 1/r 3 , so 


Af *\ Fm ,,isin 07 

A (r,t) = —— /(t — t/c) — 0- 
l J r 


E(r,t) 
B(r, t) 


3A 

dt 


Hob 2 

4c 


[/(t - r/c)] ^ 0 


V x A = - ~ (A# sin 9) r- -~(rA lj ,) 0 

r$m&d6 r or Wt 


Hotf_ 

4c 


--2sin0cos0f 


r sin 6 r 


-H-l) 


sin 6 9 


Hob 2 --sin# - 

4^ /_ r e ' 


S 

P 


-I 


i- (B x B) = -L (Of it (_* x e) = « tel) 2 *¥ t. 
Ho Hoc \ 4c r J \ / 16c 3 \ / r 2 

(Vlf J ?!" 2e 


S * da = 


Ho 

16c 3 


-r 2 sin 9 dBd<j> = 


Ho 

16c 3 


(")'<-> (D-gK 


Horrr 

6?rc 3 


(Note that m — Inb 2 , so m — jirb 2 .) 


Problem 11.13 

2 2 

(a) P ~ - , and the time it takes to come to rest is t — v®ja, so the energy radiated is U r ^d — Pt — 


Mo q 2 a 2 Vq 
6t tc a 


6 7TC 

The initial kinetic energy was Uy m = -mi; 3 , so the fraction radiated is / = 


t^rad 

f^kin 


y j. 1 j2 1 ^0 ^0 ^0 

(b) d = -at = -a-y = —, so a = — 


HoQ 2 a 

3irmvoc 


2a 


2d 


Then 


^o9 2 «o __ Ho<1 2v o _ (4x x 10 7 )(1.6 x 10 19 ) 2 (10 5 ) 

3rrmv 0 c 2d ” formed ~ 6rr(9.11 x 10“ 31 )(3 x 10 8 )(3 x lO” 9 ) 








































So radiative losses due to collisions in an ordinary wire are negligible. 
Problem 11.14 _ 


„ 1 q 2 v 2 

F = -- hr — ma — m— => v = 

4ireo r* r 


1 q 2 


1/ 4jT£o mr 
( 1.6 x 10~ 19 ) 2 


. At the beginning (ro = 0.5.4), 
1 -1/2 ! 


c [4ir(8.85 x 1Q- 12 )(9.11 x 10- 3J }(5 x 10 -”)J 3 x 10 s 


= 0.0075, 


and when the radius is one hundredth of this v/c is only 10 times greater (0.075), so for most of the trip the 
velocity is safely nonrelativistic. 

;FYom the Larmor formula. P — f — ] — ( - -] (since a = v 2 /r ), and P = — dU/dt , 

6 ire \r } Gnc \4 tteq mr 2 J 

where U is the (total) energy of the electron: 


+ 0, ~ = I™’-^7 = 5 (4^7) - d 


Atteq r 


df/ 1 q 2 dr q 2 f 1 q 2 \ 

So —— - —-- hr— = P = t - j —7 - 7 ) , and hence 

dt 8ttco t 1 dt ottcqc^ \ 47rco mr ) 


_J_<r 

8ttco r 
2 v 2 


dr _ 1 / q 2 \ 1 
dt 3c \27reomc/ r 2 


. or 




r 2 dr = 


/ 2TTeomc \' 






r o 


= (3 x 10 8 ) 


27t( 8.85 x 10 _ 12 )(9.11 x 10 _3l )(3 x 10 s ) 


( 1.6 x lO ' 19 ) 2 


(5 x 10 " 11 ) 3 = 


1.3 x 10 -il s. 


(Not very long!) 


Problem 11.15 


According to Eq. 11.74, the maximum occurs at — . ... 

6 H ' d9 [(I - 0cos6) 5 . 

2 sin 0 cos 0 5 sin 2 0(0 sin 0 ) 


sin 2 6 


— 0 . Thus 


= 0 => 2 cos0(1 - 0 cos0) = 5/?sin 2 $ = 50(1 — cos 2 0); 


(1 — 0 COS 0)5 (1 — 0CO5 0 ) 6 

2 cos 0 — 20 cos 2 0 = 50 — 50 cos 2 0 , or 30 cos 2 0 + 2 cos0 - 50 = 0 . So 

cos0 = - — ^ + = ~5 f±\/l + 150 2 — lY We want the plus sign, since 0 m -» 9O°(cos0 m — 0) when 

60 3o \ / 

0-^0 (Fig. 11.12): 

For v « c, 0 (a 1 ; write 0 — 1 — e (where f Cl), and expand to first order in e: 

/ \/l + 150 2 - 



30 


-) = 3—^ [s/1 + 15(1 -lj 2 - l] 9! i(l + e) [,/l + 15(1 - 2e) - l] 

= \(l + <0 [Vl6-30e - 1] = |(1 + e) [ 4^1 - (lSe/8) - l] = ±(1 + e) [4 (l - ^ - 1 


= ^(1 + 0 ( 3 -"T f ) =( 1 + € )( 1 - 5 e )- 1 + t - l e = 1 -\ € - 


Evidently 0 max f» 0, so cos 0 max Si- |0^ ax = 1 - => 0m ax = § c > or = \Ze?2 = >/(1 - 0)/2. 



















































_ (dP/dn | g j lir 
- (dP/dU k) rest 


sin 2 $ n 


(1 ,£?COS 0ma;c) 5 . 


Now sin 2 f? ma3( = c/2, and 


(1 - 0cos9 m&x ) = 1 - (1 - e)(l - ic) ^ 1 - (1 - e - If) = |f. So / — - 

7 = — , 1 - — -V- = — , = — L= => e = t— r. Therefore 

s/T^W y/l- U~e} 2 V 1 - (1 ” 2c) 2 7 2 



But 


/ = 




= 2.62 7 8 . 


Problem 11.16 

■ ii- 7 o ciP q 2 [■* x (u x a)| 2 
Equal,on 11.72 says ^ = 16 „ 2<o (i . u)c ■ «/c- 

u = oi — v = ci —vz=>-k-u = c — u(4 • z) = c — v cos 9 = c — 7 cosf?^ — c(l — /Jcos#); 
a ■ u = ae(x - b) — au(x ■ z) = ac sin 6 cos <fr; u 2 = u ■ u = c 2 - 2cv(b ■ z) + v 2 = c 2 + v 2 — 2cv cos 8. 


b x (a x a) 
|-i X (u x a)[ 2 


dP 

dQ. 


(b ■ a)u — (b ■ u)a; 

(b ■ a) 2 u 2 — 2(u ■ a)(-i - a)(* ■ u) + (b • u) 2 a 2 

(c 2 + v 2 - 2cucos0)(asin£/cos0) 2 — 2(ac sin 8 cos <j>) (a sin 9 cos <j>)(c — v cos 8) + a 2 c 2 (l -/Jcosfl)* 
a 2 [c 2 (l - P cos 5) 2 + (sin 2 9 cos 2 4>)(c 2 4- v 2 - 2a; cos 0 - 2c 2 + 2cv cos 6\ 
a 2 c 2 [(1 — Pcos8) 2 — (1 — /? 2 )(sin £?cos$) 2 ]. 

/i oq 2 a 2 [(1 — P cost?) 2 — (1 — p 2 ) sin 2 0cos 2 <f) 

16tt 2 c (1 — /Jcos#) 5 


The total power radiated (in all directions) is: 


J r 2lT r2 7T 

d(f> = 2tt and / cos 2 <pd<f> — i r. 
o Jo 

2^2 r* [2(i — p cos 6?) 2 — (1 — P 2 ) sin 2 £?] 


[(1 - £cos0) 2 - (1 - p 2 ) sin 2 8 cos 2 4>] . )JL 

- - - ,, - , -- sin 8 at) dp. 

(1 - 0 cost?) 5 




'a* r 

Wo 


sinf? d9. 


16tt 2 c " J 0 (1 — p cos 9 ) 5 

Let w = (1 — pcos8). Then (1 — w)/0 = cos 9; sin 2 8 — [p 2 — (1 — to) 2 ] /P 2 , and the numerator becomes 




l+2w-w 2 ) - — \2w 2 P 2 + (1 - p 2 ) 2 - 2(1 - P 2 )w -Mi7 2 (l - 0 2 )] 


P 2 

1 

P 


[(1 - P 2 ) 2 - 2(1 - P 2 )w + (1 + P 2 ) in 2 ] ; 
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dw — & sin 8 d9 =» sin 8d8 — — dw. When 8 = 0, w = (1 — 0)\ when 8 = ir, w = (1 + /?). 


P = 


fioq 2 a 2 1 l 


I 


16xc 0 s J w 5 ^ ~ - _ + ^ + dw. The integral is 

tat = {l-/P)‘J±;dw-2(l-f>*)J±du, + V+S>')J±dw 
~ ! (1 - 02)2 (-4?) - 2(1 - 02) ("sO + (1 + « (-2^)' 


1+0 

1-0 


1 

1+0 

to 2 

1-0 

1 

1+0 

to 3 

1-0 

1 

1+0 


1-0 


Int 


1 


(1+/J) 2 

1 

(1+^) 3 

1 


1 

(1 ~ PP 

1 


{1-20 + 0 2 ) -{1 + 20 + 0 2 ) 40 

(l + 0) 2 {\-0) 2 ~ (: 1-0 2 ) 2 ‘ 

(1 - 3/3 + w 2 - 0 3 ) - (1 + 3/3 + 3/3 2 + /3 3 ) _ 2/3(3 + 0 2 ) 

{i + 0)*{i-0y " {i-0 2 f ' 

(1 - 40 + 6/3 2 - 40 3 + 0 A ) - (1 + 40 + G0 2 + 40 3 + 0 4 ) 80(1 + 0 2 ) 


(1 + 0Y (1 - 0Y 

H) 


(l+mi-w 


o2\2 


80(l + 0 2 ) _ a2 .( 1 \ -20(8 +0 2 ) , „ , 1 


(l-w 


■ 2(1 — 0 ) 


( 4 ) 


20 


P = 


(l-w l 

figg 2 a 2 1 8 _ 

16ttc /? 3 3 (1 - /3 2 ) 2 


{l + 0 2 )--{3 + 0 2 ) + (l + 0 2 ) 


0 3 


/x 0 g 2 a a 7 4 

6ire 


where 7 = 


(l-/? 2 ) 3 

8 /3 3 

8(1-0 2 ) 2 ' 

1 


+ (1+04 - 



(1 - 0 2 ) 4 

-40 


2) (1 — 0 2 ) 2 


y/l^W' 


Is this consistent with the Lienard formula (Eq. 11.73)? Here v x a = va(z x x) = tin y, so 

,2N 1 Mog a 7 6 a? 

67TC 7 2 


a 2 - x — a 2 ^1 — = (1 — 0 2 )a 2 — ~a 2 , so the Lienard formula says P = 


/ 


Problem 11.17 


Pag 


(a) To counteract the radiation reaction (Eq. 11.80), you must exert a force F e = — ——a 

OTTC 

For circular motion, r(t) = R [cos(wt) x + sinfuit) y], v(i) — 1 — Ru [—sinfwt) x + cos(w£) y]; 
a(f) = v = —Ru> 2 [cos(wt) x + sin(wi) y] — —u; 2 r; a — —u 2 t — —u 2 \. So 


f, = asL^v. 


Grr c 


P ' = Fe . v = m. w v. 

67 rc 


This is the power you must supply. 


2 2 

Meanwhile, the power radiated is (Eq. 11.70) F r ad — ^^5 ~ , and a 2 = u 4 r 2 = u0R 2 — uPv 2 , so 


Gxe 


F ra <j = ^^—u 2 v 2 , and the two expressions agree. 

07TC 


(b) For simple harmonic motion, r (t) = j4cos(w£)z; v = r — -Ajsin(tJt) z; a = v = -Au> 2 co$(u+)z — 

But this time a 2 = <j 4 r 2 = u A A 2 cos 2 (w£), 


-« 2 r; a = —apt = -ui 2 v. So 


F e - ^uPy, P e ~ ^-u 2 v 2 . 


One 


67 rc 
















































whereas uj 2 v 2 — lo 4 A 2 sin 2 (cut), so 


P ra d — to 4 A 2 cos 2 (cut) ^ P e — ui 4 A? sin 2 (wt); 

07TC 07TC 

the power you deliver is not equal to the power radiated. However, since the time averages of sin 2 (wt) and 
cos 2 (ut) are equal (to wit: 1 / 2 ), over a full cycle the energy radiated is the same as the energy input. (In the 
mean time energy is evidently being stored temporarily in the nearby fields.) 


hence 


(c) In free fall, v(£) — v — gty; a. = py; a = 0. So F e — 0; the radiation reaction is zero, and 

But there is radiation: 


n = o. 


Pr ad = 




6 rrc 


Evidently energy is being continuously extracted from 


the nearby fields. This paradox persists even in the exact solution (where we do not assume v <£ c, as in the 
Larmor formula and the Abraham-Lorentz formula)—see Prob. 11.31. 

Problem 11,18 

(a) 7 — u> 2 r, and r = 6 x 10 “ 24 s (for electrons). Is 7 u> (i.e. is r <£i 1/w)? If uj is in the optical region, 
lj = 2 tt^ — 2tt( 5 x 10 14 ) — 3 x 10 15 ; l/u — (1/3) x 10~ 15 — 3 x 10 “ 16 , which is much greater than r, so the 
damping is indeed “small”. / 

Since we’re in the 


(b) Problem 9.24 gave A w = 7 = loqT — [2tz(7 x 10 15 )] 2 (6 x 10 24 ) = lx 10 10 rad/s 


region of ujo * 4 x 10 16 rad/s, the width of the anomalous dispersion zone is very narrow. 

Problem 11.19 

, . , F dv da F f dv f da . 1 ( njl 

a o = raH-=> — = t-— + — / —dt = r / — dt + — Fdt. 

m at at m J dt J dt m J 


2e, 

[u (/ 0 + e) - t>(f 0 - e)] = t [o(i 0 + e) - a(t 0 - e)j + — F ave , where F avo 

TTt 

val. But v is continuous, so as long as F is not a delta function, we are left (in the limit c 
[a(to + <0 — a(fo — e)j — 0. Thus a, too, is continuous, qed 


is the average force during the inter- 

0 ) with 


(b) (i) a = rd = r ^7 =$■ — = ~ dt => f — = — [ dt =>■ In a = — + constant => a(t ) = Ae l ^ r , 
arar J a r J t I-- 


where A 


is a constant. 

. F da F 

(11) a = raH-=> r— = a- 

m dt m 


da 1 t F 

-— 7 — — - dt => ln(a — F/rn) — —b constant a -- = 

a - F/m t t m 


Be t/T =► 

a(t ) = ~+Be^ T , 
m 

where B is 

(iii) Same as (i): 

a{t ) = Ce^ T , 


where C is a third constant. 


(c) At t = 0, A = F/m + B\ at t = T, F/m + Be T l T = Ce T t r C = {F/m)e~ T l T + B. So 



' [(F/m)+B]e^, 

t < 0 ; 

a{t) - < 

[(F/m) + Be f ^] , 

0 < t < T; 


[(F/m)e- T/r + fi] e t/T , 

t > T. 


To eliminate the runaway in region (iii), we’d need B — —(F/m)e t ^ t \ to avoid preacceleration in region 
(i), we T d need B — —(F/m), Obviously, we cannot do both at once. 























(i) v — {Fjm) |l - e j j e i/T dt = (Frfm ) ^1 - e T ^ r | e^ T + D, where D is a constant determined 
by the condition v(— oo) = 0 => D = 0, 

(ii) v = (F/m) — re^ _T ^ r J'+ E , where £ is a constant determined by the continuity of u at J = 0: 

{Frjm) — e~ T ^ r | = {Fjm) re~ T ^ r j +£=$£= (Fr/m). 

(iii) v is a constant determined by the continuity of v at t = F: us (F/i7i)[T + r — r] = ( Fjm)T . 



' (Fr/m)[I-e-^ T ]e‘^ t 

t< 0 ; 

v(t) = - 

( F/m ) + t — re^ -T ^ T j f 

0 <t <T; 


, (F/m)T, 

t > T. 



uncharted particle: 
(nn radiation nwtimO 


pram'lnatuiu 


charged particle 
{with radiation inaction) 



lit) 

diargcd particle 


uncharged particle 


Problem 11-20 

(a) From Eq.11.80, so F rad = F*& + 2F^ d = 

—^nr 2A dt /2 1 2Ady!, (Running the y 2 

integral up to j/i insures that y% > so tve don't count the 
same pair twice. Alternatively, run both integrals from 0 to L — 
intentionally double-counting—and divide the result by 2.) 



S' 



)dy 2 
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CHAPTER 11. RADIATION 


R rad “ 


Poa 

12ttc 


(4A 2 ) f 1 
Jo 


j Hoh , a ^L 2 Afo, xr , 2 . ho? ■ , 

y i dy i = ——(4A )— = -— (XL) a = ——a. / 


12ttc 


Giro 


6 ire 


Problem 11,21 

(a) This is an oscillating electric dipole, with amplitude po = qd and frequency u) — y/kjm. The (averaged) 
Poynting vector is given by Eq. 11.21: (S) = ^) “- 5 “ r, 30 the power per unit area of floor is 


/c\ a _ f f'u/'o" 1 ^ si 


A _ f sin 2 8 cos 0 

~2 


( poq 2 <R^\ 

R 2 h 

^ 32t r 2 c J 

1 (R 2 + /i 2 ) 5 /2- 


But sin 9 ~ —, cos 8 = —, and r 2 — R 2 + h 2 . 
r r 


d \ R 2 1 

dR ^ dR [(R 2 + ft 2 ) 6 / 2 ] ^ 

\r 2 = 0 =* h 2 = ?r 2 => 


dlf _ 
dR ~ 

(R 3 + h 2 ) 

(b) 


2 R 


R 2 


2R = 0=> 


(R 2 + fr 2 ) 5 / 2 2 (R 2 + h 2 ff 2 

R = t/2/3/i, for maximum intensity. 


= J If(R)da = I I f (R) 2nRdR = 2tt ) h [ 

f°° R? 1 f°° x 

Jo (R 2 + h 2 ) 5/2 ^ = 2 J 0 (x~+~h 


R 3 


— = 

^2)5/2 2ft T(5/2) 


(R 2 + h 2 ) 5 / 2 
l r(2)r(i/2) _ 2 
' 3h* 


dR. Let x = R 2 : 


- 2it 


/ jUo? 2 ^ 2 ^ 4 N 

U-- 

Poq 2 <Pu> 4 

^ 32tt 2 c , 

/ h 3h 

24ttc 


which should be (and is) half the total radiated power (Eq. 11.22)—the rest hits the ceiling, of course. 

(c) The amplitude is xo(i), so U — * s the energy, at time t, and dU/dt — —2 P is the power radiated: 

\ 4 t^ - * g^> = - —* 4 - a- or *„<«) = *-*». 


1271-fcc 


k poq 2 k 2 


■2 

m — 


12tt cm 2 
/ic<? 2 A: 


Problem 11.22 


sin 2 0 


f Here sin# — 


(a) FVom Eq. H.39, <S> = (^) - 
R/r , r — VR 2 + h 2 y and the total radiated power (E- 

2 4 

q. 11.40) is P = . So the intensity is J(R) = 


1 * - 

3 P R? 

1 (R 2 + h 2 ) 2 ' 

8tt (R 2 + h 2 ) 2 ' 



(b) The intensity directly below the antenna (R = 0) would (ideally) have been zero. The engineer should 
have measured it at the position of maximum intensity: 


dl_ _ 3P r 
dR ~ 8?r [ 


2 R 


2 R 2 


(R 2 + h 2 ) 2 ( R 2 + h 2 ) 3 


2 R 


3 P 2 R 

8jt (R 2 + ft 2 ) 3 


(R 2 + h 2 - 2R 2 ) = 0 => R = h. 
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At this location the intensity is 1(h) — 
3(35 x 10 3 ) 


3 P h 2 


3 P 

32t r/i 2 ' 


(c) /max 


32ir(200) 2 


8jt (2h 2 ) 2 
= 0.026 W/m 2 = 2.6/xW/cin 2 . 


Yes, KRUD is in compliance. 


Problem 11.23 

(a) m(f) — M cos^z + M sint/>[cos(cjt) x + sin(wf) y]. As in Prob. 11.4, the power radiated will be twice 
that of an oscillating magnetic dipole with dipole moment of amplitude mo = M sin ip. Therefore (quoting 


Eq. 11.40): 


P = 


fi Q M 2 ui 4 sin 2 i) 

67TC 3 


(Alternatively, you can get this from the answer to Prob. 11.12.) 

A*o A/ 


(b) From Eq. 5.86, with r -» R, m -+ A/, and 9 - irf 2\ B — — —r, so 

4tt 


^0 


_ 4tt( 6.4 X IQ 6 ) 3 (5 x 10" s ) 

J . 4 A_7 


(c )P = 


(4ff x 10" 7 )(1.3 x 10 23 ) 2 sin 2 (ll°) 
6 tt( 3 x 10 8 ) 3 

\ 2,.,4 0 -,„ 2 , 


( ^ — A = 4x10 5 W (not much). 
\24 x 60 x 60/ 1 - 1 > 


(d) P — — u s * n iL — _ (uj 2 R 3 R sin ip) 2 . Using the average value (1/2) for sin 2 ip, 

67TC 3 3/ioC 3 v ' 

2 I 2 

( 10 4 ) 3 ( 10 8 ) 


p- 


8 ir 


3(4tt x 10 -7 )(3 x 10 8 ) 3 


(ip) 


2 x 10 36 W 


(a lot). 


Problem 11.24 


(a) A(x, t) — da 

47T J % 

pozy* K(t r ) 


4tt J yV 2 +; 


-.2nr dr 


Hoi f K(t - \/r‘ 2 + x 2 /c) 


h oz f 

2 j 


yfr 2 + , 


r dr. 


The maximum r is given by t — \fr 2 + x 2 jc — 0; 
r max — \/c 2 f 2 - x 2 (since K(t) — 0 for t < 0). 

(0 

A <-‘> - 
E(x,«) = -f = 





X 2 = 


(v^ -*»-*) = 


-x) . 

———r-- %- 


■ %, for ct > X, and 0, for ct < x. 


QA 

B(x, t) = VxA = --^y = 


PqKq 


y. 


for ct > x, and 0, for ct < x. 


























































£±\J 


UliArl tilt 11. itADlAl JUiV 


(ii) 


A{x,t) = 


H o«z r™ {£ — Vr 2 + a: 2 /c) __ jiotrz 

2 7o T" 


•f 


V^T 


- dr 


i r- 

c 7 0 


r dr 


^0° Z | j_ y „j. 1 / 2*2 _2 


2 jf(cf-x) - ~(c 2 f 2 -x 2 ) 


_ fj^a Z 2 _ 2 cix _|_ c 2 — 

4c 7 


, 2 ^ _ MoQ:(x - cf) 2 . 

Z ■ 


4c 


E(x, (} 
B(x, t) 


dA 
' dt 


flQO!(x — Ct ) . 
- Z-* 


V X A = * 

dx y 


for ct > x, and 0, for cf < x. 

for ct > x , and 0, for ct < x. 




t - 


(b) Let u = ~ {\Zt 7 + x 2 - , so du = - 

\/r 2 + x 2 


1 


.2 vV 2 + x 2 


2r dr 


1 


c Vr 2 + x 2 


dr, and 


= £ — — — u, and as r : 0 -4 oo, ti: 0 -» oo. Then A(x, t) = -° CZ 
c 2 


/ K - * — uj du. qed 


E(I , () = !*('-!-)*■ But | Ar ('-f-“) = -|;^( t -f-“)- 


dA 

dt 2 

r °° d 


[if if (-oo) = 0]. 


OO 


ulM — —[if(f — x/c) —/f(-oo)]z 


-^if(f-x/c) z, 


Note that (i) and (ii) are consistent with this result. Meanwhile 


XJ / . \ <9^2 . 


c Jo 




- -?»f £*(■-?»K*-§- 

[if if(-oo) - 0] 


*)]| 0 = y [if(t-*/c)-if(-oo)]y 


yif(t-x/c)y, 


s = ^ (E X B) = ^ (^) (^) [ - 2 X ^ -• 

This is the power per unit area that reaches x at time t\ it left the surface at time (t — xjc). Moreover, an 

equal amount of energy is radiated downward , so the total power leaving the surface at time t 
^______ 2 

Problem 11.25 

p{t) = 2qz(t); p = 2qz; F = mz — — — 


? 2 . 

1 q 2 

PoC 2 q 2 .. 

Poc 2 q 3 

! 

* 

CM 

CM 

4tt€o 4 mz^ 

167rm2 2 ’ ^ 

8irmz 2 + 

Pop _ 

( PoC 2 q 3 \ 

| 2 „ /&V 

(l*octf\* 1 

6ttc 67tc 

\ 87rm2 2 ) 

6(47r) 3 m 2 2 4 

V 47T / 6m 2 z 4 


Problem 11.26 


With a = 90°, Eq. 7.68 gives E' = cB, B' = --E, q' m = -cq e . Use this to “translate” Eqs. 10.65, 10.66, 
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and 11.70: 


E' 

B' 


= c 


^ x = i x (-cB') = -c(i x B'). 

_l E = -i-«!- r -l_[(c ! -„> + ,x(uxa)] 
c c4tt€q (*“ u) 3 L J 


- [ {c 2 _ v 2 )u +4 x (u x a) ] = mk — 

C 47T€o (♦ - u) 3 J 4f (* * u) 3 


[(c 2 — ii 2 )u + -t x (u x a)] 


P = 


Hoa 2 2 _ ^o° 2 


6 TC 


9* = 


6ttc 


m- 


(W-lq 1 ) 2 . 
6?r c 3 ^ m; 


Or, dropping the primes, 


B(r,f) = 

T(*.u)3 [(Cl ”' 2)U+ * X(U><a)] - 

E(r,i) = 

— c(i x B). 

P 

Poq^a 2 


6ttc 3 


Problem 11.27 


*jT 

(a) Wext = J Fdx — F J v(t) dt. FYom Prob. 11.19, w(t) = — ^ 4- r — re^ _7 ^ T j. So 


Wext = ~^J T tdt + T j\t- Te~ T t r f* e l ' r dej = ^ + rt - re~ T ^Te t/T 


El 

L T ? +rT - r ! e -TlT = 

— f-T 2 + tT - t 2 + T 2 e~ T t T \ . 

m 

2 V /J 

m \ 2 J 


1 1 F 2 

(b) From Prob. 11.19, the final velocity is Vf = ( Fjm)T , so Wicm = x mv f ~ ~ m '— = 

« / 7Tb 


F 2 T 2 

2m 


2 2 

(c) IVrad = f P dt. According to the Larmor formula, P = and (again from Prob. 11.19) 

07rc 


a(i) = 


(. F/m ) [l — e -7 ^ T ] e^ T , 
(F/m) [1 - e< [ - T ^ T ] , 


(t < 0); 
(0 < t < T). 



















w, 


cad ■™ 


j | (l - e- T ") 2 f e 2l/r it + £ [l - e(‘- T >/ r ] 2 «ft] 

F2f/ - - T, ') ! (r 2,/T )L 

7r ) 2 +T- 2e~' 

[K 1 


s {o ■- l ^ * + r t 1 - *} 

r £l j(i (I c 2 */')|° +£it-2e- T '* J\ t ' r dt + e-* r 'r 

~ [50 - '- r/ f+* - ^- T " K) II+*- !T " (§‘“' T ) 11} 

ifl [I (l - 2e-^ + e - 27 >) + T - 2re- r />- - l) + je- 27 /' (e 27 > -1)] 

tF 2 


Energy conservation requires that the work done by the external force equal the final kinetic energy plus 
the energy radiated: 


H4in + VFrad = 


(r- T+ „^)_£( >5 


€H + ill ( T - r + re-V'1=[ ±r 2 + rT - r 2 + T 2 e-n' | - W M . / 
2m m 


')■ 


Problem 11*28 


(a) a - rd + ^5(f) =f> j" a(t ) di = v(e) - n(-<0 = r J ^ dt + ~ J di = r [ a ( e ) “ °{ _e }3 + “■ 

If the velocity is continuous, so v(e) = t>(—e), then 


a(e) -c(-e) = - 


rnr 


it 

When t < 0, a = rd a(i) = Ae t ^ T \ when t > 0, a = ra ^ a(t) — Be t/T ; Aa — B - A = - — 


rar 


B — A -, so the general solution is 


mr 


a(t) = | 


Ae^ T , (t< 0); 

[A — (fc/mr)] e t / r , {t > 0). 


To eliminate the runaway we’d need A — k/mr ; to eliminate preacceleration we’d need A = 0. Obviously, 
you can’t do both. If you choose to eliminate the runaway, then 


n(f ) _ J (ft/mr)e‘/ r , (t < 0); 
a{t) ~ \ 0, (t > 0). 


tt(t) 


= f a{t) dt = — f e t/r dt = — (re t/T ) 1 = X t/T {for t < 0); 

J-oo rnr mr V /!-«> m 


for t > 0,v(t) - v(0) + ^ a(t) dt - v(0) ~ X So «(<) = { (* > 0)! 


fc r* f 0, (t < 0); 

For an uncharged particle we would have a(t) = —<J(£), u(t) — j a(t)dt — | {kjm) (t > 0)' 


The graphs: 
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Clearly, W ext ~ Wkin + V^rad- / 

Problem 11.29 

Our task is to solve the equation a = ra + — [—5(x) 4- — />)], subject to the boundary conditions 

TTl 

(1) x continuous at x = 0 and x = L; 

(2) v continuous at x — 0 and x — L; 

(3) A a — ±Uo/mrv (plus at x = 0, minus at x — L). 


The third of these follows from integrating the equation of motion: 


f^-dt = r f ■“ dt + —- f [-<5(x) + 5(x — £)] dt, 

J dt J dt tyi J 

&v = r&a+— f[-&(x)+6{x-L)]^dx = 0, 

m J ax 

A a = = f - [—«5(rc) + <S(x - £)] dx = db — . 

mr J v mrv 


In each of the three regions the force is zero (it acts only at x = 0 and x = L), and the general solution is 
a{t) = Ae ^ T ; v(i) = Are 1 ^ + B\ x(t) = Ar 2 e^ T + Bt + C. 


(I’ll put subscripts on the constants A, B, and C, to distinguish the three regions.) 

Region iii (a: > L): To avoid the runaway we pick A3 = 0; then o(t) — 0, v(t) — B 3 , x(t) — B 3 t + C3. Let 
the final velocity be v/ (— B3), set the clock so that 4 = 0 when the particle is at x — 0, and let T be the time 
it takes to traverse the barrier, so x(T) = L = v/T + C 3 , and hence C3 = L — VfT. Then 

(t<T), 


a(t) = 0; v(t) = Vf, x{t) = L + Vf(t - T), 















L 11/11 li. IX/l-LAi/illl/II 


Region ii (0 < x < L); a = A 2 e t/T , v — A 2 re tlr + B 2 , x~ A 2 T 2 e t/r + B 2 t + C 2 . 


(3) 

( 2 ) 

( 1 ) 


0 - A 2 e r,T = —=> A 2 = -^-c- T / r . 


mrvf 


mrvj 


Vf = v4 2 re T ^ r + i?2 = + Bs => B 2 = 


mV/ 


mvf 


L = A 2 T 2 e T/T + B 2 T + C 2 = ^ + 17T ~ — + C 2 = v/T + —(r - 7 1 ) + C 2 => 


mv/ 


rot// 


C 2 = i- V/ T+^-(T-r). 

mu/ 


mu/ 


«(0 

v(t) 

x(t) 


Uq 


, e (i-r)/r. 


mrvf 

v, + — [e<‘- T| " - ll; 

mvt L J 


(0 < t < T). 


U 0 


L + v f (f -T) + [re<*- r ^ T - t + T - r 


mvf 


[Note: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L, but we’re 
interested here in the regime where it does tunnel through*] 

In particular, for t = 0 (when x — 0): 


0-L-v f T + 


u 0 

re r t T + T — rl => L = VfT — 

re r I T + T — r 

mvf 

L i mv / 

J 


qed 


Region i (x < 0): a — Aie 1 ^, u = j4ire^ r + 2?i, x — Ajt^e^ 7 + Bit + C\. Let Vi be the incident velocity 
(at t ^ -oo); then £i = V{. Condition (3) says 

—“■—e~^*^ T — A\ — ————, 
mrvf mrvo 

where u 0 is the speed of the particle as it passes x — 0. From the solution in region (ii) it follows that 
vq — Vf + {e~ T f T — * But we can also express it in terms of the solution in region (i): v$ = Ayr + Vj. 
Therefore 


Vi ~ Vf + 


Uo 

mvf 


( e ~ T/r - 1 )- a ' t=v ' + ^ ( e ~ T/r - o 


+ c ~T/r 

mv o mvf 


t/o , U 0 

— Vf -— +-“ =Vf 


= Vf- 


mvf mvo 

Uq 


Up 

mv/ 


(- 2 )- 


U 0 I 

Vf - — < 1 


Vf 


mvf | Vf + (Uo/mvf) [e 


-T,r - !] } 


mv/ 

If ^mvj — ^C/ 0 , then 

L = VfT - Vf 


{ 1 1 + ( U 0 /mvj ) [e~ 7 ’/ r - l] } ‘ qed 


re r / T + T - t 


= Vf 


T - re _T/T - T + 


— TV f 
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Vi — Vf — Vf 


1 - 


1 + e~ T / r - 1 


— Vf ^1 — 1 + e T t T j — Vfe T / r . 


Putting these together, 
L 


- 1 _ e -r/r ^ e -r/T = 1 _ _i±_ ^ e T/r _ _1__. 

tvj tvj 1 — (L/tv/) 


Vi = 


Vf 


1 - (L/vjt)' 


qed 


. ,. , r ;j v f 4 KBi 

In particular, for L = vjt/ 4, Vi - ^ ^ — -if/, so -jfjjr 

|0k-|0fc. 


i = l mv i _ (mV _ 

f \mv) \VJ) 


16 


Problem 11.30 

(a) From Eq. 10.65, E L — ~ ^ [(c 2 - u 2 )u + (* * a)u - {* ■ u)a]. Here u = oi - v, 4- = lx + dy, 

v = v x, a = a x, so - v = Iv, -t ■ a = la, -k • u = ok — * ■ v = m — Iv. We want only the a: component. Noting 
that u x — (c/k)( — v = (cl - w) /*, we have: 


= 


self - 


8tT£o (oj. — Iv) 3 [_-*■ 

Q \ 

87T£o (ok - /v) 3 
9 1 

87T£o (ck — /if) 3 

q 2 1 
87reo ( 0 4 — /v) 3 


-(cl — w)(c 2 - u 2 4- (a) — o(ek - /u) 

[(c/ — w)(c 2 - r 2 ) 4- c/ 2 a — wfa — aek 2 4- alw] , But k 2 = l 2 + d 2 . 
[(c/ - w)(c 2 - u 2 ) — acd 2 ] . 

[(c/ — m)(c 2 — v 2 ) — a cd 2 ] x. (This generalizes Eq. 11.90.) 


Now a:(t) — x(t r ) — l — vT + \aT 2 4- |dT 3 + * • *, where T = t - t r , and v , o, and a are all evaluated at the 
retarded time t r . 

(cT) 2 = k 2 = l 2 + d 2 = d 2 + (vT + \aT 2 4- ^dT 3 ) 2 = d 2 + u 2 T 2 + vaT 3 + ^ndT 4 + ^T 4 ; 

2d 3 4 

c a r 2 (l - v 1 jc 2 ) — <?T 2 jy 1 = d 2 4- uoT 3 4- ^ud 4- -a 2 ^ T 4 . Solve for T as a power series in d: 


T = — (l + Ad + Bd 2 4-) 


" 2 (l + 2Ad + 2Bd 2 + A 2 d 2 )^<f + va^(l + 3Ad)+(j + p p 4 . 


c ' ' 7 2 c 2 


c 3 

2 \ _,4 


„ . _ _ . 1 7 3 3ua7 3 , {va o 2 \ 7 4 

Comparing like powers of d: A - -va-^j- 2 B + A £ = ——A 4- I — 4- — 1 


2 B - 


3vay' 


1 7 3 1 2 2 7 6 vay 4 a 2 y 4 va y 4 y 6 a 2 (l v 2 \ 3u 2 a 2 7 6 

2 Va c 3 4 V a c e + 3 c 4 + 4c 4 3 c 4 Ad* l^7 2 c 2 ) 2 

"vd a 2 7 2 / u 2 v 2 c u2 \] D 7 4 [vd 7 2 a 2 ( ;( t ,2s \ 

+ ( ) d 4 + ■ • ■ (generalizing Eq. 11.93). 


7 


yd ( va 7 3 7 4 

r = _ { 1+ y^ t,+ 2? 


ua 7 

"3" 4 4 

































I - 


vT + i«r 2 + Ut 3 + 
z u 


vjd 

c 


va 7 ^ 


7 


i + T „ d+2c4 




1 7 2 cf 2 

+ —s~ 


7 3 , T 
1 + va—rd 
c 3 j 


1 'Y 3 

+ ^d~d 3 

b <? 


fvy\ ay 4 ( v 2 v 2 \ 2 fu 7 7 4 fvd 7 2 a 2 A .« 2 \1 1 7 2 7 3 1 , 7 3 1 3 

= (T) rf+ 2^( 1 -^ + ^j^ + (^^[T + — l 1 + 4 ?Jj + 2 a ^ + 6°M^ 


= 

<vy\ 

| d+ | 

f°7 4 ^ 

\*+&\ 

= 1 


| d + | 



4 = 

cT = 7d 11 + 



3 + 4 


5 t>7 2 a 2 


d 3 + { ) d A + 


y 


££ — /f — 


+ 7V (i + ?) <fj + ()<f+--- 

£ +1 va + £)i 1 e_f2 d _^_g 

3 \4 r/J c 2c- 4 2c 3 

/ u 2 \ 7 5 [wo 22 /I u 2 \ va 5 v 2 7 2 a 2 l 3 

C7<i ( 1- ?j + 2?[T + 7 “ {l + ^)~T'i~?~\ d + "’ 


, vay A 2 7 6 

Cyd+ ^- d + 2? 


2„21 


a 5 V 7 2 a 


d 3 + 


„5„2 


-d+^d 3 -f ()d 4 + 
7 8 c 1 


ci — w — 


. ay _ 2 7 

vyd H - - cl + —~ 

1 2c 2cP 


(a 5V 7 2 a 2 \ ,, , 

(3 + 4 — )*-VYd 




vy* 

2c 4 


va o 7 / 

1 V 2 \ 

[t + 7 a ( 

4 + c 2 j 


d 3 


ay 

2c 


{ 1,2 \ ,2 7 5 5 U7 2 a 2 u 2 a vy 2 a 2 fl v 2 \ 

( 2 ” 1?) d + 2 c 2 [3 + 4 “^- ~ ^2 3 “ (4 + c 2 J 

(£) 


d 3 + ( ) d 4 + 


Ji \ ^5 

rf 2 . J_ 
2c 2 


d i vy 2 a 2 | 


3 7 2 + c 2 1 

U 4 c yj 


= (£)*♦£ (I+ 2 £) 


d 3 + ()d 4 + 


(a — Iv) 


-3 


Fself = 


cd 

7 

fl- 


S7reo 

,,2 


47re 0 


'(t+^+o- 


Stteo c 3 d 
q 2 7 3 1 


Sttco c?d 2 

~2 


—ac + 7 


4c 2 d 4c 3 


Switching to t\ v(t r ) — v(t) + v(t)(t r — () + ••• = v(t) — a(t)T — v(t) 
doesn’t matter—to this order—whether we evaluate at t or at t r -) 


x (generalizing Eq. 11.95), 

ayd/c. (When multiplied by d, it 
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1 


v(t r ) 


T 2 


= 1 


[w(f ) 2 — Zudyd/c] 


7 = 




jl —1/2 


1 - 


= 7 (t) 


Evaluating everything now at time t: 


(> - *£-) • 




SO 


a7 


a(t r ) — a{i) — Td — a(t) -—d. 

c 


■ self — 


4tt€ 0 

47T£o 

47re 0 

_?L 

47Te 0 


-r 


(l - 3vay 3 d/c^) (a — aydfc) 7 


4c 2 d 


+ 


4c 3 


/ a «7 2 a 2 \ 

U + -H 


+ () d 2 + 


7 3 a 7 3 /07 ua 2 7 2> \ 7 4 /a V7 2 a 2 \ 

-* s + & ( t +3 ^ l ) + j ? u + +i < )£(+ 

7 3 a 7 4 /. & ua 2 7 2 ti7 2 a 2 \ 

[”4^ + 4?( a+ 3 +3 — + ^H +()d+ - 

f 7 3 Q , 7 4 ^ 

[ 4c 2 d 3c 3 ^ 


wa 2 7 2 ' 


+ 31: 72^) + ( ) d + 


ic (generalizing Eq. 11.96). 


The first term is the electromagnetic mass; the radiation reaction itself is the second term: 
2 / 2 2 \ 

^rad _ 77T 7 4 f ^ + 3 — - ) (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is 

111TC \ C l / 


p _ ^09 2 4 (, , o WQ V^ 

^ rad ”'6^ 7 


(b) F ra d = Ay A , where A = f ~ ^° 2 7 6 (Eq- 11.75). What we must show is that 

/ h fte ft 2 / w 2 q 2^2\ fh 

F ra dt>dt = — J Fdt, or J 7 4 4- 3 ■ ^ : j dt — — j a 2 7 6 dt 


'tty 

(except for boundary terms—see Sect. 11.2.2). 


ft 2 ft 2 da ^2 I 142 

Rewrite the first term: / 7 4 dudi — / (7 4 v)— — 7 4j ua — / —(7 4 v)adt, 

dt h J tl dt 

Now |(A) = » + V*; f = | ( v / 1 _ 1 ^ /c a) = (- 2 ~) = So 

’. + A = A(l4 + 4)=A(l + 3^). 

t 2 / >ta / u 2 \ 

— / 7 6 a 2 f 1 + 3-j I dt, and hence 

£' 7" (do + 5^7!) * = 7 4 wa|^ + £ [- 7 V (l + 3 J) + 3 7 8 ^] <ft = - £ 7 V it. qed 


fi2 

/ 7 4 aw dt = 7 4 ua 


Problem H*31 

(a) P = ° ? ■ (Eq. 11.75). vj = \/b 2 + c 2 t 2 (Eq. 10.45); u = w = 


cH 


6nc 


a = v = 


c 2 t(c 2 t) 


VP + PP (t> 2 + C 2 t 2 ) 3 ^ 2 (b 2 + C 2f2)3/2 


VP + c 2 t 2 ' 
(b 2 •+ c 2 t 2 — c 2 t 2 ) = bV 


(J2 + c 2f2)3/2 1 
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Problem 12.1 

Let u be the velocity of a particle in 5, u its velocity in <S, and v the velocity of S with respect to S. 
Galileo’s velocity addition rule says that u = u + v. For a free particle, u is constant (that’s Newton’s first 
law in cS) . 

(a) If v is constant, then u — u —v is also constant, so Newton’s first law holds in 5, and hence S is inertial. 

(b) If S is inertial, then u is also constant, so v = u — u is constant. 

Problem 12.2 

(a) mAu A + m B u B — mexic + m D u d\ = Qj + v. 
mA(uA + v) + me(us + v) = mc(uc + v) + mo(uD 4- v), 
mAU A + m B u B + (m A + mg)v — mcuc + mpUD + (me + wd)v. 

Assuming mass is conserved, (m^ + m B ) — (me + mo), it follows that 
myiU/i + m B u B ~ meup + mpu D , so momentum is conserved in S. 

(b) ^mAU 2 A + ^m B u 2 B = |+ \mpu 2 D => 

^mAi&A + ' v + v 2 ) + $m B (u% + 2Qb ■ v + u 2 ) = + 2uc ■ v + v 2 ) + + 2ud ■ v + v 2 ) 

\mA^A + 2 m B^B + 2v ■ (mA^A + m B u B ) + |ir 2 (mA + m B ) 

— + 2 mDii D + 2v ‘ ( m c^c + mj)U D ) + Li > 2 (mc + mp). 

But the middle terms are equal by conservation of momentum, and the last terms are equal by conservation 
of mass, so + ^m B u 2 B - Lmc«c + qed 

Problem 12.3 


(a) VC = v AB + VBC-, »E = Jtf.V.'f/A " ■'g (» - T) 

8 


- VaB^BC 


In mi/h, c — (186,000 mi/s) x (3600 se c/hr) — 6.7 x 10 s mi/h r 
■■■ ‘V* = & = 6.7 x 10 


1-16 


6.7 x 10 ^ u % error. 


(pretty small!) 


(b) (§c + f c) / (1 + | * |) - (|c) / (x) 


10 

IT 


(still less than c). 


(c) To simplify the notation, let 0 = vac! c i Pi — *Mb/c, 02 — v B c/c■ Then Eq. 12.3 says: 0 — f+tj 3 #- , or 


f 2 _ 01 + 2 0102 + 02 _ 1 + 20102 + 0102 _ (1 + 0102 ~ 0i ~ fff) _ j _ (1 ~ 0i)(l ~ ^ 2 ) _ t _ a 
“ (1 + 20102 + P'(0l) - (1 + 20102 + 0101) (1 +20102 + 0101) (1 + 0X02? 
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where A = (1 — /? 2 ){1 — /?f)/( 1 + Pifa) 2 is clearly a positive number. So /?2 < I, and hence Itucl < c. qed 


Problem 12.4 

(a) Velocity of bullet relative to ground: |e+|c=|c — y|e. 


Velocity of getaway car: |c — ^c. Since v b > v 5 , 

bullet does reach target. 


(b) Velocity of bullet relative to ground: 2 4 3 i C = 

2 + 3 fi 

= 5 20 

7 28 *" 


Velocity of getaway car: |c = ||c. Since v s > 

bullet does not reach target. 


Problem 12.5 

(a) Light from the 90th clock took = 300 s = 5 min to reach me, so the time I see on the clock is 

11:55 am. 


(b) I observe 12 noon 


Problem 12.6 


light signal leaves o at time t‘ a ; arrives at earth at time t a — t' a + d a /c , 
light signal leaves b at time t ' b ; arrives at earth at time tj = t' h + d b fc. 


At = t b - t a = t' b - 1' + 


(d b - da) 


= A t' + 


(~vA t' cos#) 


c c 

(Here d a is the distance from a to earth, and db is the distance from b to earth.) 


= At' [l - - 

L c 


cos# 


As = vAt' sin# = 


v sin 9 At 
(1 - v/ccos6 ) 1 


u = 


nsinff 


(1 - *cos#) 


is the the apparent velocity. 


du 

d9 


n[(l - ^cos0)(cos0) — sin#(Jsin#)] 

(1 — “ COS#) 2 


0 =k (1 — - cos#) cos# — - sin 2 # 
c c 

=> cos# — -(sin 2 0 + cos 2 8) — - 
c c 


#max = COS 1 (v/c) 


As v 


u 


oo, 


At this maximal angle, u — \_ v ^j — 

because the denominator 


_ Vi/l-v 7 /c 2 __ v 

^/l — V 2 jfc 

0, even though v < c. 


Problem 12,7 

The student has not taken into account time dilation of the muon's “internal clock". In the laboratory , the 
muon lasts 7r = ~ , where r is the “proper" lifetime, 2 x 10~ 6 s. Thus 

y' l-v a /c 2 



c 2 1 + (rc/d) 2 * 


v — 


— — — \/l — v 2 /c 2 y where d — 800 m* 

rf yfl - v 2 f(? t 


■'I© 2 4 

TC (2 X 10" 6 )(3 x 10 s ) _ 


= 1 ; 


v 2 = 


800 


(r/d) 2 + (1 /c) 2 " 

1 16 


4’ 


1 + 9/16 25’ 




































t/1 —9/25 4 * 


Problem 12.8 

(a) Rocket clock runs slow; so earth clock reads 7 t = ' 1 hr. Here 7 — 

According to earth clocks signal was sent 1 hr and 15 min after take-off. 

(b) By earth observer, rocket is now a distance (f c) (|) (1 hr) = fc hr (three-quarters of a light hour) away. 
Light signal will therefore take f hr to return to earth. Since it left 1 hr and 15 min after departure, light 


signal reaches earth ] 2 hrs after takeoff. 


(c) Earth clocks run slow: Wket = 7 • (2 hrs) = f ■ (2 hrs) — 2.5 hrs. 


Problem 12*9 




A — 13- 

16 16 ’ 


V — 


\/l3 


-c. 


Problem 12.10 

Say length of mast (at rest) is l. To an observer on the boat, height of mast is l sin 6, horizontal projection 
is lcos$. To observer on dock, the former is unaffected, but the latter is Lorentz contracted to 7 1 cos 0. 
Therefore: 


- I sin 0 „ 

tanfl — -- = 7 tan 0 , or 

-lease 


tan# = 


(.an 8 


s/l — t;‘ 2 /c 2 


Problem 12.11 __ 

Naively, circumfcrence/diameter — ^(2nR)/(2R) = 71/7 — tv ^/l — (uRjc)^ — but this is nonsense. Point 
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a 
specific model for the internal forces holding the disk together. ____ 

Problem 12.12 

(iv) =?> t — - + ^ - Put this into (i), and solve for x : 


(i vx\ 

fi ^ 

(- + —) 

— 7 2 ( 1 * “a J 

\7 c £ s 

\ C / 


vt —- vt; 

7 


x — 7 (x + nt). 


/ 


Similarly, (i) =$■ x = | + vt. Put this into (iv) and solve for t: 


'iv (X \ /, v £ \ v_ t v_ . (1 , v 

t =-< t -s{z + '’ t ) = A l -s)-s x = y-s x ’ ‘ = 


/ 


Problem 12*13 

Let brother’s accident occur at origin, time zero, in both frames* In system S (Sophie’s), the coordinates 
of Sophie’s cry are x = 5 x 10 5 m, f = 0. In system 5 (scientist’s), t = 7 (i - %x ) = -jvx /c 2 . Since 

1 _ 13 


this is negative, Sophie’s cry occurred before the accident, 


in 5. 


7 - 


y7-(12/13p 


vTer-144 5 ■ 


t - - (^) (|fc) (5 x 10 3 )/c 2 - -12 x 10 s /3 x 10 3 = -4 x 10“ 3 , |4 x 10 3 s earlier 


Problem 12.14 

(a) In S it moves a distance dy in time dt. In <S, meanwhile, it moves a distance dy — dy in time dt = 
7 {dt ~ fkdx). 

dy _ dy _ (dy/dt) 

di 


7 (<#-£*) 7 (l-£g)’ 


or 


u 


u 2 
































































(b) tan 8 — - %/ [t t 1 ~ tH] _ 1 (~%) 

w s.“ K^)/(i-^)“tK-«)' 

In this case u x — —ccos6\ u v — csi nO => tan# = - [ , 

j y 7 ^ ’CcoSc/’-u j 

[Compare tan 8 — 7 ^| in Prob. 12 . 10 . The point is that velocities are sensitive 


tan 0 — 


- I ( sin ^ 

7 \cosi9 + v/c / 


not only to the transformation of distances, but also of times. That’s why there is no universal rule for 
translating angles—you have to know whether it’s an angle made by a velocity vector or a position vector.] 


Problem 12.15 


Bullet relative to ground: -c, Outlaws relative to police: ~ 


~ c ~h c 


1-l-i 


(me 2 

(5/8) 5 C - 


Bullet relative to outlaws: 


f c - f c _ —(l/28)c 


i _ 5 3 

A 7 ' 4 


, , , = ——e . [Velocity of A relative to B is minus the velocity 

( 13 /^ 8 ) 13 

of B relative to A, so all entries below the diagonal are trivial. Note that in every case wallet < ^outlaws, so no 
matter how you look at it, the bad guys get away.] 


speed of —v 
relative to 4- 

Ground 

Police 

Outlaws 

Bullet 

Do they escape? 

Ground 

0 



& fC 

Yes 

Police 

_i c 

0 

h 


Yes 

Outlaws 


-h 

0 

" 13 C 

Yes 

Bullet 



1& C 

0 

Yes 


Problem 12.16 

(a) Moving clock runs slow, by a factor 7 — 


/HW 3 


= §. Since 18 years elapsed on the moving clock, 


| x 18 = 30 years elapsed on the stationary clock. 51 years old. 


(b) By earth dock, it took 15 years to get there, at |c, so d — |c x 15 years = 12c years (12 light years). 


(c) t — 15 years, x = 12 c years. 


(d) f = 9 years, x = 0. [She got on at the origin in S, and rode along with <S, so she’s still at the origin. If 
you doubt these values, use the Lorentz transformations, with x and t from (c).] 


(e) Lorentz transformations 


: / & — y(x + vt) \ (note that v is negative, 

\ t = y(t + $x) J_ 


, since S is going to the left). 


x — | (12c yrs + |c • 15 yrs) = | ■ 24c yrs = 40c years. 


t = | (15 yrs + f ^ ■ 12c yrs) = | {15 + —) yrs = (25 4- 16) yrs - 41 years. 


(f) Set her clock | ahead 32 years, | from 9 to 41 (t -4 t). Return trip takes 9 years (moving time), so her clock 

will now read 50 years at her arrival. Note that this is | ■ 30 years—precisely what she would calculate if the 
stay-at-home had been the traveler, for 30 years of his own time. 

(g) (i) i = 9 yrs, x — 0 . What is f? t — \x + r = | • 9 = t? = 5-4 years, and he started at age 21 , so he’s 


26.4 years old. (Younger than the traveler (!) because to the traveler it’s the stay-at-home who’s moving.) 


(ii) f = 41 yrs, x — 0. What is t? t — f- = | • 41 = IP — 24.6 years, and he started at 21, so he’s 


45.6 years old. 





































twin’s age is 45.6 + 5.4 = 511 years—which is what we found in (a). But note that to make it work from 
traveler’s point of view you must take into account the jump in perceived age of stay-at-home when she changes 
coordinates from S to S. __ ___ 

Problem 12.17 ” 

—d°b° + a 1 ?) 1 + d 2 b 2 + d 3 b 3 = — 7 2 (a° — ^o 1 )(6° — 0b l ) + 7 2 (a 1 — 0a°)(b 1 — 0a°) + a 2 b 2 + a 3 b 3 

= — 7 2 (a°i»° — 0pPb x — 0p^b° + 0 2 a l b l — a 1 b l + Ppf'b 0 + PyPb 1 — /? 2 a°6°) + a 2 b 2 + a 3 b 3 

~ -7 2 o°5°(1 - 0 2 ) + T 2 a 1 5 I (l - 0 2 ) + a 2 b 2 + a 3 b 3 
= — a°b° 4- a'fe 1 4- a 2 b 2 + a 3 b 3 . qed [Note; 7 2 (1 — 0 2 ) — 1.] 


Problem 12.18 


(a) 


fct) 


1 0 0 0\ 


(ct\ 

X 


-0 1 0 0 


X 

y 


0 0 10 


y 

W 


0 0 0 l) 


w 


(using the notation of Eq. 12.24, for best comparison). 



(c) Multiply the matrices: A = 



7 

0 

-7 P 

o\ 



7 

-7/3 

0 

0\ 


J 

( 77 

-77/3 

-7/3 

0\ 



0_ 

1 

0 

0 



*7/3 

7 

0 

0 



-7/3. 

7 _ 

0 

0 



-7j8 

0 

7 

0 



0 

0 

1 

0 



-77/3 

77/3/3 

7 

0 

* 


0 

0 

0 

V 



0 

0 

0 

1/ 

1 

V o 

0 

0 

V 



Yes, the order does matter. In the other order, “bars” and “no-bars” would be switched, and this would give 


a different matrix. 


Problem 12.19 

(a) Since tanh 0 = , and cosh 2 0 — sinh 2 0 = 1, we have: 

1 1 cosh 8 

7 = 


\/l — u 2 /c 2 yjl - tanh 2 0 y/ cosh 2 8 — sinh 2 0 


= cosh 0; 'yP — cosh 8 tanh 8 — sinh 8. 



( cosh0 

— sinh 8 

0 

0\ 


— sinh 9 

cosh0 

0 

0 1 

A = 

0 

0 

1 

0 ■ 


^ o 

0 

0 

1 j 


cos <p sin 0 0^ 

Compare: R = | — sin 0 cos 0 0 
0 0 1 , 


(b) u : 
tanh 0 


u — v n (u/c) - (v/c) , 7 tanh 0- tanh 0 , . . . , , 

= -777" => - = ,..s / ;r =► tanh0 = -- , , , where tanh0 — u/c, tanhf? 

1c i_ (^) {^) 1 — tanh0tanh 8 

— ujc. But a “trig” formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says: 
tanh 0 — tanh 8 


= v/c\ 


1 — tanh 0 tanh 8 


— tanh(0 - 8). tanh0 = tanh(0 - 8), or: 0 = 0 — 0. 















































Problem 12*20 

(a) (i) I = -c 2 At 2 + Ax 2 + Ay 2 + Az 2 = -(5- 15) 2 + (10- 5) 2 + (8 - 3} 2 + (0- 0) 2 = -100 + 25 + 25 = 
(ii) [No. | (In such a system At = 0, so I would have to be positive, which it isn’t.) 


-50. 


(iii) Yes. 



S travels in the direction from B toward A, 
making the trip in time 10/c. 


v = 


—5x - 5y 
10/c 


“2 X ^2 y ‘ 


Note that p- = | + | = 5 ,sov = ^c, safely 
less than c. 


(b) (i) / 
(ii) 


Yes. 


-(3 - l) 2 + (5 - 2) 2 + 0 + 0 = -4 + 9 = (X] 

By Lorentz trans formation : A(cf) = 7 [A(ci) - /?(A:r)]. We want At = 0, so A(cf) = fl(Ar); or 


v _ A(et) _ (3 - 1) 
c Aa: (5 — 2) 


l s ° 


v — -c, in the -\-x direction. 

tJ 


(iii) No. j (In such a system Ax - Ay = Az ~ 0 so / would be negative, which it isn’t.) 


Problem 12,21 






















































Problem 12.23 



(a) (1 - -£)?7 2 = u 2 \ u 2 (l + f?) = f? 2 ; 

(b) 


U = 




V 


cosh $ 


yj 1—ii 2 /c 2 yj l —t&nh 2 0 \J cosh 2 B— sinh 2 0 


= cosh 9\ r} — — 7-—- -- u = cosh $ c tanh $ 

yfl~U*/c2 


c sinhfl. 


Problem 12.25 

(a) u x = u y = cos 45° = = 




^ V^l-lvc 2 “ ^ V ~ 0 -” 2 /^ 


= ti„ = \/2 C. 


*fe =»fo 


(c) q° = 7 c = V^5 c. 


(d) Eq. 12.45 =>■ 


u* = j^r = V 2 ^*-/ 2 ^ = [a] 


(e) q x = 7 ( 77 * - = ^1 - | (V2 c- y^V5c) = [a] ^ = V^c. 

(f) yW /c » ~ Vi-%/3) = n _ = _ ^ { X = ^ = V^. / } 

Problem 12.26 

- -to 0 ) 2 + 0 2 = ,. * (-c 2 + u 2 ) = -^ 2 i?~ u ^ = EE 


(1 - u 2 fc 2 ) 


(1 — u 2 /c 2 ) 

































































































Problem 12.27 

(a) From Prob, 11.31 we have 7 = ^y/b 2 + c 2 t 2 . r = f^dt = bf = * ln(ct + #T?F) + A; at 

t = 0 we want r = 0 : 0 = - In 6 + fc, so A; = - - In i>; 

C 1 C ' 


r = - In ^ (ct + V ^> 2 + c 2 t 2 ) 


(b) \/x 2 — b 2 + x — be CT t b \ \fx 2 — i > 2 — 6 e CT ^ 6 — x; x 2 — 6 2 = b 2 e 2CT ^ b — 2xbe CT ^ b + x 2 ; 2 xbe CT ^ b = 6 2 (1 + e 2cr ^); 
x = fe( -^~‘ T/b ) - [6cosb(cr/5). Also from Prob, 11.31: v - <?tjy/W + c 2 f 2 . 

7 ^ -^V/e - * ° - 


JJ — — yj X" — — _ 

u x yx o “ b cashier 


ctanh 


(f)- 


(c) T}^ ~ 7 (c,f, 0 , 0 ); 7 =| = cosh—, so 77 ^ — cosh ^ (c,ctanh ^, 0 , 0 ) — 


^cosh 


cr 


sinh 0,0^ . 


Problem 12.28 

(a) ttiaua + tuque — tucuc + moUD', m = 
Ua + v U B + v 


Uj + v 


tua- 


+ rn B - 


me: 


1 + (ibu/c 2 ) * 
uc +v 

4- m D: 


«D+l» 


1 + {uav/c 2 ) "’“1 + (' U B vjc 2 ) 1 + {ucvjc 2 ) ' 1 + («DU/c 2 ) ' 

This time, because the denominators are all different, we cannot conclude that 
ttiaua + rngus = meue + mpi ip. 

As an explicit counterexample, suppose all the masses are equal, and ua = — u B = u; uc = uo = 0. This 
is a symmetric “completely inelastic” collision in S, and momentum is clearly conserved (0 = 0). But the 
Einstein velocity addition rule gives ua = 0, u B — -2it/(l + u 2 /c 2 ), fi c = u D = -u, so in S the (incorrectly 
defined) momentum is not conserved: 


m 


(l + u 2 /c 2 ) * 2m “‘ 


(b) -iuaVa + m B T} B = mcVc + moVD\ — 7 (fji + /?t?°). (The inverse Lorentz transformation.) 

Tn A / y(f}A + 0Va) + TUBlif}!) + Pfj B ) = mc7(^c + Ptfc) + mDliva + Pff D ). The gamma's cancel: 

Tn A fj A + m B f) B + 0(m A f) A + m fl ^) = m c yc + m D f}D + P{mcnc + m DV° D )- 
But rriit 7 ° — p° — Ei/c , so if energy is conserved in S (E A + E B — Ec + Ed), then so too is the momentum 
(correctly defined): 

mAVA + msVB - mcVc + mpfjp. qed _ 

Problem 12.29 

7 me? — me 2 — nmc 2 7 = n + 1 = 


1 ~u 2 fc 2 

. u 2 „ -1 __ 1 _ n 2 +2n+l-l „ n(n+ 2) . 

F T ^ (n+i) a (n+lj 5 (n+1)^ 1 


=> 1 


W' 


U 


_ T/n(n + 2 ) 

n + 1 


Problem 12.30 

Ep ~ E\ + E<i + 


PT = Pi + P2 + 


V 


Pt — 7 (pr ~ PEt/c) = 0 @ — vfc = prc/E-j'. 


c 2 pr/E T = c\pi +p2 + ---)/{Ei +E 2 + •••)■ 


Problem 12.31 




(ml + mpj 


2 TTlj, 


2 _ (^4 + _ 1 . V 2 __ 1 

ym^c 7 </l - v 2 /c 2 ’ c 2 7 2 ’ 


21 = 1-1 = 1 - 
c 2 7 2 


4m 2 m 2 
{m 2 + m 2 ) 2 


_ m$ + 2- 4m 2 m 2 _ (m 2 - m 2 ) 2 


(m 2 + ml) 2 


(m 2 + m 2 ) 2 


= 



























































22 ? 


Problem 12.32 

Initial momentum: E 2 — p 2 c 2 — m 2 c 4 => p 2 c 2 — (2me 2 ) 2 — m 2 c 4 — 3 m 2 c 4 p ~ i/3 me. 

Initial energy: 2mc 2 + me 2 = 3mc 2 . 

Each is conserved, so final energy is 3mc 2 , final momentum is \/3 me. 


E 2 — p 2 (? - (3mc 2 ) 2 — {VZmc) 2 c 2 — 6m 2 c 4 = JV/ 2 c 4 => M = v^Gm 


2.5m. 


(In this process some kinetic energy was converted into rest energy, so M > 2m.) 


pc 2 _ y/Zmcc 2 
~~E ~ 3 me 2 



Problem 12.33 

First calculate pion’s energy: E 2 = p 2 c 2 + m 2 c 4 = j^m 2 c 4 + m 2 c 4 = rn 2 c 4 E — |mc 2 . 

Conservation of energy: |mc 2 = + E B 1 2 /r 1 — 2mc 2 

Conservation of momentum: |mc 2 ~Pa+PB~ f me 2 = Ea - Eg j J/ 

~ i 71 

= -me £ . 

Problem 12.34 

Classically, E — In a colliding beam experiment, the relative velocity (classically) is twice the 

velocity of either one, so the relative energy is 4E. 


Ea = me 2 






5 


S 


Let S be the system in which © is at rest. Its 
speed u, relative to <S, is just the speed of © 
in S. 


p° — ^r(p° - ffp 1 ) j — 7 (•£ - j3p), where p is the momentum of © in S. 

E = 7MC 2 , so 7 = jjfjx', p — —7 Mv — E — 7 4 - fiyMPc) c = 7(JS + 7Me 2 /? 2 ). 


7 2 =T^S!=s-l-/3 2 = ^=>l9 2 = l-^ = V-^ = 

E = + ■£, - MA-, 




f-fi V 
^ Wc 7 ) 


Me 2 . 


E=^-MA. 


Me 2 


For E - 30 GeV and Me 2 = 1 GeV, we have E - < a K 900 > - 1 = 1800 - 1 = ] 1799 GeY 


60E. 


Problem 12.35 

One photon is impossible, because in the “center of mo¬ 
mentum” frame (Frob. 12.30) we’d be left with a photon 
at rest, whereas photons have to travel at speed c. 


m 


O 

m 


Cons, of energy: 1 /poC 2 + m 2 c 4 + me 2 — Ea + Eg- 

Ea _i £ 

c 


Cons + of mom 


-{ 


horizontal: 


(before) 

E b cos 8 = p 0 c - 



po = cosfiO 0 + ^ cos# -> E b cosd — p 0 c — kEa, 1 j j j 

„ c „ c /o „ ? square and add: 

vertical: 0 -- ^ sin 60° — sin 6 E B sin 6 = ^Ea ; J 



























1 3 

£/|i(cos 2 9 + sin 2 9) = poc 2 - pocE A + -E A + 


^E 1 B =p 0 c 2 -pocE A +E z A = 


\jp%d 1 + m 2 c 4 + me 2 — Ea 


— p Q c 2 + m 2 c 4 + 2 y^TinV(me 2 — £U) + m 2 c 4 — 2£Urac 2 + E\. Or: 
-PqcE a — 2 m 2 c 4 + 2mc 2 ^/pgC 2 + m 2 c 4 — 2E J 4y/pj^c 2 + m 2 c 4 - 2^mc 2 ; 

(me 2 + y pgC 2 + m 2 c 4 — Pc c/2) = m 2 c 4 + me 2 i/poc 2 + m 2 c 4 ; 

2 (me 2 + \/pqC 2 + m 2 c 4 ) (me 2 — tJpqC 2 + m 2 c 4 - Pqc/2) 

t/A = me —- 7 = —: - * - . - - 

(me 2 4- t/p§c 2 + rn 2 c 4 — poc/2) (me 2 — y/Po^ 2 + m 2 c 4 — p 0 c/2) 

2 (t^^c 4 * PqC 2 — rp/c* “ k pomc z “ ^ ^/p^c 2 + m 2 c A ) 

(rpfic* — pome 3 + — PqC 2 — rp?c*) 


me 2 (me -f 2p 0 + y/pQ + m 2 c 2 ) 

2 (me+fp 0 ) 


Problem 12.36 


F = ^= d 

dt 


mu 


= m 


i 


dt 


dt yi - uVe 2 [y/l- U 2 /C 2 
m f 12(11 • a) 1 , 

“ yi-uvc 2 i a+ (c 2 -ti 2 )r qed 


+ 


/ n 

U V 2 J (1-u 


~/ r 2u-f 


!/ c 2)3/2 


Problem 12.37 

At constant force you go in “hyperbolic” mo¬ 
tion. Photon A, which left the origin at t < 0, 
catches up with you, but photon B, which 
passes the origin at t > 0 t never does, 



ct 


Problem 12.38 

(a) 


a° = 


dpo _ dp 0 dt 
dr dt dr 

c 


dt \ y/l — vpje?- 


\/l — u 2 /c 2 


yjl -u 2 /c 


[ _ (_l\ (~?r)2u.a 

2 / (1 - u^/c 2 ) 3 / 2 


u * a 


e(l-u 2 fc 2 ) 2 ' 


di 7 dt dt] 

QL = “ 


dr dr dt y/l — 


1_ d_ f u ^ _ 1 J a ^ f ( 1^ -^2u-a | 

~W[^ dt (yi - u 2 /c 2 J y/1 -u 2 /c 2 \ yrr u 2/c 2 U 2 ; (1 - u 2 /c 2 ) 3 / 2 j 


1 

u(u - a) 


(1 - u 2 /c*) 

+ (c 2 -u 2 ). 






































































) +a ’ CX c 2 (1 _ U 2/ C 2y + (1 _ u 2/(?)4 [ a ^ c 2 ) + c 2 U ^ U ‘ a ^J 

= {1 - U 2 /C 2 ) 4 ^ + “ 2 ( ! ” ?) + ? ^ ^ + 

- a^v{“ 2 (‘ - S) 2 + ^( - 1+2 -44, )} 

(i - S) 


i—4 

La | ( u • a ) 2 1 


(1 - u 2 /c 2 ) 2 

(c 2 -u 2 )_ 



(c) rf Tin - -c 2 ’ 80 jfWVti) - O '*Vn + y^ap = = 0, so a ^ = 0, 


(d) K* = %■ = £(m n n = 


ma* 1 . K^Vp — ma^Tjy = 0. 


Problem 12.39 

KpK* ~ -(F 0 ) 2 + K ■ K. Prom Eq. 12.70, K - K - (] _g /c2) . From Eq. 12.71: 


K o = ldB_ 


me 


me 


edr Cy/l ~ U 2 /c 2 dty^/lZ u 2 J c 2 j 0 -"^/c 2 L 2 {1 - u 2 /c 2 ) 3 / 2 


1 (—1/c 2 } 


-2u • a 


m (u • a) 
c (1 — u 2 /c 2 ) 2 


But (Eq. 12.73): u • F = uFcos# - 


m 


**>- uFcos9 ■ K,K' = 

C^/l — ti 2 /t 2 


i/l - « 2 /c 2 . 
F 2 


(u ■ a) + 


ti 2 (u • a) 


m(u ■ a) 


c^l — u 2 /c 2 )J (1 - u 2 /c 2 ) 3 / 2 

u 2 F 2 cos 2 0 1 — {u 2 jc 2 ) cos 2 # 


(l-u 2 /c 2 ) c 2 (l-u 2 /c 2 ) 


(1 — u 2 jc 2 ) 


, so 


F 2 . qed 


Problem 12.40 


F - 


m 


u(u * a) 

s/l ~ u 2 /c 2 [“ ° 2 ~ u2 


a + 


= g(E + u X B) a + ; U [ U - v - - — i/l - u 2 /c 2 ( E + u X B). 

(tr — iF) m 


Dot in u: (u • a) + 


u 2 (u ■ a) 


u ■ a 


~ — -y/l — u 2 /c 2 fu • E + u ■ (u x B)|; 

rn \—r 

= o 


c 2 (l - u 2 /c 2 ) (1 - u 2 jc 2 ) 

,\ .^ u -- a ] - — yfl - u 2 /c 2 U ^ U E ^- . So a = — y/l - u 2 fc 2 [ E + u X B —^ufu * E)]. qed 
(c J — u-1 m m u J 


Problem 12.41 

One way to see it is to look back at the general formula for E (Eq- 10.29), For a uniform infinite plane of 
charge, moving at constant velocity in the plane, J — 0 and p — 0, while p (or rather, a) is independent of ( 
(so retardation does nothing). Therefore the field is exactly the same as it would be For a plane at rest (except 
that a itself is altered by Lorentz contraction). 

A more elegant argument exploits the fact that E is a vector (whereas B is a pseudovector). This means that 
any given component changes sign if the configuration is reflected in a plane perpendicular to that direction. 
But in Fig. 12.35(b), if we reflect in the xy plane the configuration is unaltered, so the z component of E would 
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to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should 
reverse its sign.) 

Problem 12.42 

(a) Field is <ro/e 0 , and it points perpendicular to the positive plate, so: 


Eq — — (cos 45° x-f-sin 45° y) = 


<70 


(-x + y). 


(b) From Eq. 12.108, E x — E Xo — — \ E y — 7 E ya — 7 ^ Q Ea ■ So 


E = ^<-* + ^- 


(c) IVom Prob. 12.10: tan£? = 7 , so 6 — tan 1 7 


(d) Let n be a unit vector perpendicular to the plates in S —evidently 

C2 


n = — sin 9 x + cos 9 y; |£| — ^/l + 7 2 

So the angle 4> between n and E is: 



E * n 1 cost? . 27 

= cos 4> — „ (sin 9 + 7 cos 9) — — - ■ - „ (tan 9 + 7 ) = —- cos 6 


m 




\A + 7 2 ' ' ’ \/l + 7" 




Evidently the field is not perpendicular to the plates in S. 


Problem 12.43 


/ 


E * da = 


y(l —u 2 /c 2 ) f R 2 sin 9 d9 1 
4tt€o 

<y(l — v 2 /c 2 ) 


/ 


ft 2 (l- 4 sin 2 9)V 2 


2t r 


f 

JQ 


sin 9 d9 


47re 0 Jo {1 — sin 2 0) 3 / 2 
q{ 1 — v 2 /c *) f 1 du _ q(l — v 2 Jc 2 ) fe\ 3 f l 

J -1 [l-?!r+ 


Let — cos 8 „ so dti = - sin 9 d &, sin 2 6 1 — 1 - u 2 . 


2 Co 


The integral is: 

/ 


tx 


+i 


i2J3/2 


So / E * dsi = 


- 1) - 1 + U 2 

q(l - v 2 jc 2 ) /c \ 3 /v\ 3 


( c -Y r _; _ 

KV ' hi (£-1 + „!) 3/2 

1 ■ _ _ fv\ 3 2 

(1 * ^W)' 


2eo 


0(-J 


(1 — v 2 /c 2 ) 


— q. / 


(b) Using Eq. 12.111 and Eq. 12.92, S = — (E x B) = l.-L-Ep. ^l . (r x 

Vo fio 4jt£o 4tt i? 4 (l - ^ sin 2 9) 3 

~e 
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S = 


q 2 (l — v 2 /c 2 ) 2 vsmd ~ 
167T 2 € 0 £<(l-4sin 2 0)3 


Problem 12.44 

(a) Fields of A at B: E — B = 0. So force on q B is 


F _ 1 

QaQb . 

47T£o 

£P y ' 


y 


Qb 


-«-u 


(b) (i) From Eq. 12.68: 



V 


d 

gJ 

► k 


f _ 7 . 

47reo d 2 y ‘ 




(AMe: here the particle is at rest in S.) 
(ii) From Eq. 12.92, with 0 = 90°: E = ~ ~ ~ 


Ftom Eq, 12.92, with # = 90": £ = 

(this also follows from Eq. 12.108). 

\~Z Z fl AtI d 

B ^ 0, but since re = 0 in iS, there is no magnetic force anyway, and 


47T£o d? 


(as before). 


Problem 12.45 

Here 0 = 90°, b — y, d> = z, -s. = r, so (using c 2 — l//i. 0 £o): 


E = -~-Xy, 


47T60 r 2 


t, ? « 7 * , 

B — - --- — z, where 7 = 


47reo c 2 r 


2 > 


y/i — r 2 /c 2 


2 j 

Note that ( E 2 — B 2 c 2 ) — ( 4 ^ 7 ) 7 2 (l - f?) — ( 4ff ^ or ) is invariant, because it doesn’t depend on v> We can 
use this as a check. 


q 7 

System A: va — so E = — -—y, 

4?reo r 2 


_ g v 7 _ 

B = —--r — 2 , where 7 = 


4^0 c 2 r 2 


>/l — v 2 jc 2 


F = g[E + (-vi)xB]=-^[y-^(xxz)j=- 


q 2 T /, y2 v - 

~a - 2 + ~ 2 ) y- 

47reo r 2 C“ 


System B: Wg — 


2 v 


7B = 


V + V _ 

l+u 2 /c 2 (l+l> 2 /c 2 ) 

1 _ (l+^/c 2 ) (1 + ^/c 2 ) 


/j 4u i /c a /•« n u a | (1 U 2 / C 2 ) 

V 1 “ ( 1 +^/^)“ v 1_2 ^ + e T 


- 7 2 (1 H— 2 -) ; w&7b = 2t)7 2 . 


t-, ? 1 2f, v tr. ? 2uf. 

E = --j7 (1 + —)y; B - --- j~ 2 7 - 

4tT£o r i c l 4rrco c- r 


[Check: E 2 - B 2 c 2 = + pr - *£) = = (t^) 2 - / ] 

2-2 2 

F = oE = —— (l + ^r)y. (+0 at rest => no magnetic force). [Check: Eq. 12.68 => Fa = tFb- /] 

4xcq c 


1 2 1 

System C: vc = 0. E = - —-- ? y; B - 0 ; F - qE = --=-y. 

47rt 0 i 4 ttco r 

[The relative velocity of B and C is 2 u/(l + u 2 /e 2 ), and the corresponding 7 is 7 2 (1 + v 2 /c 2 ). So Eq. 12.68 
=* F C = ^(i+vI/c^Fb- A 















































Summary: 


( w*by 

( 4)rcar a ) 7 f 1 + 

( 4^)y 

( 

( 4« 0 r J ) c s ^ Z 

0 

( 4*? 1 jrs)'>( 1 + ?f)y 

( 4^)r(i + ^)y 

( 5^)y 


7 = 


y/l—V^fc 


Problem 12.46 

(a) From Eq. 12.108: 


E * B = E X B X + EyBy + E Z B- — E X B X + 7 2 (E y — vB z )(B y + —E z ) +7 (E z H- vBy)(B z — — Ey) 

— E X B X + y 2 {E y B y + ^J^E Z - v^B, - ~E Z B Z + E Z B Z - ^J^E Z + vp^B z - ^ E y B y } 


= E X B X + j 2 


~ E X B X + EyBy + E Z B Z = E * B. qed 


(b) E*-<?B 2 = [Bf+7 > (^-»B 2 ) J + 7 2 (-E I + »B») 2 ] -o*[B| + 7 2 (B 1 , + ^^) S +7 J (B«-Je,) 2 ] 
= El + 7 2 (Ej - 2 EytjB; + v 2 Bi + E: + 2 E^B, + u 2 B; - c 2 fl 2 - c 2 2 ^B„E. 

-^1eI-c 2 b 2 + ^,e v -<? v 1eD-JbI 

- « - **+N(' 4) ♦ *(> - ?) - ^(> - ?) - *<> - 7 )] 

- (Bg + + B») - c 2 (B 2 + By + B 2 ) = E 2 - B 2 c 2 . qed 


(c) No, For if B — 0 in one system, then (E 2 — c 2 B 2 ) is positive. Since it is invariant, it must be positive in 
any system. Therefore E ^ 0 in alt systems. ___ 

Problem 12.47 

(a) Making the appropriate modifications in Eq. 9.48 (and picking 5 = 0 for convenience), 


Eq LJ 

E (x,y,z,t) = Eq cos{kx — ut) y, R{x,y f z t t) = — cos (kx — w£) z, where k = —. 

c c 


(b) Using Eq. 12.108 to transform the fields: 

E x ~ E z — 0, E y = 7 (E v — vB z ) = 7 E 0 ! cos(fcx — uj£) - ^ cos(fcx - wt)j = oiEq cos( ftx — ut) r 


B X = By = 0, = 7 (B z - Ey) - 7 E 0 


- cos(kx — <Jt)-- cos(/c:r 


-<■>*>] =«f 


cos(A:x — uj£), 




where 


































lug invciDC uuicuu u cwiQ lkji ma nuno 


A — 


T Vl>f ailU L ■—■ /It 


V ' c^ "/' 


kx — u)t = 7 Jfc(:c 4 u£) — w (t 4 — 7 [ a; — (w — fcs/Jfrj = kx — Qt y 

where (recalling that k = u/c): k = 'j(k — ^j^ = 7 ft (1 — v/c) = ak and Q = 7^(1 — u/c) = au. 


Conclusion: 


if 

E(x, y, z 7 i) = Eq cos(kx — u )£) y, B(x, y , z r £) = cos(fcx - u>i) i, 

/l - v fc 

where E □ — aEo, fc = afc, lj = au;, and a = \ —— 

\1 1 4 v/c 


(c) 


a; = 


’ 1 — t;/c 
1 + t^/c 


This is the 


2tt 2tt 


Doppler shift for light. A =-=- = -— = —. The velocity of the 

k ak a 


-s- w — — ( 

wave in 5 is v = — A = — = KM Yup, this is exactly what I expected (the velocity of a light wave is the 
2w A ——■“—- 

same in any inertial system). 


w 


j E 2 

(d) Since intensity goes like E 2 , the ratio is - = — a 2 — 

I E 0 


1 — v/c 
1 + v/c 


Dear Al, 


decrease to zero 


as you 


The amplitude, frequency, and intensity of the light wave will all 
run faster and faster. It ? 11 get so faint you won’t be able to see it, and so red-shifted even your 
night-vision goggles won’t help. But it’ll still be going 3 x 10 8 m/s relative to you. Sorry about 
that. 


Sincerely, 

David 


Problem 12.48 

P 2 = A°A 2 £ a * - AgA 2 P 2 4 A?Ap 12 = 7* 02 + (-7 0)t 12 = 7(* 02 - #* t2 )- 

P 3 — A^A 3 ^ A£r = A^A^P 3 4 A^A^f 13 = 7P 3 4 (—7^)i 13 — 7(£ 03 - /}£ 13 ) — 7(P 3 -I- £?£ 31 ), 

P 3 = A 2 A 3 £ a * = A 2 A 3 P 3 - t 2 \ 

P * 1 - A 3 A*t Aff = A|A^P° + A|A[t 31 = (- 7 /3 )£ 30 4 7 P 1 — 7 ft 31 + /Jp 3 ), 

P 2 = A^A It** = AjA^ 02 4 A[ A %t 12 = (-7 /?)£ 02 4 7 P 2 = 7 {t n - ffl 02 ). 

Problem 12.49 

Suppose — ±t^ v (4 for symmetric, — for antisymmetric). 

P A = A£A A t^ 

i XK = A x A*t fJ '*' = A a A*£*^ [Because fi and u are both summed from 0 3, 

it doesn’t matter which we call fi and and which call t/f\ 
— A*A A (=bi^) [I used the symmetry of P“\ and wrote the A’s in the other order.] 
= ±t KX . qed 


















Problem 12.50 



+ _F n F" + F 12 F 12 + F 13 F 13 + F 21 F 21 + F 22 F 22 + F 23 F 23 ■+- F 31 F 31 + F 32 F 32 + F 33 F 33 



= 2B 2 — 2E 2 /<? = 2(fi 2 -^), 


which, apart from the constant factor — is the invariant we found in Prob. 12.46(b). 


— 2(E 2 /c 2 - B 1 ) (the same invariant). 


-2 (F 01 G 01 + F° 2 G 02 + F 03 G 03 ) + 2 (F 12 G 12 + F !3 G 13 + F 23 G 23 ) 

.) 2 m-E x /c) + {-B y ){E y fc) + Fi(—F 2 /c)] 





--(E-B)--(E-B) = --(E-B), 
c c c 


which, apart from the factor -4/c, is the invariant of Prob. 12.46(a). [These are, incidentally, the only 
fundamental invariants you can construct from E and B<] 

Problem 12.51 ~ 



c 0 0 \ 

0 0 — v 

0 0 0 

v a o / 


Problem 12.52 

d y F^ v — /ioDifferentiate: d^d v F^ = po 

But d^d u = dvd^ (the combination is symmetric) while F yfl — -F^ (antisymmetric), 

/. d^d u F pv = 0. [Why? Well, these indices are both summed from 0 —> 3, so it doesn’t matter which we 
call ^ i , which is: d^d v F^ — d„dpF vli — d^d u {—F^ v ) = —d^d v F^ v . But if a quantity is equal to minus itself, 
it must be zero.] Conclusion: = 0. qed 

Problem 12*53 

We know that Q V G UV> = 0 is equivalent to the two homogeneous Maxwell equations, V*B = 0 and VxE = 
— All we have to show, then, is that d\F^ + d^F^x + d^Fx^ = 0 is also equivalent to them. Now this 
equation stands for 64 separate equations (^ = Q-+3, j/ = G —y 3, A = 0 -> 3, and 4x4x4 = 64). But many 
of them are redundant, or trivial. 

Suppose two indices are the same (say, p = is). Then d x F^ + d^F^x + d^Fx^ = 0. But = 0 and 
F^x ~ —Fxp, so this is trivial: 0 = 0. To get anything significant, then, p, is , A must all be different They 
could be all spatial (p, is, A = 1,2,3 = x,y, z — or some permutation thereof), or one temporal and two spatial 
(p — 0, is, A = 1,2 or 2,3, or 1, 3 — or some permutation). Let's examine these two cases separately. 

All spatial: say, pi — 1, is — 2, A = 3 (other permutations yield the same equation, or minus it). 


















dB c 






d y \ c J " d(ct) [ * } dx \ c J 




or - = 0, which is the a component of — ^ = VX E. (If /x = 0, v — 1, A = 2, we get the y 


component; for u = 2, A = 3 we get the x component.) 

Conclusion : < 

= 0. qed 


Conclusion : d\F^ v + d^F^x + d^Fx^ = 0 is equivalent to V-B = 0 and = - Vx E, and hence to 


Problem 12.54 

K° -- qrjvF 01 ' = 9 (jjiF 01 + tjjF 02 + r^F 03 ) = q{ V • E)/c = 


“7U * E. 

c 


Now from Eq. 12.71 we know that 


K° = where W is the energy of the particle. Since dr = ~dt, we have: 


1 dW q . „ 

- 7 — = -7(u*E) => 
c dt c 


dW , 


This says the power delivered to the particle is force (</E) times velocity (u) — which is as it should be. 
Problem 12.55 

W<h = — A = -~ — d> = ,309^, 30 3y 30 3a. 

dxo cdt c 3t 3f dx dt dy dt dzdl 


dt 


From Eq. 12.19, we have: — = 7) 

dt 

1 ( dtp d 4> 


dx 


di 


7 = -yv. 


dy _ dz _ 

at di 


So 3°0 = + v~) °r ( since ct = x° = -a*): 3°0 = 7 {~ - = 7 [(3°0) " P{d l tp)]. 

d , dtp dt dtp dx dtpdy dtp dz v dtp dtp , dtp v dtp , .. 


dx 


30 dtp dt dtp dx dtp dy dtp dz dtp n2 , 

a ^ = 95= airs + aia§ + ^m + rz^ = ai^ a ^ 

^ 3-7 _ 30 _ 30 3( 30 3i 30 3y 303a _ 30 _ „ 3 

3a 3t 3a 3 x 3a 3y 3a 3a 3a 3a 

Conclusion: d^tp transforms in the same way as a M (Eq. 12.27)—and hence is a contravariant 4-vector, qed 
Problem 12,56 

According to Prob. 12.53, 8 |:- = 0 is equivalent to Eq. 12.129. Using Eq. 12.132, we find (in the notation 
ofProb. 12.55): 

dFp,, dFvx . dFxfi. o „ , a p , o p 

~a^r + 3 ^" + -for - 9 * F *» + 9 » F * + 8 » F >» 

= 3a(3,,A„ - 3^) + 3^(3^ - 3a A„) + 3„(3aA^ - 3^A a ) 

— (3a3 w A„ - dndxA„) + (3„3 w Aa - 3„3 k A a ) + (S^SaA,, - dxd„A li ) = 0. qed 

d 2 A d 2 A 

[Note that d\d^A^ =■ ^ ^ ^ = g~ "a ~ d^dxA^, by equality of cross-derivatives,] 





















Problem 12,57 

Step 1: rotate from xy to XY, using Eq. 1.29: 

A" = cos 0 x + sin 0 y 
Y — — sin 0 x + cos 0 y 

Step 2: Lorentz-transform from XY to XY, using 
Eq, 12,18: 

X — y(X — vt) — 7[cos 0x + sin 0 y — 0ct] 

Y = Y — — sin 0 x 4- cos 0 y 
Z = Z — z 

ci — 7 (ct — (3X) — 7 [ci — /3(cos <px + sin0y)] 

Step 3 : Rotate from XY to xy, using Eq. 1.29 with negative 0: 

x — cos 0 X - sin 0 Y — 7 cos 0[cos 0 x + sin 0 y — 0ct] — sin 0[- sin 0 x + cos 0 y] 

— (7 cos 2 0 + sin 2 0)2: + (7 — 1) sin 0cos 0 y — 7/i cos 0 (ci) 

£ = sin0 A + cos0y = 7sin0(cos0a: + siiupy - 4- cos0(- sin0c + cos0^/) 

= (7 — 1) sin 0 cos 0 x + (7 sin 2 0 + cos 2 <p)y — sin 0 (ci) 



In matrix form: 


/rf^ 




7 

-7/? cos <f> 

—70 sin <f> 

o\ 

X 




cos <j> 

(7 cos 2 <j> + sin 2 4 >) 

(7 - l)sin<£cos0 

0 

y 




-7/J sin <£ 

{7 — 1) sin 4 > cos 4 > 

(7 sin 2 4 > + cos 2 4 >) 

0 

w 



0 

0 

0 

V 



Problem 12,58 


In center-of-mornentum system, threshold occurs when incident ener¬ 
gy is just sufficient to cover the rest energy of the resulting particles, 
with none “wasted 1 ’ as kinetic energy. Thus, in lab system, we want 
the outgoing K and E to have the same velocity, at threshold: 


Q—+ O OG“-^ 

7 T p K £ 

Before After 



before (CM) 
after (CM) 


Initial momentum: p n ; initial energy of tt: E 2 — p 2 c 2 — m 2 c A E 2 — m 2 e 4 +p 2 c 2 . 

Total initial energy: m p c 2 + \fm%c A -b p 2 c 2 . These are also the final energy and momentum: E 2 —p 2 c* — 
(m K + m s ) 2 c 4 . 


(m p e 2 + i/mlc* Yp %£ 2 j - p\<? = {m K + m s ) 2 c 4 


2 nine 2 


m p/ + -- T—V m l c ' 2 +Pic + "4/ + - Z^ 2 = ( m * + m E}V 


2m t 


v/m^c 2 + p 2 = (m/f + mu ) 2 - m 2 - m 2 





















4 : 771 ? 

(mlc 2 + p 2 ) — j- ~ ( m K + m 2) 4 ~ 2(m p 4- ml){m K + m E } 2 + m£ + m 4 „ + 2m 2 m 2 


4mr 


£ p£ = (m/c 4- ro E ) 4 - 2(m p + m 2 )(ro*- + m E } 2 4- (m 2 - m\) 2 


P* = 


2m, 


\j{™K + m E ) 4 - 2{m p + 4 - m E ) 2 + (m 2 - m 2 ) 2 


= \[(jnKC 2 + m E c 2 ) 4 -2[(m p c 2 ) 2 4- (m„c 2 ) 2 ] (m/cc 2 + m E c 2 ) 2 + [(m p c 2 ) 2 - (m„c 2 ) 2 ]' 


l 

' "2 c (900) 


\J (1700) 4 - 2[(900) 2 + (150) 2 ](1700) 2 + [(900) 2 - (150) 2 ] : 


= 1^7(8.35 x 10 12 ) - (4.81 x 10 12 ) + (0.62 x 10 12 ) = x 10 6 ) = 1133-MeV/c, 


Problem 12.59 


In CM: 


V.P 


p p 
Before 



y 

L 


(p = magnitude of 3-momentum 
in CM, <f> — CM scattering angle) 


s * 4 


After 


Outgoing 4-momenta: = (f jpcos^psin^O); s** = (f,—peas0,-psin0, 0). 


fV 


In Lab: O —► O § )8 Problem: calculate in terms of p, 0* 

Before 'jm 

Lorentz transformation: f x — y(r x — 0r°); f y — r y ; s x — 7(5* - /?s°); s v = s y . 

Now £ = 7mc 2 ; p = —7mu (v here is to the lc/£); E 2 — p 2 c 2 = rn 2 c 4 } so 0 = — 
fX = 7 (p cos 0 + Iff) = 7p{l -f cos 0); fy — p sin 0; s x = 7p(l - cos0 ); s y = “psin0. 


COS0 = 


r * s 

rs 


7 2 p 2 (l — cos 2 0) “ P 2 sin 2 0 


/b 2 p 2 (l + cos 0) 2 + p 2 sin 2 <f>] [7 2 j3 2 (l ■ cos 4>) 2 + P 2 sin 2 <p\ 

( 7 2 — 1) sin 2 (f> 


\J\ 7 2 (1 4- cos <fi) 2 4 sin 2 0] [ 7 s (1 — cos <f>) 2 4- sin 2 4>\ 

(7 2 - 1) _ (7 2 - 1) 


1 /[7 J ( 1 S i ) ! + 1 ]b 2 ( 1 S i ) 2 + l] V / ^ COt2 5 + 1 >(' ,itan2 f + 1 ) 






























(where u = y 2 — 1 ) 


COS# = 


u) 


^/{l + cot 2 | + w cot 2 (l + tan 2 | + u> tan 2 |) 




wsin | cos | 


y (esc 2 f + w cot 2 I) (sec 2 | + w tan 2 £) y^(T+ wcos 2 f) (1 + wsin 2 f) 

siutp 


\/[l + |w(l + COS0)] [1 4- iw(l - cos<£)] + 1} + cob0] [(5 + 1) - cos 

_ sin^> __ sin<£ _ 1 

^( 5 + 1 ) 2 ~COS 2 0 + £ + sin 2 (p n / 1 + W siiiW 


u 2 4 4 

j where r — — H—. 


u* u 


Sin6( - iiT?- T<1 - +w ) = (V-lpT 2 . so tang = (-yit — t'j' sin # • 


Or, since (' y 2 - 1) = 7 2 (l - Ay) = 7 2 ^, 


tan 6 = 


2 c 2 


7« 2 sin 0 " 



r/ sin ^ 


Problem 12.60 


g = /f (a constant) => §& = K. But § = = ^JEt 

1 ( 7 ^ 7 ?) = StA -“Vc 2 - Multiply by g = 1: 




df d / u 

dx di \ y^l — u 2 /c 2 } dx ^ ^/l — u 1 jc 1 J m 


/ u \ _ K /l - u 2 jc 2 


) = ±( “_1 = 

/ ^ Wl- u 2 /c 2 / 


. Let u; — 






\/l — ^/c 2 


dtu if 1 du? 1 d 2 fc d(iu 2 ) 2 if . 2if 

=-; xu— = = — => d(w 2 ) - —(dx). 

ax m w dx 2 dx m dx m m 


v.' 2 — ^£-x+ constant. But at £ = 0, x = 0 and u — 0 (so w = 0), and hence the constant is 0 , 


2 K 


w = —x “ 


u 


m 1 — u 2 /c 2 


2 2Kx 2Kx 2 2 - 2ifx, 2ifx 

w 2 =-- —7B 2 ; u 2 ( 1 + —- = -. 

m mc^ v me 2 m 


2 _ 2Kx/m 


dx 


1 + 


2Kx 


i+ (*)’ * +®i) 




Let W = « 2 ; d %- Let z = j/ 2 ; dx - 2y dy ; y/x = y. 


ct 


— j — ^ - 2 ydy — 2 J ^/y 2 + a 2 dy — \j \f y 2 + c 2 + a 2 ln(y + \/y 2 + a 2 ) 


+ constant. 


At t = 0 , x — 0 => y = 0 , so 0 = a 2 lna+ constant constant = —a 2 Inc. 

ct - yi/y 2 + o 2 + a 2 ln(y/a + \/(y/a) 2 + l) - a 2 ^+ 1 + In ^ 

Let: z = y/a = s/x\f%!h — v/^f. Then 
^ f v V mc ^ V mc 


2/rt 

me 


— ?\/l +^ 2 + ln(^ + y/\ + z 2 ). 

















































































Problem 12.61 

(a) #(£) = ^ |^/1 + (at) 2 — lj, where a = The force of on 

—q will be the mirror image of the force of —q on +<jf (in the x axis)* 
so the net force is in the x direction (the net magnetic force is zero). 
All we need is the x component of E, 

The field at +q due to -q is: (Eq + 10,65) 

q & 



E = 


[u(c 2 —v 2 ) + u(* - a) “ a(4 - u)] . 


(4 * u) 3 

u = m — v => u x = c| — v = \{cl — w); 4-u = c& — 4'V==(o& — Iv) ; ^ ♦ a — la. So: 

cl — m)(c 2 - v 2 ) + ^(d -^)Za — a{oi —)&) J 


& = - 


4ttco (c$ — ui) 3 
Q 1 


|ca(i 2 -* 2 ) = -cad 2 A 

[(d — i^)(c 2 — t; 2 ) — cad 2 .] 


4tt£o - d) 3 

The force on +<? is and there is an equal force on -q y so the net force on the dipole is: 


F = 


2q 2 


1 


4ttco (m - Zv) 3 


[(d - m){<? - v 2 ) - cad 2 ]x. 


_ dx _ c 1 1 

W * ~ dt ~ o 2 yiT“( azF 


2a 2 £ — 


cat 


yi-M 2 


It remains to determine 
u, and a, and plug these in. 

; v = v(t r ) = where T = y'l + (at r ) 2 - 


dt; ca ( 1\ 2 a 2 i r ca r , . . , , s «i ca 

“(tr) = df r = T + Catr (“2 J E 1 + ( a ^) ‘ ( ot -) 1 = j^- 


Now calculate t r : (P(t — t r ) 2 = -t 2 = i 2 + d 2 ; i = x(i) - x(t r ) = + (at) 2 — ^/l + (at r ) 2 ], so 

J? — 2tip [l + ( 9 ^ 5 2 + 1 + { a p $ 2 ~ 2-y/l + (at) 2 \/l + (atp) 2 J + (d/c) 2 

(★) ^/l + (af) 2 -^/! -f (ot r ) 2 - 1 + a 2 tt r + i (^)\ Square both sides: 

X + (at) 2 + (odp) 2 + = / l' + a^*^r + ^(~) + 2ar 2 tf r +^^) +a 2 W r (^) 


/ ad\ 2 /1 

d\ 2 a 2 /d\ 

\ c / v 

ci “ TVc/ 


At this point we coidd solve for t r in terms of t, but since v and a are already expressed in terms of t r it is 
simpler to solve for t (in terms of t r ), and express everything in terms of f r : 

‘ a - (¥)1 - - ( f ) 2 - ^ ( 1)1 = 0 — 

‘-sM 2+ (t)> J* E* +4 (f) 2 + (t)1 - «■ + “ J (!)'} 


= tr 1 + 


iiirRir 



































So ft, — c(t — t r ) => n. — ^ (^) + dTD. Now go back to Eq. (★) and solve for >/l + (of) 2 

1/1 + {aty2 = f { : + 5 (t) + qHt h 0 + §(v)) + t TD \} 



= T<\ 1 + 


a 2 t r d 
+ — —D. 


yi + M 2 ) - y/l + (air) 2 ] = £ { [r + ± (^)“] T+ °^D -^} = ad^T + t r D ). 
Putting all this in, the numerator in square brackets in F becomes: 


l = - 
a 




.2 c 2 o 2 i 2 \ ca , 2 


T 2 / 


= cad[±T + ts6 - «gLL- ty 6]£[l+ (<*?-(*{?]- 


2 ad 2 


ji 3 


F — 


c 2 ad? 

J*3 

3 ad 2 


ir 2 - i(ai,) 2 - l] = ^ [l + (<rf r ) 2 - (<rf r ) ! - 2 = 


1 


c 2 ad 2 


47reo [(o»-fw)T] 3 

(-i-Hfa 


2T 3 

x. It remains to compute the denominator: 

d 


c 2 ctd? 
’ 2T 3 


+ dTD 


ad i2c T + tr 


D)^y 


= [^a^d 2 + cdTD - ^aj^d 2 - -^- D]r = cdD[ T 2 - ( at r ) 2 ] = dcD. 

i+(9^) a -(9lC) a 


F = 




4tt6o c 3 d 3 D 3 


X = 



(a = *L). 


Energy must come from the “reservoir” of energy stored in the electromagnetic fields. 


1 Q 2 

(b) F — meat — ~ 


a 


| 47rt 0 ed[l + (ad/2c) 2 ] 3/2 


/ad\ 2 i 3 / 2 q 

1+ fe)J = 8^ 


_ _ VQT 
mc 2 d STrmd 


(force on one end only) 








































Problem 12.62 

(a) A ** — (V/c, A X ,A V , A z ) is a 4-vector (like x 11 = (ct,x,y,z)), so {using Eq. 12.19): V = 7 {V -f vA x ). But 
9 = 0, and 

a - ( m x Eh 

x 4tt f a 

Now (m X r) x = m y z — m*y — m v z — m z y. So 

Vrr 

4tt r 3 

Now x = 7 (x — i;i) = 7 ^x 1 y = y ~ R y , z — z — R z , where R is the vector (in S) from the (instantaneous) 
location of the dipole to the point of observation. Thus 

f 2 = 7 2 «I + + R] = 7 ! («l + Hi + Rl) + (1 - 7 2 )(flS + R\) = 7 2 (« 2 - V ^R 2 sin 2 9) 

(where 9 is the angle between R and the x axis, so that R 2 + R 2 — R 2 sin 2 6). 


y _ Mo ~ m z Ry) 

47 r 7 3 R 3 (l - £ sin 2 0) 3/2 ' 


but v • (m x R) = v(m x R)i = v{m y R z - m z R y ), 


so 


v (m x R)(l - 
4?r R 3 (l- £ sin 2 0) 3/2 ’ 


or, using y ,o = and v * (m x R) = R * (v x m): 
(b) In the nonrelativistic limit (v 2 c 2 ): 


1 R-{vxm)(l-g) 
4 rre 0 c 2 j R 2 (i - g sin 2 0) 3/2 ' 


1 R * (v x m) 1 R * p 
47re 0 c 2 R 2 4tt£d /2 2 


with p — 


v x m 

c 2 


which is the potential of an elective dipole. 

Problem 12.63 


(a) B = Ky (E g. 5.56); N = m x B (Eq. 6 . 1 ), so N = x y). 


N = —mKy. 
2 


— ^(Au/ 2 )(trt>)x = ^Aeri< 2 / 3 x. 


(b) 



Charge density on the front side: A 0 (A — 7 A 0 ); 

Charge density on the back side: A — 7 A 0 , where v — 1 + 2 gy ; r =5*- 


7 = 



_i_ 

Av 2 /c 2 
(1 + u 2 /c 2 ) 2 


(1 +v 2 /c?) 



1 + v 2 /c 2 


(1 + v 2 /c 2 ) 
(1 -u 2 /c 2 ) 



Length of front and back sides in this frame: 1/ 7 . So the net charge on the back side is: 


9+ 




77 
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CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 


Net charge on front side is: 

. I A / 1 

g_ = Ao - = — = 

7 7 7 V 

So the dipole moment (note: charges on sides are equal): 




/ V 2 \ l 1 / 

( 1 + ?) A, W A, 2 


A f 2 


1 d- n -1 + 


2 V c 2 


\ - 

APv 2 

) y = 

^2 y 

cr 


E = ^z, where a = 700 , so N = p X E — 


A1 2 u 2 a 
c 2 2e 0 7 


(y x z) = 


1 Po I ,2 J. 

~ — \al v x. 
7 2 


So apart from the relativistic factor of 7 the torque is the same in both systems—but in S it is the torque 
exerted by a magnetic field on a magnetic dipole, whereas in S it is the torque exerted by an electric field on 
an electric dipole. 


Problem 12.64 

Choose axes so that E points in the z direction and B in the yz plane: E = (0,0, E)\ B = (0, B cos <j>, B sin <p). 
Go to a frame moving at speed v in the x direction: 

E= (0, -'yvB sin <j>^{E + vB cos <£)); B = (0,7(5 cos 0 + ~E)^B sm <j>). 

(I used Eq. 12.108.) Parallel provided = 7 (£ + ^cos <j>) 

7 (Pcos 0 + $E) -yB sin <f> 


-vB 2 sin 2 fj>= (Bcos<f> + ~E) (E + vB cos $) = EB cos <p + vB 2 cos 3 4> + - t -E 2 + ~EB cos <£, 

^ c 1 c 2 


Q = vB 2 + ~E 2 +EB cos 0 fl + ^-);- % -=-— 

c 2 c 2 /’ l + u 2 /c 2 B 2 + 


EB cos 4> 


E 2 /c 2 


Now ExB = 


x y z 

0 0 E 

0 B cos <f> B sin <j> 


— — EB cos <f>x. So 


E x B 


l + u 2 /c 2 B 2 + E 2 jc 2 


. qed 


No, there can be no frame in which E ± B, for (E ■ B) is invariant, and since it is not zero in S it can’t 


be zero in S. 


Problem 12.65 



Just before : 

Field lines emanate 
from present position 
of particle. 


x 
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Just after: Field lines outside sphere of radius ct emanate from 
position particle would have reached, had it kept going on its 
original “flight plan j \ Inside the sphere E — 0. On the sur¬ 
face the lines connect up (since they cannot simply terminate 
in empty space), as suggested in the figure. 

This produces a dense cluster of tangentially-directed field 
lines, which expand with the spherical shell. This is a pic¬ 
torial way of understanding the generation of electromagnetic 
radiation. 


Problem 12.66 

Equation 12.68 assumes the particle is (instantaneously) at rest in S. Here the particle is at rest in S. So 



Fjl — F\\. Using F — then, 


— qE x ^ 




Invoking Eq. 12.108: 


F* = qE x , F y = ~qi{Ey - vB z ) - q{E y - vB z ), F z - ~qj(E z + vB y ) - q{E z + vB y ). 
7 7 


But v x B = —vB z x + vB y z, so F=g(E+vxB). qed 
Problem 12.67 

z i z Rewrite Eq. 12,108 with x -» y, y -4 z, z -4 x: 


E 




v 


y 


X 


y 


Ey — Ey 

E z = 7 (E z - vB x ) 

E x ~ 7 (E x + vB z ) 

By ~ By 


A=t(b.-£&) 


This gives the fields in system S moving in the y direction at speed v. 


Now E — {0,0, £o); B = (Bo,0,0), so E y — 0, E z — 7 (E 0 - uB 0 ), Ex - 0- 


If we want E = 0, we must pick v so that Eq - vBq = 0; i.e. v -■ E 0 /Bq. 


(The condition Eq/Bq < c guarantees that there is no problem getting to such a system,) 
With this, B y = 0, B z = 0, B x = 7 (B 0 - $&,) = 7 Bo(l - £) = 7 Bo^ = ±B 0 ; 


B = -Bo x. 

7 


The trajectory in S: Since the particle started out at rest at the origin 
in S, it started out with velocity ~vy in S. According to Eq. 12.72 
it will move in a circle of radius R, given by 


p = qBR, or ymv = q^—Bo^ R 


R = 


m7 a u 

qBq 



The actual trajectory is given by x = 0; y — —Rsincjf; z — R( 1 — coswt); 



V 

where 

w = R‘ 




























X = X X “ X 

y = 7 (y - vt) y = y(y + vt) 

z — z z — z 

So the trajectory in S is given by: 

x = 


= 0 ; y = 7 {-i?sinwt + vt) = 7 j-Hsinjun^f - ~yj j + 117 ^ - j, or 
2 

y{ l+7 2 ^) = 7 2 vt-7^sin[w7^ - , r ( M 

^ ^ ^ L L ^ c '* > (y-vt)y = -i?sm[u?7^- 

z — i?(l - cos 2 ut) = i?|l - coswy^t — ■ 


So: 


x = 0; y — vt — ^ sin j^ 7 (t - ^ 1 /)]; * = R-Rcos uy(t - 


We can get rid of the trigonometric terms by the usual trick: 

j(y - vt) = — ijsin [ U y(t - &»)] \ l_3/„ _ „ tl 3 . R) 2 

z-R= -Bcos[w 7 (t- £y)j J ^ 1 1 )j vtJ + )1 ~ Jf ' 


Absent the y 2 , this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The y 1 makes it, as it were, an 
elliptical cycloid — same picture as p. 206, but with the horizontal axis stretched o ut. 

Problem 12.68 — - ” 

(a) D = eoE + P suggests E -4 -^D 


D = eoE + P suggests E ~¥ J-D ) 

jj = J_g _ m su gg ests B -4 fioll j but S a ittle c * eaner we ^ide by po while we ! re at it, so that 


E -*■ -i-D = c 2 D, B -> H. Then: 

/iD^O 1 



0 

ciy x 

CDy 

cD z 

-cD x 

0 

Hz 

-H y 

— CDy 

-H z 

0 

H x 

-cD x 

Hy 

~H 9 

0 


Then (following the derivation on p, 539): 


where 


A-^ = C V.D = w = JJ; -^D'" = ~(-cD,) + (VxH), = (J,), ; so 
Meanwhile, the homogeneous Maxwell equations (V<B = 0, E = 


Jf — ( c Pf i J/)- 


and hence 


QG^ 

dx v 


= 0 . 


dx* ~ J f' 


~W) are unchanged, 


(b) 



0 

H x 

Hy 

Hz 

~H X 

0 

-cD z 

CDy 

"Hy 

cD z 

0 

—cD. 

-Hz 

~~CDy 

cD x 

0 




















(c) If the material is at rest, t?*, = {—c, 0,0,0), and the sum over v collapses to a single term: 

= c 2 eF'*% =» D» 0 = c^F"® =» -cD = -c 2 *- => D = e E (Eq. 4.32), / 

c 

0 =► ^ if ?' 10 =► -H = -^B =* H = -B (Eq. 6.31). ✓ 

H fi n fi 

(d) In general, r} v = 7 (-c,u), so, for fj, = 0: 

D 0v t]„ = D 01 7 ]i + D Q2 tft + D 03 r ?3 = cDxi-yUx) + cD v {^u y ) + cD z (ju z ) — yc(D * u), 

F%„ = F° l r}i + F°*m + F° 3 r , 3 = — (r*,) + + — (t«,) = -(E ■ u), so 

c c c c 

D au r)„ - c?cF°*'iv =$• 7 c(D • u) = c?e Q) (E ■ u) => D ■ u = e(E ■ u). 

= ^ 01 »?i + H°% + H°% = H x {-yu x ) + H v (ru y ) + H z (yu z ) = 7 (H • u), 

G Qv r)„ = G° 1 t}i + G 02 7 ft + G 03 jj 3 = B i ( 7 u i ) + Byi'yuy) + B z {yu, z ) = q(B * u), so 

H° v T}v = -G 0 "r\ v => 7 (H ■ u) = -( 7 )(B ■ u) => H ■ u = -(B ■ u). 

fL /I p 

Similarly, for /i — I: 

D^r], = D l0 qo + F 12 *?2 + D 1 *T) 3 = (-cD,)(-tc) + //,(7%) + (-tf„)(7«*) = l{c 2 D x + u y H z - u z 

= 7 [c 2 D + (u x H)]^ , 

F tv r} v = F lo qo + F 12 tj2 + F 13 ^ = ^(. 7C ) + F 2 ( 7 u„) + (-B v )(-yu z ) = y(E x + u y B z - n z B y ) 

= 7 [E + {u x B)\ z , so D ll V = c^F 1 V =► 

7 [c 2 D + (u x H)] x = c 2 e( 7 ) [E + (u x B)j I => D + l(u x H) = e [E + (u x B)]. 


H li, i>„ = H l0 r) o + tf J2 »j 2 + tf l3 q 3 = (-^T,)(—yc) + (-cD,) (71*) + (cD„)(7u,) 

= yc(H x - u y D z +u z Dy) = 7 c[H - (u x D)]^ , 

G^rju = G l0 r )o + G 12 t}2 + G 13 q3 = (-#*)(-7c) + (7 u y ) + (t«*) 

= c 2 B x - u y E z + u z E y ) = ~ [e 2 B - (u x E)] b , so H lt/ Tiv = =>_ 


7 c[H - (u x D)] x = ~L [c 2 B - (u x E)] a ^H-(uxD) = -^ B - ^(u x E) 
Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D: 


D + 


? ux { 


(u x D) + — 


B - -^-(u x E) 


| =e[E+(uxB)]; 


D + ^ [(“ - D )u “ « 2 I>] = e(E + (u x B)] - -^(u x B) + ~ [u x (u x E)]. 

C ^iC 






Let 


d(i-^) = -^(E-u)u + e [E + (uxB)]~^<uxB) + ^[(E-u)u-u 2 E] 

- '{[ i -^?] e -M i -^] (e - u)u+(u!<b) [ 1 -^]}- 


= 1 t _ 1 
l/l — t^/c 2 ’ 


Then 


D = T 2 e{(l-^)E+ (l“^) (uxB)-i(E.u)n j. 


Now use Eq. [3] as an expression for D, plug this into Eq. [4], and solve for H: 


H - u x j--^(u x H) + t[E + (ux B)]| = I 


B —v(u x E) 


H + i [(u ■ H)u - u J H] = i [b - i(u x E) 


+ e(u x E) + e [u x (u x B)]. 


Using Eq. [ 2 ] to rewrite u * H: 

H ( 1 -?) - -^ (B u)u+ l 


B- t (ux E) 


4- e(u x E) + e [(B * u)u — -u 2 B] 


- i | [l - lieu 2 ] B + ^e/x - 1) [(u x E) + (B- u)u]|. 


H = 7{( 1 -^) B+ (^?) I(uxE1 + (B ' u)u1 }- 


Problem 12*69 

We know that (proper) power transforms as the zeroth component of a 4-vector: K 0 = The Larmor 

formula says that for v — 0, ~~ = (Eq. 11.70). Can we think of a 4 -vector whose zeroth component 

reduces to this when the velocity is zero? 

Well, a 2 smells like (a"a„), but how do we get a 4-vector in here? How about whose zeroth component 
is just c, when v — 0? Try* then: 

k “ = 

T his has the right transformation properties, but we must check that it does reduce to the Larmor formula 
when v 0 : 

dW _ 1 dW _ \ rK0 _ 1 Jk>q 2 
dt 


= lcK° = 

7 dr 7 7 67 TC 3 


(a^a^r/ 3 , but 77 0 — 07, so 


dW 

dt 


- — -- ia(k v ). 

\ '-*‘Vj* 


6t rc 


[Incidentally, this tells 


us that the power itself (as opposed to proper power) is a scalar\ If this had been obvious from the start, we 
could simply have looked for a Lorentz scalar that generalizes the Larmor formula.] 





























cV 2 + 4r(va) 2 ] 


a^ = 7 4 p + ^^] = 7 6 

= 7 6 [a 2 (i - + ^( y ■ a) 2 ] = 7 6 [a 2 - ± [v 2 a 2 - (v • a) 2 ]}. 

Now v • a = va cos 9, where 9 is the angle between v and a, so: 

v 2 a 2 — (v • a ) 2 — u 2 a 2 (l — cos 2 9) — v 2 a 2 sin 2 9 = |v X a| 2 . 

[ v X a | 2 > 


„ 6 / 2 I v x aih 

a a„ — y — | —— | J , 


dW _ tx Q q 2 g/ 2 j v x & | 2 \ 

dt 67TC ^ v I c I / ’ 


which is Lienard’s formula (Eq. 11.73). 


Problem 12.70 

(a) It’s inconsistent with the constraint Tj u K^ — 0 (Prob. 12.38(d)). 

(b) We want to find a 4-vector b** with the property that (“^r+&**)% — 0. How about ft' 1 = xf^rjj,)^? Then 

l^F + ^hn = + But rfr^, = -c 2 , so t his becomes (^r^) ~c 2 « ( — ??„), which is zero, 


if we pick k — 1/c 2 . This suggests 


rst* _ MoG 2 (da* 1 t 1 

n rad “ “ ' l ~ ~ 


da L 


6ttc V dr 


dr 


VvV 11 )- 


Note that T }* 1 = (c, v) 7 , so the spatial 


components of b vanish in the nonrelativistic limit v < c, and hence this still reduces to the Abraham-Lorentz 
formula. [Incidentally, a v j} i , = 0 => jf(a‘'Tj ll ) = 0 => +o 1 '^ = 0, so = -cP'av, and hence 5** can 

just as well be written — 4 r (a*'a ( ,)ij /1 .] 

Problem 12.71 

Define the electric current 4-vector as before: = (cp e ,J e ), and the magnetic current the same way: 

./£, — (cp m , J m ). The fundamental laws are then 


dyF 1 * 1 ' = f! 0 Jf, d v G» v = K»= ( 'q e F*" + q v . 


The first of these reproduces VE = (l/e 0 )p e and VxB = /i 0 J e +^ 0 e 0 c>E/5f 1 just as before (p. 539); the second 
yields V B = (po/c)(cp m ) = p 0 p m and -(l/c)(<9B/<9t + V x E) = (po/c)J m , or V x E = -po3 m ~ dB/dt 
(generalizing page 540). These are Maxwell’s equations with magnetic charge (Eq. 7.43). The third (following 
the argument on p. 540) says 


K 1 = 


Qe 


[E + (uxB)] I+ ^ 


\/l - UVc 2 




y'T — u 2 /c 2 


( - s - )+ 7 T = w (- T ) + 7 r ^ w ( v ) 


K = Vl-uVc 2 { < ?^ E + ( uxB )]+^ B -^( uxE )]}> 
F = q e [E + (u x B)] + B —^-(u x E) 


or 


which is the generalized Lorentz force law (Eq. 7.69). 































